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On the characterization of some families of distributions

Introduction. It is known that if we have n independent random
variables X,, X,, ..., X, with the same distribution F (), then the distribu-
tions of some functions U of these variables may be determined uni-
quely. The distribution of the random variable U, on the other hand,
determines uniquely #(x) only in a few cases. In this paper we give some
functions U, (¢ = 1,2, ..., n—1) of random variables X, (¥ = 1,2, ..., %)
with the same distribution function F(x) such that under some assump-
tions the distribution of the =-dimensional random wvariable (U,, U,,
-+y Uy_y) determines uniquely F(z). We will also see that the assumption
concerning the identity of distributions of the random variables X, for
kE=1,2,..., 7 may be weakened. It suffices namely that the distributions
of the random variables X, belong to the.same class differing (if they
do) in some parameters.

1. General theorems.

ToeoreM 1. Let X,, X,,..., X, be independent random wvariables
nd let

(1) Zk:aka+kan fOT k=1,2,...7%"‘1

@y by, being arbitrary real numbers different from zero. If the charakteristic
function ¢(t,,...,1,_,) of the n—1 dimensional random variable (Z,,Z,,
<oy Z, 1) is not equal zero at any point, then the joined distribution of
UZyy Zoy oy Z,_y) defines the distribution of X,y k = 1,2, ..., n, precisely
ao the displacement.

Lemma 1 in paper [2] is a particular case of this theorem for k =1, 2,
ey f—1, n = 3.

Proof. Denote by ¢,(f) the characteristic function of the random
Variable X,, k =1,2,...,n, by the definition of the characteristic
function of the random variable (Z,, Z,, ..., Z,_,) We have:
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n—1 n—1

(@) Plhas tay oos o) = Blexp (Y )] = Blexp 3 iti(o, Xt b X,)]

k=1 k=1

-1 -
= mleso i3 a3, S

the symbol ¥ denoting the expected value.
From the independence of the variables X, and from formula (2)
it follows that:

(B) @ty tay eaes ty1) = @1(Oaty) coe @1 (@1t 1) - Pp(bily ... by 1tyy)-

The fact that the funection ¢(i;,1,,...,1,_;) does not vanish for any
system of numbers (¢, %;,...,%,_;) i equivalent to the non-vanishing
of ¢,(¢) for any value of t for k =1, 2, ..., n.

Let now U,, U,,..., U, be other independent random variables
whose characteristic funections are v, (¢) for & =1,2,...,n and let:

Ve =ea,U,+b,U, fork=1,2,...,0—1.

Assume that the characteristic function of the joined random variable
(Vis Vayeeuy Vpy) does not vanish at any point. By the same argument
as above we find that

(4) w(tiytay ooy bpey) = Yi(@yty) oo Yp g (Bp_1p_ ) Pu(brty -+ oo byt 1)

Agsume now that the n-dimensional random variables: (Z,, Zs, ..., Zp_y)
and (Vy, Vay ..., V,_;) have equal joined distributions and that, conse-
quently their characteristic functions are also equal. Comparing (3) and
(4) we obtain:

(53 I N (7% 7 IR T ) SNS MUCYL 0 (% T SR o Y MY |
= @ (@1t1) v o s Ppo1(Cprlna) P (bily oo by 1)

L

for —o <t << o0, k=1,2,...,n—1. Put
Yr(t)

=p,(8) for k=1,2,...,n,

then we obtain from equality (5) an functional equation with » unknown
functions: '

(6) Pr(@1ty) coe Py 1(Op 1t )P (it + oo by gty ) =1,

P, (t) being complex continuons functions satisfying the condition p,(0) = 1
for ¥ =1,...,m.

Next we shall solve the functional equation (6). For this purpose
we substitute in it successively:
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t fori=k,
0 for¢+#% withk=1,2,...,n—=1.

1

Then we obtain instead of functional equation (6) a system of n —1
functional equations of the form:

(7) Prlapt) pp(bpt) =1 for £ =1,2,...,n—1.
Hence we find:
Prlat) = !
Palbyt)

and substitute into equation (6), then we obtain a functional equation
with one functional unknown p,(¢):

(8) pn(b1t+"'+bn—-lt) = pn(blt) cee pn(bn—lt)-

The function satisfying condition (8) and the condition p,(0) =1 can
only be an exponential funection, thus:

(9) Palt) = 6ﬂ7

where » may be an arbitrary complex number. -
Making use of (9) and (7) we determine:

Prlagt) = e %%  for k =1,2,...,n—1,

Hence

e(d) =€ % -g(t),  pa(t) = (D).

From the property of characteristic functions: ¢ (—%) = ¢(f) it follows that

(10) wk(t) =eﬁkti'(pk(t)7 k =1y2’---,n,
b
—*imr for k=1,2,...,n—1
ﬂ — a b b h ’
k= k
imr k=mn

being real numbers.
Equality (10) indicates that:

Ukz‘Xk+Bk fOI‘ k=1,2,...,’n.

Hence we draw the conclusion that the joined distribution of
(Z1,Z4,y ..., %,_,) determines the distributions of the random variables
X, for k =1,2,...,n precisely to a displacement, which ends the proof.

It follows from the above theorem:
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THEOREM 2. Let X,, X,,..., X, be positive independent random
variables and :

(11) Y, =X X% for k=1,2,...,n—1,

a., b, being arbitrary real numbers different from zero.

If the characteristic function of the (n —1)-dimensional random variable
(InY,;,...,InY,_,) does not vanish at any point, then the joined distribution
of (¥,,Y,,..., Y, ;) defines the distributions: X,, X,, ..., X, precisely
to a constant real factor (the so-called parameter of the scale).

Proof. The proof is obvious for the random wvariables In X, for %

=1,2,...,n satisfy the assumptions of Theorem 1, and the random
variable (InY,,InY,,...,InY,_,) is a random variable of the form:
(12) (e InX,4+b,nX,,...;a¢, InX, ,-+b, ;InX),

and thus by Theorem 1, if the characteristic function of random variable
(12) does not vanish at any point, then its distribution defines the distri-
butions of the variables In U, for k = 1, 2, ..., m, related to the random

variable by:
ank=1nXk+ﬂk fork:1,2,...,7&

the constants 8, having been determined be (10).

Hence it follows that the distribution of (Y., Y,, ..., Y,_;) defines
the distributions of X, for k = 1,2, ..., n precisely to a constant real
factor of the form:

a, =e* for k=1,2,...,n

which was to be proved.
By an argument similar to that used in the proof of Theorem 1 one

may obtain:
TieoreM 3. Let X, X,,..., X, be independent random variables,
and 8, =X, —X, 8, = X,—X,..., 8,1 =X, ,—X, where

1 n
X - ?Xk.
n
k=1

. If the characteristic function of the (n—1)-dimensional random variable
(81, sy -evy S,_,) does not vanish at any point, then the joined distribution of
this variable defines the distributions of the random variables X, for k
=1,2,...,n precisely to an identical displacement for each of the variables.

Further in this paper we shall make use of the above proved theorems
to characterize some distributions.

2. The characterization of the generalized gamma distribution. Now
we shall deal with random variables X, for k¥ = 1,2, ..., n obeying the
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so-called generalized gamma distribution with the parameters pg, a
the density of that distribution is of the form:

(13) frlz) = Tk»a—X”k-lexp(w%> for 2> 0
aTI’(&)
a
with
Pr>0,a>0,a>0.

A number of properties of the above distribution have been proved
by T. Srédka in [3].

We are interested in the distribution of an (#» — 1)-dimensional random
variable (Y,,..., Y,_;), where Y, for £k =1,2,...,2—1 have been
defined by formula (11) with a; = 1, b, = —1 and thus are some functions
of the random variables X.

THEOREM 4. Let X, Xy, ..., X, be positive indenpendent random
variables and

Xy
(14) _Ysz fork=.1,2,...,n——1.

n

The necessary amd sufficient condilion for X, with k =1,2,...,n
to be subject to distribution (13) is that the joined distribution (Y, Y,, ..., Y, _,)
be an (n—1) dimensional distribution with the density:

(15)  flyry -3 Yn-1)

n—1p __1. % = Dp—1
a aapk ” ykk

k=1

. n 1 n
= D o1 L 3w
”I’(j) 1+ 3 yg)

k=1

for y; >0,

0 otherwise

with 1 =1,2,...,n—1, ‘
Proof. The characteristic function ¢,(f) of the random wvariable
InX,, X, being subject to distribution (13) is:

i g
— t
00 N ac I’ (Z_w)
x P exp ( — i~) do = a
@

a
for k =1,2,...,n.

By (3) the characteristic funetion ¢(i,%,...,%,_,) of the (n—1)
dimensional random variable (InY,,InY,,...,InY, ;) with «; =1,

Pi(t) = B(X}) =
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b; = —1fori=1,...,n—1 may be expressed in terms of ¢,(¢) in the
following way:
i, -+ Cn-1
n-1 r(._ kapk) I(pn—i 3 4)
(16) (p(t17 tz, tn—l) = - k=1 .
=1 p(Ze r(¥~
a a

On the other hand the characteristic funetion of the random wvariable
(InY,,...,InY, ), if (¥{, Yy,..., ¥,_;) being subject to distribution
(15) is of the form:

@ by oevy taoa) = B(YY, -0y 4227

Yt P dy, L dy,

0 oo”
B * P ‘.[;,f -1 L3

1l f(—;) o

Making use of formula 4.638 in tables [1] we obtain:

n—1
n n—1 . pn—"iZtk
B 1 2 +Pk k=1
(Y o r k .r

el S

k=1

A7) @ (s oeestan) =

As we know, for a given distribution, the characteristic function
is uniquely determined by the density and vice versa, this and formulas
(16) and (17) imply the validity of our theorem for ¢ = 1, n = 3 we obtain
Theorem 1 of paper [2),

THEOREM 5. Let X,, X,,..., X, be positive independent random va-
riables and

U,y = 2=t for i =2,3,...,n

with a > 0.

The mnecessary and sufficient condition for the random variables
X, (k =1,2,...,n) to be subject to the generalized gamma distribution with
the density defined by (13) is that Uy, U,, ..., U,_4 be independent random
variables with the beta distributions whose parameters are respectively equal

i1
1 i
(19) (-(—l— E pk;%) with it =2,3,...,n
s
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The proof of necessity. It may be easily verified that if a random
variable X, is subject to distribution (13), then the random variable
Z, = X is subject to a gamma distribution with the density

P
1 kg LE

(20) hy(2) = ——————2« ¢ ¢ for z2>0.

Hence and from the theorem on addition for a gamma distribution in
relation to p,/a for the same value of the parameter a it follows that:
Wiy =X{+...4+X; , for ¢ =2,3,...,n is a random variable subject
to a gamma distribution with the density:
1 =1 .

1 = I -t X
(21) kioy(w) = —5= . w' F=1 ‘¢ * for w> 0.
-3

~ D 1 i—-1
a” ¥t 'P(—Zpk)
a1

Then we make use of theorem 7.6.1 on page 189 of paper [4]: If s, and s,
are independent random variables subject to a gamma distribution with
the density

sP—1lg™®
~— fors>0
fk(s) = F(pk) for k = 1, 2.
0 for s<0

Then the random variable U =

is subject to a beta distribution
with the parameters p,, p;.

It can easily be proved that the theorem is also true if the random
variables s, are subject to a gamma distribution with two parameters:
Py and a for k =1, 2 and thus if they are subject to a distribution with
the density
-1

sPrle for s>0,k =1,2.

Ju(s) = ——‘apkp(pk)

Putting successively: s, = W;_,, s, = 2§ for ¢ = 2,3, ..., # and applying

the above theorem we find that the random variables U;_; (1 = 2,3,...,7n)
defined by formulas (18) subject to a beta distribution with the parame-
1 it »,
ters: — 2 Pri
a5

Next we shall prove that the randm variables U,, Ug,..., U,_,;
are independent. We observe that if the random variables X, are sub-
ject to distributions (13), then the random variables S, = Xj/a are
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subject to the gamma distributions with the densities:

1 2E_,
ru(s) = 8¢ -e7*  for s> 0,
I’(gk—) E=1,2,...,n,
a
Pr

thus with one parameter p, = ~—.
a
Accepting the above denotations we may represent the random
variables u;_; in the following way:
z'—-jl
2 8y
k=1
2 S
k=1
The independence of random variables of form (21a) has been proved
by Aitchison in paper [5].

The proof of sufficiency. Since, by assumption, u,, tz, ..., #,_,
are independent random variables, the density of the (n —1)-dimensional

for i =2,3,...,n.

(21a) Uy =

random variable (u;, #s, ..., %,_;) I8 given by the formula:
G(Uqy Ugy oovy Uy)
= ! - In] u%’::pk_l'[—n] (1—u,_ )%_1

for 0 < u, < 1.
Expressing the functions beta by the functions gamma we obtain

after some simplifications:

(22) gy, Upy ovny Up_y)

n

1 i
r(;gpk) o %‘L—lpk—l .ﬁ—-l
= n = [Uz—-l::l '(1_ui—l) ¢ ]
1] p(ﬁ) it
k=1 a

Observe that by (14) equality (18) may be written in the form
i-1
2 Y

(23) Uy = 5P fori=2,3,...,n-1

RS

k=1
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and
n—1

2 Y
k=1

Uyh = —75—-

1+ 3 v;

k=1

To determine the density A(y,,...,¥,_.) of the (n-—1)-dimen-
sional random wvariable (Y,, Y,, ..., ¥, ;) we change in (22) the varia-
bles according to (23). The jacobian determinant of this transformation
equals (A).

i+1
After extracting the factors «/( ) ¥;)* appearing in ecach term
k=1
of the 4¢-th row for ¢ =1,2,...,n—2 and from the Ilast row
af(L+¥{4...+Y5_,)% as well as the factors ¥; for ¢ =1,2,...,n—1
from the last column we obtain a determinant from which by sub-
tracting the terms of the second column from the terms of the first
colomn we obtain a determinant in which all the numbers in the first
column except the first are equal zero. Expending the determinant
according to this column, we obtain a deferminant of order (m—2).
Proceeding in this way n—3 times we reduce the evalution of the jacobian
determinant to evalution of a determinant of the second order.
Ultimately '

n-—1
b
J i=1

= h=1 T ‘
IT(3 T3+ Vit Yoy
i=2

=1

Thus the density:

1 - D1+Dy
I\~ a ay a —1
j (a g’:p") yne (% +92)
W1y ey Ypor) = 7 e i
[[r —k) WiFyD)® (i yidyl ©
k=1
%‘:—.lpk—l
(?/‘11+--- _I ?/Z_l) =1 . yg2—a
: 1 n—1 Dy
= > pp—1 @ o —a——l
(A4 g4 A ye) =t (¥1+93)
Ayttt 1]
Pp—1 on
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After carrying out some simplifications:

1 n N
a"“lf'(_Zpk) yPe1
@ k=1 k

1
1
1
r

h(Yiyoooy Ypoa) =

n-

1._.

. g‘ ? . P '
"$ a7 k21 E 2k
pes S ()

Making use of Theorem 4 we conclude that the random variables
X,, ..., X, are subject to distributions (13), which ends the proof.

By means of an argument similar to that employed in the proof
of the necessary condition of the above theorem one may prove.

THEOREM 6. If the random variables X, X,, ..., X, are independent
and subject to distribution (13), then the random wvariables:
T—1
> Xk
Uiy =22—  for i =2,3,

7

X Xk
E=1
are subject to beta distributions with the parameters
i-1
ﬁ; B Jor it =2,3,...,n
= % %

3. Characterization of a family of distributions symmeirical in relation
to £ = 0. Now we shall be concerned with a family of distributions sym-
metrical in relation # = 0 to which to normal distribution N (0, o) also
belongs.

THEOREM 7. Let for k =1,2,...,n, X, be independent random va-
riables whose distributions -are symmetrical in relation to the origin and
satisfy the P(X, = 0) = 0. The mecessary and sufficient condztw'n for X

to be subject to distributions with the densities

a

24) il X) = —5— ;
Za—“—]’(—pkﬁ )

(0]

a
@PE2eT% I for —oo < @ < o0,

where a > 0 while p, end a are arbitrary even numbers is that the joined
distribution of the (n— 1)-dimensional random variable (Y., Y,y ..., Yo 1)

where Y, are given by (14) be:
a"—lp[i (Zpk )] H ype?

on-1 (1 < Zlyz); (Iczlpkﬁn) I’nI r (pk;‘ 1_)

k=1 k=1

(25) Gy ooy Ypo1) =

Jor —co<y, < o0, k=1,2,...,n—1.
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The proof of necessity. If X, is subject to distribution (24), then
density |X,| is: ’

ma

* xPE2exp (— —) for # > 0,
a

Pp—1

—1

(26) hy(w) = | o = |2 )
a

0 otherwise.
Hence the characteristic function In|X,| is:

(o]

27) @ult) = BXY) = — a2 g=ala g
a ¢ ]“(lz&::i&) 0
a
. a'il/a pk'l“@t“‘l
- pk—l F a )
e
a
Making use of formula (3) for e, =1, b, = -1,k =1,2,...,n—1

we obtain the characteristic function of the (» —1) dimensional random
variable In|Y,|...In|Y,_,i:

m—1
pn_l—/l’ 2 tk
. k=1

r - p(u)
a a
q’(tly veey tn~1) = l l
F(pn_l) k=1 ]1(.pk—1)
a a

On the other hand if (¥,, ¥,,..., Y, ;) is subject to distribution (25),
then the characteristic function of the (n—1) dimensional random
variable (In|Y,|...In|¥,_,{) i8:’

n—1

7ty tay ooy tar) = Blexpi (3 tuIn iy}

k=1
1/ v |
n—1 L _
o F[a(é’:pk %)] gttty =2

= m dyy...dy,_,.
ﬁp Pr—1 of 5{ . o 71'(,2 PE—n) '
ad a (1+yi+... +yny)* *=1 :

After making use of formula 4.6338 in tables [1] we obtain

n—1
pn__l__ilg h
r\———— k1 | p(
- a

* a
(28) @ (tyy.erytyy) = 1(&1) 1] P(pk—l.)

g)k—kitk——l)
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We observe that ¢(t,ts, ..., 1) = ¢ ({1, ..., t,_q), thus in view
of the fact that the characteristic function determines uniquely the density
of the distribution and vice versa we have proved the validity of the
necessary condition.

The proof of sufficiency. If the (#—1)-dimensional random
variable (Y,, ..., ¥, ;) is subject to distribution (25), then the character-
istic function ¢*(3,...,1%,_,) of the random variable: (In(¥,), ..., (¥,_,))
is of form (28). On the other hand, if we assume that the random variables
| X} for &k =1,2,...,n are subject to distribution {26) then by means
of the same argument as in the proof of necessity we can prove that the
characteristic function ¢(ty, t,, ..., {,_;) of the (n —1) dimensional random
variable (Inj¥,|...In|Y,_,|) is identical with ¢*(¢,,...,%,_,). Thus by
Theorem 2 and the fact that a characteristic function determines the
density uniquely we have proved that the random variables [X,| for
k=1,2,...,n are subject to distribution (26). It follows from the sym-
metry in relation to the origin of the distributions of the random varia-
bles X, fork = 1,2, ..., n that the random variables X, fork =1,2, ..., n
are subject to distribution (24), which ends the proof.

In particular if we accept: a = 2,a = 20% p, =2fork =1,2,...,n,
we obtain:

COROLLARY. The necessary and sufficient condition for independent
random wvariables X, symmelrical in relation to the origin and satisfying
the condition P{(X; =0) =0 for k =1,2,...,n be subject to the same
normal distribution N (0, o), where ¢ is an arbitrary positive number is
that the joined distribution of the random wariable (Y, Y,, ..., ¥, _{);.
where Y, have been defined by (14), be an (n— 1) dimensional Cauchy distri-
bution with the density:

| _ Lnp2) 1
g(yu cesyYp3) = 2 (]_—{—y%—{‘---‘*‘yi-—l)n/z

for —co<y, < o0, k=1,2,...,n—1.

A particular case of this corollary is Theorem 3 of paper [2].

In the sequel we will be concerned with some functions of the ran-
dom variables X, for ¥ =1,2,...,n of the form:

[]
Vi

% i-1
V) ==

=
. 1e=1

for { =2,...,n—1.
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THEOREM 8. Let for k = 1,2,...,n, X; be independent random var-
tables with distributions symmetrical in relation to the origion and satisfying
the condition P(X, = 0) = 0.

The necessary and sufficient condition for the random variables X,
to be subject to the same normal distribution N (0, o) is that the random
variables Vi, ..., V, ; defined by formulas (29) be independent random
variables whose densities are respectively equal:

1 1 1
he(0) — —ﬁ———l/l—ﬂ-—vg for v <1,
0 otherwise,
1+1
(30) YA (T) o1
—— for 0<v<1,
== l an _— 2
By () r(*) Vo V1—vo
2
0 otherwise,

with | =2,3,...,n—1.

The proof of necessity. It is known that if X, for k =1,2,...,n
are independent random variables subject to the same normal distribu-
tion N (0, o), then the random wvariable:

I
Uy= DX} forl=2,3,..,n—1
i=1

15 subject to the gamma distribution with the parameters p, =1/2,
a = 202 and thus with density of the form:

1 12—1 ,—uf26?
U) == e 12T LT MET for v > 0.
T = ) ’
Since the random variable Z; ;, = X7, is also subject to a gamma
distribution but with the parameters p = }; a = 2 ¢?, making use of Theo-
rem 7.6.1 from paper [4] quoted on page 10 the random variable:

U,+7,.,

is subject to the beta distribution with the parameters: 1/2, 1/2 thus with
the density:

W, for1 =2,3,...,n—1

I 2
___(_l_ﬂ)_/__wll%l(l —wi' for0<w<1,
rw) = { LA T2)
0 otherwise.

17 — Roczniki PTM — Prace Matematyczne XVII
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., New we may easily determine the density of the random variable

'vl:‘/@ju

2r(a+1/2 -1
[ L+ /_) Y for 0 <v <1,
h(v) = ! Iaeys vi—o
l 0 otherwise

for 1 =2,3,...,n—1. .
Now the density of the random variable:

V), =t o X
VIi+ X}

remaing to be determined which unlike the random variables V; takes

for I =2,...,n—1 all the values from the interval (—1, +1). To this

end we consider two independent random variables X,, X, with the distri-

bution N (0, o); then it is known that the joined random variable (X, X,)

is:

1 (22422 /202
J (@1, @) = 5—¢ i+l .
Let us change the variables:
X
- =t U-x,
VXi+ X
hence
U
By = ———, X,=1U.
1—o?

Evaluating the jacobian determinant of this transformation we find:

| . 2y [

J — | . {l&;—j}? [ v = v .
’ — (1 . ,02)3/2

Thus the density of the joined random variable (U; V) is of the form:

1 21962 2
U V)= ———_1[|e- V2ot 0-7?
g( ’ ) 20’27'5(1 V2)5/2 [l fﬁ
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Integrating the above function in relation to U we obtain the density
(V) of the random variable V:

1

") = g — oy

00
f Wl e—‘u2/20'2(1-—172) du
—~00

o

f we™ 2= gy

0

. 1
= Fr A=,

Hence ultimately

i

me =i

for —1<v<l.

To prove the independence of the random variables V,, V,, ..., V,_4
it suffices to observe that the random variables

T,=V} forl =1,2,...,n—1

are of the form

T, =1 for 1 =1,2,...,n—1,

Z; being independent random variables with a gamma distribution and
with the parameters: p = 4, o = 202,

The independence of the random variables 7, T,,...,T,_, has
been proved by Aitchison in paper [5] and the independence of the varia-
bles V,, V,, ..., V,_, follows from the independence of V,, V,, ..., V,_1.

The proof of sufficiency. Making use of formulas (30) and the
independence of V,, for ¥k =1,2,...,n—1 we may find the density of
the » —1 dimensional random variable (V,, Vg, ..., V,_1):

1 1 2ré) vy, 2I'(3) 2

2 2

T V1= ¢ IW= Vi—d reywavi—ot "

21’(”—_ 1) B 21’(3) )
2 L 2 vt

“']’(7"2;2)1/; Vl_—v_i;p(”;_l);/;'/ﬁ—”?‘:

(1)  g(vyy ey vy,,y) =

for o<1, O<v<1,k=2,3,...,0—1.
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Observe that formulas (29) may be written in the following form:

k n~1
y? Ty
Y 2 ¢ T
@) w==—— a=|/ Er o =
1+ 2 Z: Yi} 1+ Z Y‘i
i< i=1

for k =2,3,...,n—2.

Applying transformation (32) to density (31) we may find the den-
8ity ¢(Yyy ..y Yp-y) Of the (n—1)-dimensional random variable (Y, ...
ooy Y, 1), Y, being defined for k =1, ..., n—1 by formulas (14),

(33) G(Y1y eoer Yp—1)
n 1 . 3 n-3
F(;)- 2" (P W) (YD YR
n—3x

n 1 3
2

72" (P PP D W A YR

n—2 1 1 1
(yi+...+yi-1)7_? @ity Gt g (it )
Mgttt Y !
r(_"_) ;
_\2 B+ 9 Wi+ Y2+ 95 Wi+ + Y, 1 __ ]
n? Yordoredums L+i+o+oiy) *

for —c0o<y; << 00, ¢t =1,2,...,0—1.

We shall find the jacobian determinant (B) of transformation (32).
Extracting before the determinant sign the factors of the form
1

it1 i
(3w v
k=1 k=1

1=1,2,...,n—2 and the factor

appearing in each term of the ¢-th row for

1

(V4. + X2 )+t o)™
from the last row we obtain a determinant which my easily be reduced
to a determinant whose one column consists of mere zeros except the
first term. Expanding this determinant according to the terms of this
column we decrease its order by 1. Proceeding in this way (n —3) times
we reduce the evaluation of the jacobian determinant to evaluation of
a determinant of the second order.
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Ultimately we obtain:
7 - Y, Y,... Y,
(Y3+ Y5 o (P4 4+ Y2 DAY Y2 )P
Returning to formula (30) we obtain:
n
=
G .
g(yu""yn-l): n [
7 (Ltyite+yn )
The corollary from Theorem 7 implies that the random variables

X, for k =1,2,...,n are subject to the distributions N (0, ¢) which
was to be proved.
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