
A N N A L E S  S O C I E T A T I S  M A T H E M A T I C A E  P O L O N A E  

S e r i e s  I :  C O M M E N T A T I O N E S  M A T H E M A T I C A E  X V I I  ( 1 9 7 3 )  

R O C Z N I K I  P O L S K I E G O  T O W A R Z Y S T W A  M A T E M A T Y C Z N E G O  

S é r i a  I :  P E A C E  M A T E M A T Y C Z N E  X V I I  ( 1 9 7 3 )

J. B y l l  (Warszawa)

Schauder bases for the space of continuous functions 
on an ^-dimensional cube

1. Introduction. The purpose of this paper is to describe explicitly 
three constructions of Schauder bases for C{ln) (two of which are known) 
and generalize a theorem of Ciesielski [3] to the case of n variables. Cie- 
sielski’s theorem reads as follows: Let (<pJn=i be the classical basis for 
G (I) constructed by Schauder [7] for the dyadic partition of I  =  [0 , 1 ]. 
Let 0  <  a <  1 . и /  =  n(pneC{I), then the following conditions are 
equivalent :

(i) an =  0 {l/na),
(ü) I I /-SJ =  0 (llna),
(iii) the function /  satisfies the Holder condition with the exponent a 

i.e. œf{d) =  0 {ôa).
(Actually, Ciesielski formulated the theorem in a more general way 

replacing the function ôa by a function со (<5) satisfying conditions (3.1), 
(4-1), (4.2) written in Sections 3 and 5 below.)

Using this theorem Ciesielski constructed an isomorphism 
/  ь-* {an-na)n=1 between the space Ha of Holder functions on I  and the 
space lœ of bounded sequences. He also proved that, under this isomorphism, 
the subspace c0 is the image of the subspace Aa of the functions in B a 
satisfying the condition

\f(x1) - f { 002)\ =  o(\x1- x 2 Ie).

About 1960 Ciesielski raised the question whether an analogical cha­
racterization of Holder functions is true for functions of several variables. 
In 1969 Ciesielski and G§ba solved the problem in positive, but they did 
not published the solution, as one of the main corollaries of the theorem — 
the existence of an isomorphism from the space H in) of Holder functions 
°f n variables onto — was obtained by Bonic, Frampton and Tromba 
№]» independently and at about the same time.
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In this paper the theorem of Ciesielski will be proved for an n-di­
mensional cube I n and for a certain class of bases in C{In) which contains 
the squew pyramidal basis considered by Ciesielski and Gçba, and the 
regular pyramidal basis obtained by generalizing of construction Ellis 
and Kuehner [5]. The proof is analogous to that of Ciesielski; the only 
essential difference is in lemma (4.9) for which it was necessary to modify 
the estimations involved. It is worth mentioning that this theorem is not 
a direct consequence of results of [2].

Three types of Schauder bases for the space C(In) are constructed 
bellow. Two of them consist of piecewise affine functions (i.e. each function 
is affine on each simplex belonging to a certain sequence of triangulations 
of the cube Tl). The third basis (the cube basis) consists of piecewise 
w-linear functions, the supports of which are cubes. The first two bases 
were known, but their constructions were not published explicitly. The 
fourth known basis type, the product basis consisting of functions of the 
form

mn (*®1 ? •••? n̂) ••• '4>mn{p̂ ,n)

is not considered here. Let us note that all these bases are interpolating 
in the sense of Semadeni [8]. The basis described by Vaher [9] in her 
proof of existence a basis in G(Q) (where Q а I е0), the basis constructed 
by Bessaga [1] for G(IW\\E) =  {/e  С(1Ш): f \H  = 0 }  and the interpola­
ting basis of Gurarij [6] also consist of piecewise affine functions and are 
analogous to the pyramidal bases.

2. Preliminaries. A sequence (efjfLi in a Banach space X  is called 
a Schauder basis (or simply basis) if for every x in X  there exists a unique 
sequence of scalars (cq (/))*!i such that the sequence of partial sums

П
£ ai(f )ei converges strongly to x. G(K) will denote the space of all real­
ty i
valued continuous functions on К  with ||/|| =  sup {)/(£) |: t eK} .  A basis 
(et-)£Li is called interpolating with nodes (<J~=1 if for each function /  
in C(K) and each n we have

П
ai(f )ei{tm) =f(tm) (for m =  1, . . . ,  П).

i—l

(2.1) L e m m a . Let К  be a compact metric space and let {е{)^г be a se­
quence of functions in G(K) satisfying the following conditions:

(i) for any f  in G(K) there exists a sequence (6q)£Li of scalars such
that

OO

f  =
t=i

( 1)
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(ii) there exists a sequence (tj)JL1 in К  such that 

eSj) =  ôa (for j  = 1 , . . . , i ) .

Then the sequence (е{)™=1 is an interpolating Schauder basis for C(K) 
with nodes ( t j )^.

OO

Proof. Let f  =  £  Ъ&. Then we have
i=  1

f(t  i) =  h ,
oo П— 1

f(tn) =  M<(U =  bn+  £  ъМ гп) (for n = 2 , . . . ) .
г=1 i= l

Consequently, the sequence («q)^ is unique.
I n will denote the n-dimensional cube (the Cartesian product of n 

copies of I ). For x, у in I n we define

d(x, у ) =  тах{|®< —y<|: i =  1 ,

If f e C( I n), cof(ô) will denote the modulus of continuity of /  i.e.

cof(ô) =  sup{|/(æ)-/(y)|: d ( x , y ) ^ ô } .

By a simplex we mean a closed simplex in Rn. By a triangulation
к

of the cube К  we mean a set of simplexes such that (J T{ =  К
and T{ n Tj is a face of each of simplexes T{, Tj. г==1

3. Bases of piecewise affine functions (pyramidal bases). Let (I£W)£L0 

be a sequence of triangulations of the cube In and let Т7(г) be a set of all 
vertices of simplexes of the triangulation R^K Let us suppose that the 
sequences (_BW)?L0, (1 Г(г))г~ 0 satisfy the following conditions:

(3.1) The triangulation Д(г+1) is a subdivision of a triangulation R(г) i.e. 
for every simplex T in _В(г+1) there exists a simplex Tx in R^ which 
contains the simplex T as a proper subset (hence Т0г+1* =>

(3.2) sup{diamT: T e R^j  =  d{ -> 0 as i -> oo.

Now, let V (i) =  W <г’> \  Т7(г_1) (for i  =  1, 2 , . ' . . ) ;  7<0) =  T7(0) ; let v e V (i) 
and let <pv be a function in C{In) satisfying the conditions: <pv(v) =  1 , 
and <pv(w) = 0  (for we Т7 (г)\{'у}) and <pv is affine on each simplex of the 
triangulation Rh\

The set W =  (J W(г) will be ordered as follows. If ve Т7(г) and
i=  0

Wç then v <  w. In each set we introduce the lexicographical
order. This yields a sequence w1, w 2, . . .  of elements of W.
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(3.3) P roposition . The sequence of functions (<pWn)n = i an inter­
polating Schauder basis with nodes w17 w2, ...

Proof. Let /e(7(Jn). Write

=  av(f) = / («)  (for V€V{0)),

$ v  ~  Vw 7 ^   ̂ =  dwtywl
ws v̂ weWd)

av =  f(v) — 8 ^(v) (for vc 7 (г)).

We shall prove (by induction respect to i) that

(2) f(w) =  8v(w) (for w <  v, ve У(г)).
If i — 0, then

8v{w) =  ^ a ucpu(w) =f (w) .

Let us suppose that (2) is true for some i. If -Уе 7 (г+1) and w <  v, then we 
have

Sv{w) =  8 (г) (w) +f(w)  (for We 7 (г+1)),
8v(w) — 8 ^{w) —f{w) (for W e W (t))

(by induction hypothesis).
Let us note that the function is affine on each simplex of the 

triangulation В{г). Hence

I №  -  s (i) Ml «  l/M  -/<*>) I + 1/(«>) -  S(<) (®) I + 1 (w) -  Sw м  I
^  ojf(di) +  0 +  o)f(di) ,

where w is any vertex of the simplex T  in В (г) containing x. Consequently,

\avI <  2а>Дйг-) (for -Уе 7 (г+1))
and

|/(®) —^в(а?)| <  !/(æ) - £ w(æ) | +  JT1 (i +  l)a wy„(®)
tO«Fd + l)

<  2 (n +  2) a>y(й4) (for v 6 F(i+1>).

The last inequality means that the sequence of partial sums Sv 
converges to /  uniformly on In. From Lemma (2.1) it follows that the 
sequence (q>w )n=i is a Schauder basis for C(In).

4. The Holder functions. For any ^-dimensional simplex T and any 
ae Rn\ { 0} let

a(a,T) =  &iip{d(x, у): x 7 ye T and x — y =  M (for some АеЯ)}, 
a(T) =  inf{a(a,T):  й ей в\{0}}.
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Let us assume that (_В(г))?10 is a sequence of the triangulations of In 
satisfying (3.1) and the following conditions
(4.1) supldiaml7: TeB^}  — d{ <  А -2 “г,
(4.2) inf (a(T): 2~\

(4.3) L e m m a . There exists a positive integer n0 such that for any points 
x , y  in I n and any i the condition d(x, у) <  2~г implies the existence of 
a sequence of points z0, . . . ,  zno satisfying the following conditions : x =  zQ, 
у =  zno and for each к =  1, . . . ,  n0 there is simplex Tk of the triangulation 
В^ such that both zk_x, zk belong to Tk.

Proof. If d(x, y) ^  2  г, then x and у belong to a cube

Let r  =  { z e l n: d(z, Г) <  A -2"*}, Г =  { ТеВ (г): Т п Г ф 0 } .  The 
volume of T  is not greater than [(2J.+  1)-2_г]п and, by (4.2), is not less 
than (Б-2~г)п. From (4.1) it follows that

We now arrange the elements of Г  in a sequence Тг, . . . ,  Тщ (repeti­
tions being admitted) such that x e T x, y e T nQ, Tkr\Tk+1 Ф 0  (for к 
= 1, . . . ,  nQ) and we choose any point of Tkn T k+l as zk.

Let со be a positive function defined on I. We shall consider the 
following conditions
(4.4) со is non-decreasing in I  and there is a constant К  such that

Г =  [ai ,  Zq] x . . .  X [an, bn], where Ь{- а { =  2 %

U  T c z T .

Hence the number of elements of Г  is not greater than

co(2 t) <  K-o)(t) ( /o r 0 < t < | ) .

(4.5) There is a constant L such that
Ô

(for 0 <  ô <  1 ).
о

(4.6) There is a constant M such that

(for 0 <  <5 <  1).
ô

Note that the function co(<5) =  satisfies (4.4), (4.6), (4.6).
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(4.7) Theorem. Let со satisfy conditions (4.4), (4.5) (4.6) and let 
satisfy conditions (3.1), (4.1), (4.2). Then for every f  in G(In) the

following conditions are equivalent:
(i) sup \av(f)\ =  0 [co(2 -‘)],

ve Г(г)
(ii) su p ||/-«„ (/)|| =  0[m(2-')],

ve  F O )

(Ш) a>,(») =  0[a>(*)],
where av(f), 8v(f) are as in (3.3).

This theorem is a consequence of the following lemmas, which are 
somewhat more general and more explicit versions of the implications 
(i) => (ii), (ii) => (iii). Implication (iii) => (i) follows from an estimation 
of the coefficients av(f) shown in the proof of (3.3).

(4.8) Lemma. Let со satisfy conditions (4.4) (4.5), let f€C(In) and let 
h be an integer such that

sup \av{f)\ <  бо(2“г’) (for i =  fc, fc +  1, ...).
U e F O )

Then
sup \ \ f - 8v(f)\\ <2K-Loj (2~{) (for i =  h, fc +  1, ...).

veVC1)

Proof.  Let ve V(г) (i — h, & +  1, ...), and x e l n. Then

\ ( f ~Sv)(œ)\ v  E  <  У]  sup |aw|- V  (pw(x)
3=i veVtf) 3=i WeV{i) W£vd)

2-; + l
co(J)

dt
3=г 

2—i+l
7=г 2-7

2 J  ^ ~ d t ^ 2 L o ) ( 2 - i+1) ^ 2 ‘K-Lco(2-i).

(4.9) Lemma. Let со be a non-decreasing positive function in I , let 
fe  C (In) and let Jc be an integer such that

sup \ \ f - 8v(f)\\ <  co(2 *) (for i =  fc +  1, ...).
ucFO)

Йеге exists a positive constant D such that

„>,(»)< D-b-{2 a ) ( l ) + J ^ d ( |  (/от- г < 2 - 4->).
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P ro o f. Let ns assume that x, y belong to the same simplex T of the 
triangulation В (г) (i >  Те). For any j  <  i let Tj be a simplex of B(j) such 
that T  <= Tj and v be a vertex of Tj which belongs to B y  (4.2) there 
exist points Xj,yj  (Xj , y jeTj ) such that d(Xj, y,-) >  B-2~j and Xj — yj 
is parallel to x — y. We also have

d{x , у ) <  A  • 2 _г and ]<pv (Xj) — (pv(yj) | <  1.

Hence (from similarity of respective triangles)

\(pv(x)-(pv(y)\ ' d(x, y) 
d{xly yx) \<pv{Xj) fviVj) I ^

A
~B

• 2j~i (for j ■■ Tc-\-l, . . . ,  г),i

|S“>(æ)-S№»(ÿ)! =  - -̂(X- V). \&k)(xk)-SF>(yk)\
to № k  7 У  к )

'  A  . .
•2k~*-mf(A-2~k).

Let us also note that

sup |ey <  \ \ f - S U)\\ <  0){2~j) (for j  =  h, fc+1 , . . . ) .
DeFfb1)

Using the above inequalities we obtain

i

\ f (® )- f (y ) \< \Sm( x ) - S {k)(y)\A J?  JT \av\ • \<pv{x) — (pv(y)\ + 2 ||/—
j = k + 1 vey(?)

A i
’2к~*шЛА -2~к) +  У  ( sup \av\) У  \<pv{x) — (pv(y)\ +2со(2_г) 

15 J=*+i veV(1) veVti)

A A i
-2 ^ <<»/ (А -2-й) +  -— -2-*:-(» +  l)- У 2)'<o(2-i+1) +  2oj(2-i)

И B M t l

г 2г'
У  « ( Г 1).

J=0 J=1

Now let ж0, y° be two distinct points of In. Then there exists an integer 
V such that

2 г° 1 <  d(x°, y°) <  2 г°.
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Let us assume that i0 >  Je. By Lemma (4.3) we obtain
2i,

l/(®°) - / ( ÿ ° ) I <  «о-D0 ■ 2 - ‘o • 2  Ш( j->) <  2»»0i)0 -2 -fo - L  (1) +

2го-i i
+ f  2n0D0-2 г'о|^ш(1)+ j

i = x  u + i )

we have

< 4 w 0D 0d(;r0,y 0) |\y ( l)  + J
d(x°,2/°)

Г f 1Since the function D-J — — du-\- J (o(u)dul is non-decreasing in I
1Q,VP, L t  ̂ о J

<  Z > - « p o > ( l ) + ( f o r  ô >  d(æ°, y»))

Thus the lemma is proved.

5. The squew pyramidal basis. We shall now present a construction 
of the sequence (22(г))“ 0. If g17 gn is any orthogonal basis in Rn
satisfying the condition Ц̂Ц =  ... =  ||0 n||, and g0 is an arbitrary element

П
of Rn, then K(g0, gly . . . ,  gn) =  {x = g 0+  2  якдке Rn: 0  <  xk <  1 } will

k= 1
denote the cube spanned by the elements g0, g17 . . . ,  gn. Let be the set 
of all permutations of the set {1 , . . . ,  n}, let r =  (il f . . . ,  i„) belong to 8n 
and let К  — K(g0, . . . ,  gn). Let Tr(K) be the simplex of the vertices 
0o ? go +  gh , Уо +  0q +  0<2 » • • • > 00 +  0<! + . . .  +  0^ • The triangulation d (H) 
=  {Tr(-ff)}re)S will be used for the construction of the desired basis. Let

П
x — 0o +  xkgk* % and let 1 >  x^ >  ... >  а?г- >  0. We have

n  n —l

x = 0 0 + ] ? xkgk =  ( i - ^ ) 0 o + ( ^ - ^ _ i ) ' ( s ,o+0i1 +  ---+0tA) +
Л=1 ifc==l

+  * (00 +  0 ÏJ +  • • • +  0fn) •
n

Denoting t0 =  l  — œi t tk =  xik — ®ik_v  К =  »<n we obtain ^  h =  +
k—0

tk >  0. This means that x belongs to the simplex tin)(K). The
point a? belongs to the interior of T(i....гп){К) if and only if all the
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coefficients t0, . . . , t n are positive (i.e. xi Ф Xj for i Ф j). There is exactly 
one way to arrange such a sequence xx, . . . ,  xn into a non-increasing se­
quence x^, . . . , х { ; therefore the point x may belong to the interior of 
only one simplex.

The cube К  is now divided into 2й cubes K x, . . . ,  K 2n of faces parallel 
to those of К  (consider hyperplanes where J_ 9 i  and д 0 ф % д { € Н { ) .  

Q(K) will denote the set {K x, . . . , К 2п}. {Tr(Kj)}reSn =  A(KJ is a trian­
gulation of the cube K {. We shall demonstrate that for each simplex 
Tr(KJ there exists a simplex Tri(K) (in the triangulation of the cube K) 
which contains Tr(K{). It is enough to show that the union of the faces 
of simplexes Tr(K) is contained in the union of the faces of the simplexes

П
Tr(KJ (% =  1 , . . . ,  2n). The point x =  g0 xkgk belongs to a face of a sim-

i
plex Tr(K) if and only if xi =  Xj for some i Ф j, or xi =  0, or Xj — 1. 
If Xj =  0 of Xj =  1 the point x belongs to a face of cube К  hence it belongs 
to a face of cube K i(j and to a face of a simplex Tro(Kio) as well. Let xk >  0 
(for k =  1 Xj — Xj. The point x may be written as

П П
® =  9 +  ekgk+ i  £  Ук9к> where ek =  0 or ek =  0 <  yk <  1

k = l  k = 1

(i.e. yk =  2xk — 2ek). If =  sj, then — yj and x belongs to a face of 
a simplex Tri(KjJ. If Sj ф Sj, then \yt — yj\ =  2|ег- — Ej\ =  1 this contra­
dicts the condition 0 <  уг- ^  1, 0 <  yj <  1.

Let us write

-»* = ... 2fc-4 D „  ={0,1}; D  = (J D k,
k —0 

к

Щ =  {r =  (*i, •••) rn)eB n: Tj€ (J f y  and 3  xt e Dk\.
i- о ч

CO

Thus Dn =  \J Dk) ii lcx Ф k2, then JDk nDL =  0 . We shall need two
k= о 1

transformations :

+ : Dn\D% -> Dn and ” : Bn\ D % -> Dn.

It f  =  (rx, .. . ,  rn) e Dki then r+ =  (r+, . . . ,  r+) and r“ =  (r f , .. . ,  r~), 
where

, Tj±2 - k for Ti€Dk, 
r • =

г k —1
Xj for XjC (J I)j.

3=0 14

14 ~~ R o c z n i k i  P T M  —  P r a c e  M a t e m a t y c z n e  X V I I
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Now Q(0),Q(1), ... will denote a sequence of sets of cubes defined 
by induction:

Qw =  { П ,
f " = U « W  (for i  = 0 , 1 , . . . ) .

KeQ(k)
к

Let TJ(k) — {J A (K). The set (J is a set of all vertices of the
KeQ(k) i —0

division Q(k\  hence also of The sets D20, D\, D\ and the triangula­
tions F(0), U{1), U{2) are shown in Fig. 1. If Tx, T2e V(k\  Тг Ф T2, then

int T1r\m tT 2 = 0 .  For any integer & ^  1  and for any simplex Te 
there exists a simplex Тге Z7(fc_1) containing T. Let us note that for each 
re D'l the points r+ , r~ are vertices of the same simplex in Obvio­
usly r+, r~ are vertices of the same cube К  e Q̂ k~l\  Let the cube К  be 
spanned by elements e, 2~fc+1-e1, . . . ,  2~k+1-en and let

ri s ^ rïs (for « =  1 , •••, «), *?=*<“ (for %4 iq}),
p

r~ — е +  y^2~k+leis.
S—  1

It is clear that {ix, . . . ,  ig} n {jx, . . . ,  jp} =  0.  Let {1 , . . . ,  ,
• • • 7 îqi i i  » • • • 5 jp] =  , • • •, 1-n-p-q} and let r be a permutation (j x, . . . ,  j p,
ix, га,1х, ln_p_q). The points r+ and r~ are vertices of the simplex 
Tr(K).

If we assume that T F (fc) =  ( J  IJj, R(k) =  XĴk) and the functions
3 = 0

<pT are defined as in (3.3), then by Proposition (3.3) the sequence ((pr)reDn 
is a basis for C(In). The support of (pXrj is shown in Fig. 2.
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The simplexes of U are similar to the respective simplexes of £7(0). 
Hence if we write

a(n) =  inf{a(T): Tel7(0)},
then

inf{a(T): Те U{k)} =  2~k-a{n), sup{diamT: Те V{k)} =  2~k,
i.e. conditions (4.1) and (4.2) are satisfied. Hence the basis (<pr)xeDn satisfies 
the assumption of Theorem (4.7).

We are going to compute the coefficients ar(f). Let те D% (for к —1, ...) 
az = /(r ) -S < i!- 1'( r) = / ( t)-S<*-,>(2-1(t+ +  t-))

=  л  r) -  2 -1 (r+ ) +  ^ - 4 (r-)) =  /(  T) - i  (/(T+) + Я О ) .
Let us note that if we change the succession of the coordinate axes, 
then the triangulations and the functions <pr also change.

6. The regular pyramidal basis. Let К  be any ^-dimensional cube. 
We shall define its triangulation V(К) into 2n~1-n\ simplexes by induc­
tion respect to n. For an interval J  (a 1-dimensional cube) we define V ( J) 
=  {J}. Now let К  be an (w +  l)-dimensional cube. The n-dimensional 
faces L{ (for i =  1, . . . ,  2 (w -f 1)) of a cube К  may be regarded as w-dimen- 
sional cubes. By induction hypothesis we have triangulations V{Lf) 
(for i — 1, . . . ,  2 (n-\-l)). Let s be the barycenter of the cube K. The 
set of simplexes V(K) =  {conr(T,s):  Т е7 (Е {), i =  1, . . . ,  2(n-\-l)} is 
the desired triangulation.

Let us denote
=  U  V(K) (for i = 0 , 1 , . . . ) ,

KeQ(l)

where Q̂ k) are as in Section 5. Obviously E$  are triangulations of the cube 
In. We can prove that the triangulation E$  is a subdivision of the jtrian-

Fig. 3

gulation E^~l). Denoting В (г) =  E$  we obtain, just as in preceding sec­
tion, a sequence of triangulations of In satisfying conditions (3.1), (4.1), 
(L2). Hence the basis coresponding to the sequence E$  satisfies the as­
sumption of Theorem (4.7). Let us note that for this basis the triangula­
tions do not depend on the order of coordinate axes. The triangula­
tions E f , Eÿ] , E f 1 are shown in Fig. 3.
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7. The cube basis. Let y> be a function defined by 

гр{х) =

For г =  (rj, rn)e D% we define the function y reC{In)

æ-f-1 for — 1 < ж < 0 ,  
1 —л? for 0 <  x <  1,
0 for \x\ >  1.

V>r И  =  f ]  V(2fc(^ -  r<)), where a? =  (a?x, . . . ,  a>„) •
i= l

Let us note that the function is w-linear on each cube К  in Q(&) and its 
support is a cube.

(7.1) P roposition . The sequence {ipT)T£iDn is a basis for C(In). 
Proof.  Let e =  (ex, . . . ,  en) e { —1,1}”; r =  (rx, . . . , r n)el)%,

rs =  (r‘, . . . ,  O ,  where <  =
T» ~b " 2 for r

*-i
for T* e (J Dy.

j=o
The coefficients cr(/) =  cT are defined as

cv =f { r )  for reD”,
oo

«. =  2-" У  (Л т )-/Ю ) for T€ U  -P”.
8£{-l,l}« *=1

We shall prove that the series cxipT converges to the function /  
uniformly. Let ге1>п

к
SW(x) = У У сгу)г(х).

J=0 TeDf
We claim that

к(3) 8 {k){x) = / ( T) for re U  i>".
3 =  0

Indeed, for h =  0 and x° e D” we have

S «V >  =  у  elVl(r«) =  <40 =/(T*).
reD*

Let (3) hold for some & and let reD£+1. Then

£(fc)(r) =  2~n £  8 ik)( xB) =  2“n £  f(xe),
ее{-1,1},г ee{—1, l}n

/8№+1,(т) =  8 {k){x) +  cT = / (  t).
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Now, let x e l n. Then for each к there exists a cube К  in Q(k) such that 
see K.  Let V denote the set of all vertices of the cube K. Then

inf {$(Л)(т): те V} <  8 {Л){х) <  sup{S{k)(т): т€ V}
and

y>T(x) = 0 ,  where reJD^W (card F = 2 ”),
and

l / W - ^ W K  ! / ( * ) - / ( r ) |  +  | S W (T )- S ' ‘ 4 ® ) K 2 M (2-k)
where r e  V. Hence for r e h j  we have \cT\ <

Let aeD1+l. We obtain
«

|/0» )- J £ 4 v>t(®)|< \ f ( œ ) - s {k)(x)\+ J?  KlVrO»)
T<<T T(Dk+X

<  2-ш/ (2-*) +  2-2п*о/ (2-*-1).

This shows that the series £  ezipT is uniformly convergent and we 
may apply Lemma (2.1). reI>n
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