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Schauder bases for the space of continuous functions
on an n-dimensional cube

1. Introduction. The purpose of this paper is to deseribe explicitly
three constructions of Schauder bases for C(I™) (two of which are known)
and generalize a theorem of Ciesielski [3] to the case of n variables. Cie-
sielski’s theorem reads as follows: Let (¢,)s., be the classical basis for
C(I) constructed by Schauder [7] for the dyadic partition of I = [0, 1].
Let 0<a<1 If f= Ya,p,¢C(I), then the following conditions are
equivalent:

(i) a, = O(1/n%),

(i) If— 8.1 = 0(1/n%),

(iii) the function f satisfies the Holder condition with the exponent a
Le. w/(d) = 0(8%).

(Actually, Ciesielski formulated the theorem in a more general way
replacing the function é° by a function w(d) satisfying conditions (3.1),
(4.1), (4.2) written in Sections 3 and 5 below.)

Using this theorem Ciesielski constructed an isomorphism
fr>(a,-n*)®_, between the space H, of Holder functions on I and the
Space 1, of bounded sequences. He also proved that, under this isomorphism,
the subspaee ¢, is the image of the subspace A, of the functions in H,

satisfying the condition
[ f(@y) —f(@2)] = o(lmy —2,/%).

About 1960 Ciesielski raised the question whether an analogical cha-
-Tacterization of Holder functions is true for functions of several variables.
In 1969 Ciesielski and Geba solved the problem in positive, but they did
ot published the solution, as one of the main corollaries of the theorem —
the existence of an isomorphism from the space H{ of Holder functions
of % variables onto I, — was obtained by Bonic, Frampton and Tromba
[2], independently and at about the same time.
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In this paper the theorem of Ciesielski will be proved for an n-di-
mensional cube I™ and for a certain class of bases in C(I") which containg
the squew pyramidal basis considered by Ciesielski and Geba, and the
regular pyramidal basis obtained by generalizing of construction Ellis
and Kuehner {5]. The proof is analogous to that of Ciesielski; the only
essential difference is in lemma (4.9) for which it was necessary to modify
the estimations involved. It is worth mentioning that this theorem is not
a direct consequence of results of [2].

Three types of Schauder bases for the space C(I") are constructed
bellow. Two of them consist of piecewise affine functions (i.e. each function
is affine on each simplex belonging to a certain sequence of triangulations
of the cube I™). The third bagis (the cube basis) consists of piecewise
n-linear functions, the supports of whieh are cubes. The first two bases
were known, but their constructions were not published explicitly. The
fourth known basis type, the product basis consisting of functions of the
form

q)ml,...,mn(wu ceey mn) = Pm, (ml) (pmn(wn)

is not considered here. Let us note that all these bases are interpolating
in the sense of Semadeni [8]. The basis described by Vaher [9] in her
proof of existence a bagis in C(Q) (where @ = I*), the basis constructed
by Bessaga [1] for C(I°|H) = {fe C(I®): f|H = 0} and the interpola-
ting basis of Gurarij [6] also consist of piecewise affine functions and are
analogous to the pyramidal bases.

2. Preliminaries. A sequence (¢;)i>; in a Banach space X is called
a Schauder basis (or simply basis) if for every x in X there exists a unique

sequence of scalars (a;(f))i2; such that the sequence of partial sums
Da;(f)e; converges strongly to x. C(K) will denote the space of all real-
i=1

valued continuous functions on K with |f| = sup{|f(f)|: te K}. A basis
(€;)i~, is called interpolating with mnodes (t,);., if for each funection f
in O(K) and each n we have

D ai(fe(tn) = f(ty)  (for m =1,...,m).

(2.1) LeMMA. Let K be a compact metric space and let (e,), be a s¢-
quence of fumctions in O(K) satisfying the following conditions:

(i) for any f in C(K) there ewists a sequence (a,), of scalars such
that ‘

o0

(1) f= E“ieu

i=1
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[o=}

(ii) there exists a sequence (1;);2, in K such that
ez(tj) :61/] (fOT'jZI,...,’Z).
Then the sequence (e;)i>, 18 an interpolating Schauder basis for C(K)

with nodes (t;);2,.

Proof. Let f = > b;e;. Then we have
i=1
f(tl) - bu
o« n—1
Flt) = Xbe(ty) = b+ Y beeilt,)  (for m =2, ...).
1=1 =1

o0

Consequently, the sequence (a;)$>, is unique.

I" will denote the wn-dimensional cube (the Cartesian product of =
copies of I). For x, y in I" we define

d(z,y) = max{|z;—y;: ¢ =1,...,n}.
It fe C(I"), w;(6) will denote the modulus of continuity of f i.e.

w;(8) = sup{|f(@)—f(¥)|: d(=,y) < d}.
By a simplex we mean a closed simplex in R"”. By a triangulation

k
of the cube K we mean a set of simplexes {7}, such that U T; = K
and T;nT; is a face of each of simplexes T}, T}. =1

3. Bases of piecewise affine functions (pyramidal bases). Let (R¥)2
be a sequence of triangulations of the cube I™ and let W be a set of all
vertices of simplexes of the triangulation R®. Let us suppose that the
sequences (R¥Y)®,, (W2, satisfy the following conditions:

(3.1)  The triangulation RE*Y is a subdivision of a triangulation R® i.e.
for every simplex T in RUY there exists a simplex T, in RY which
contains the simplex T as a proper subset (hence Wi+Y o W)

(3.2) sup{diamT: Te R®} = d, >0 as ¢ - oo.

Now, let V) = WONWED (for 4 =1,2,...); VO = WO; let ve V¥
and let ¢, be a funection in C(I") satisfying the conditions: ¢,(v) = 1,
and @, (w) = 0 (for we W\{v}) and ¢, is affine on each simplex of the
triangulation R™.

The set W = | W® will be ordered as follows. If ve W® and

- i=0 * .
we WN\W®, then v < w. In each set V¥ we introduce the lexicographical
order. This yields a sequence w,, w,, ... of elements of W.
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(3.3) ProrosITioN. The sequence of funmctions (g, )o-y 48 an inter-
polating Schauder basis with nodes w,, w,, ...

Proof. Let fe C(I™). Write
a, = ay(f) = f(v) (for veV©),

8, = Z’a’w‘pwv 8® = Z )

w<w weW (M)

a, = f(v) =8P (v) (for ve V),
We shall prove (by induction respect to ¢) that

(2) fw) = 8,(w) (for w < v, ve V),
If § = 0, then

= Y a,p.(w) = f(w).

UY

Let us suppose that (2) is true for some 7. If ve V0 and w < v, then we
have :

S,(w) = 8D (w)+f(w) (for we VEY),

8, (w) = 8 (w) = f(w) (for we W)
(by induction hypothesis).

Let us note that the function 8 is affine on each simplex of the
triangulation R®. Hence

f (@) — 89 (@) < 1f (@) — f(w)| + 1 () — 89 ()] 4| 89 (w) — 89 ()
< wp{dy) + 0+ wp(dy),
where w is any vertex of the simplex 7' in R containing #. Consequently,

la,| < 20,(d;)  (for ve VEHY)
and
F(@) = 8@ < If(@) = 8V@)|+ D' (i+1)ayp, (@)
u)eV(i‘*'l)
2(n+2)w,(d;) (for ve VETD),
The last inequality means that the sequence of partial sums S,

converges to f uniformly on I™. From Lemma (2.1) it follows that the
sequence (@, )a-, is a Schauder basis for C(I").

4. The Holder functions. For any #-dimensional simplex 7 and any
ae R*"\{0} let

a(a, T) = sup{d(x,y): 2,y T and z—y = da (for some ie R)},
a(T) = inf{a(a, T): ac R"™\{0}}.
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Let us assume that (R®), is a sequence of the triangulations of I
satisfying (3.1) and the following conditions
(4.1) sup{diamT: Te RV} = d, < 4-27F,
(4.2) inf{e(T): Te RV} > B-27%

(4.3) LEMMA. There exists a positive integer n, such that for any points
@,y in I™ and any i the condition d(x,y)< 27" implies the existence of
a sequence of Points 2y, ..., 2, satisfying the following conditions: x = z,,
Y = 2, and for each k = 1, ..., ny there is simplex T, of the triangulation
RY such that both z, ,,z, belong to T,.

Proof. If d(x,y) < 27% then # and y belong to a cube

I'=[ay,b]%...x[a, b,], where b,—a; =2,

Let I' = {zeI": d(z, 1)< A-27%, ' = {T<RP: TAI #@}. The
volume of I is not greater than [(24 +1)-27*]* and, by (4.2), is not less
than (B-27%" From (4.1) it follows that

Urer.

Tl

Hence the number of elements of I is not greater than

)

‘We now arrange the elements of I'in a sequence T, ..., T, (repeti-
tions being admitted) such that zeT,, ye Tno, Iy, 0 (for %
=1,...,M,) and we choose any point of T, nT;,, as 2.

Let o be a positive funetion defined on I. We shall congider the
following conditions

(4.4) o is non-decreasing in I and there is a constant K such that
o2 < K-w() (for 0<<1<<3).

(4.5)  There is a consiant L such that

f—w?(tldtgL-w(é) (for 0 < 8<1).

0

(4.6)  There is a constant M such that

af“’t(f)dth-w(a) (for 0 < 6<1).

Note that the function w(8) = §° satisfies (4.4), (4.5), (4.6).
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(4.7) THEOREM. Let w satisfy conditions {(4.4), (4.5) (4.6) and let
(R, satisfy conditions (3.1), (4.1), (4.2). Then for every f in C(I") the
following conditions are equivalent:

(i) sup la,(f)] = Olw(277)],
veV(®

(i) sup If = 8.(Hl = O[w(279)],

ve V(¥

(i) wi(6) = Ofw(d)],
where a,(f), S,(f) are as in (3.3).

This theorem is a consequence of the following lemmas, which are
somewhat more general and more explicit versions of the implications
(i) = (ii), (ii) = (iii). Implication (iii) = (i) follows from an estimation
of the coefficients a,(f) shown in the proof of (3.3).

(4.8) LEMMA. Let o satisfy conditions (4.4) (4.5), let fe C(I™) and let
k be an integer such that

sup |a,(f) <@ (fori=Fk,k+1,...).
pep ()

Then
sup I f— Sf < 2K -Lw(27%  (for i =k, k-+1,...).

pep(®)

Proof. Let ve VI (¢ =%, k+1,...), and xe I". Then

=8)@I < D] D iaulpulo) 3 swp layl- ) gu(@)

'i We V(J)

=i yep() j= wev(?)
= i)
Q ot
< Do) <s §2*72m\-2f~—t—-dt
=1 j=t o—7
g—i41

t) . .
2f %(—dt 9Lw(27%) < 2-K - Lw(27Y.

0

(4.9) LEMMA. Let w be a mnon-decreasing positive function in I, let
feC(I™) and let k be an integer such thai .

sup [f—S,(fll Sw(27) (for i =k+1,...).

vep(?)

Then there exists a positive constant D such that

wf(6)<D-6~(2w(l)+fwt(t dt) (for 627570,
] ' .



Bases in spaces of continuous functions 207

Proof. Let us assume that x, ¥y belong to the same simplex T of the
triangulation R® (i > k). For any j < ¢ let 7; be a simplex of R such
that 7' < 7; and v be a vertex of 7; which belongs to VY. By (4.2) there
exist points x;, y; (w;, y;¢ T;) such that d(»;,y,)> B-277 and 2 —Y;
is parallel to #—vy. We also have

dz,y) <A-27° and  lpy(x) — oyl < 1
Hence (from similarity of respective triangles)

_ d(w, y)

: B X .
@y (@) — @, (Y)] = T v P (®;) — @, (Y5 <-§'2’_1 (for j =k+1,..10),
18 () — 8% (g) = -0 509 ) 80 ()
(s Y)

- A .
<'§' 2k_’-wf(A-2“k).
Let us also note that

sup la,| < |f—8M < w(277)  (for § =k, k+1,...).
veV(j‘l'.l)

Using the above inequalities we obtain

(@) —f ()] < 18%@) — 80 (y 2 1l Igs(@) — o)l 211 — 8¢

j=k+1 ve V(?)

i

A - —ky 9—i
<5 2o A2 (sup i) D lpe(@) —gu(y)] +20(27)
F=k+1 vew ()

A A . )
<25 o (4278 - 27 (n - 1) S’ 296 (27 1200 (279
B B j= k+l :
< Dy-27%F Y oi-1. < Dy 27 Y (G

: Z 2

Now let °, ° be two distinet points of I”™. Then there exists an integer
iy such that

2707 < d (a0, y0) < 27
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Let us assume that ¢y, > 4. By Lemma (4.3) we obtain
2% '
6 ) < mor D276 Mg ) <2m D27 (1) +
=1

+2§1 jfl w—t(zﬂdt]g 2n0D0-2’i0[a)(1)+ f] wt(f) dt]

Jj=1 (F+n-1 g —io

< dn, D, d(a", y°)[a)(l) + f o(f) dt].

t2
a(z0,y9)
t

: : Fo(u) - .
Since the function |t- f 5 du+ f w(u)du | is non-decreasing in [
we have i 0

1

I
o0~ < 2| o)+ [P )+ [ o]
d 0

4

< D~a-[2w(1)+f “’t(:)

dt] (for &> d(a, 3°)

Thus the lemma is proved.

5. The squew pyramidal basis. We shall now present a construetion
of the sequence (R“)2,. If ¢,,...,¢, is any orthogonal basis in R"
satisfying the condition |g; = ... = |lg.l, and g, is an arbitrary element

n
of R", then K(ggy g1s.--s0y) = {& = go+k21‘ Zrgpe R*: 0 <o, < 1} will

denote the cube spanned by the elements g,, ¢4, ..., ¢,- Liet 8, be the set

of all permutations of the set {1,...,n}, let » = (4, ..., 1,) belong to S,

and let K = K(ggy..-,9,). Let 7.(K) be the simplex of the vertices

90 Yo+ i,y Yo+ 9i,+iys -oos Yo+ 9+ ... +g;, . The triangulation 4(K)

= {Tr(K)},ESn will be used for the construction of the desired basis. Let
n

@ =got+ ) wpge K and let 1> >... > >0. We have
* k=1

n n—-1
T =got+ 3 mgy = (L—z) g+ > (@i, —mi ) (got s+ +0:) +
. k=1 Fe=1
oy (Got+ g+ T,

3
t, = ®; Wwe obtain kZ 4 =1,
=0

> 0. This means that » belongs to the simplex T ., ,(K). The
point 2 belongs to the interior of T, . (K) if and only if all the

Denoting 2, =1—w;, 4 =a; — @y 1y

.....
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coefficients 4, ..., t, are positive (i.e. x; # @; for i # j). There is exactly
one way to arrange such a sequence z,, ..., %, into a non-increasing se-
quence @, ..., #; ; therefore the point x may belong to the interior of
only one simplex.

The cube X is now divided into 2" cubes K, ..., K of faces parallel
to those of K (consider hyperplanes H,, where H; | g, and g,--3g;¢ H,).
Q(K) will denote the set {Ki,..., Ku}. {T,(K))}es, = 4(K;) is a trian-
gulation of the cube K,;. We shall demonstrate that for each simplex
T,(H;) there exists a simplex 7, (K) (in the triangulation of the cube K)
which contains T,(K,). It is enough to show that the union of the faces
of simplexes 7', (K ) is contained in the union of the faces of the simplexes

n
T(K;) (i =1,...,2"). The point » = g, ;9 belongs to a face of a sim-
k=1

plex T,(K) if and only if #; = #; for some ¢ # j, or o; = 0, or #; = 1.
It z; = 0 of @; = 1 the point x belongs to a face of cube K hence it belongs
to a face of cube K; and to a face of a simplex T, (K;) as well. Let 2, > 0
(for ¥ =1,...,n), ®; = ;. The point # may be written as

n n
w=9+28k9k+%2yk9k7 where & =0 or ¢ = 3,0 <y, <1
k=1 ey

(le. yp = 22, —2¢;). If ¢ = ¢, then y, = y; and 2 belongs to a face of
a simplex T, (K; ). If &; +# ¢;, then [y;—y;| = 2|e;—¢| =1 this contra-
dicts the condition 0 <y, <1, 0<y; < 1.

Let us write

Cs

D, = {(2P—1)2_k}p=1,...,2k—1; D, = {0, 1}; D = Dy,

k

I

0

%
D =t = (11, .0y Tp)e D"t 74¢ L% D; and atioe D,}.
3= ’io

Thus D" = | J D%; it k; # k,, then D,’:lnD,’:z = . We shall need two
k=0

transformations:
t: D"\Dy -~D"* and ~: D"™\D} - D".

If v = (vy,...,7,)e D then vt = (zf,...,7}) and =~ = (2], ..., 77),
Where :

7,427 for 7, Dy,

k-1
7; for 7;¢ ) D;.

i=0

M — Roezniki PTM — Prace Matematyczne XVII
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Now Q©@, Q0 ... will denote a sequence of sets of cubes defined
by induection:

Q(O) = {In}’
Q¥+ — ) Q(K) (for k=0,1,...).
KGQ(k) &
Let U® = (J A(K). The set () D? is a set of all vertices of the
KsQ(k) =0

division @™, hence also of UW, The sets D2, D?, D? and the triangula-
tions U@, U®, U? are shown in Fig. 1. If T, Tye UM, T, # T,, then

1

Fig. 1

int 7, Nnint7, = B. For any integer k> 1 and for any simplex Te U®
there exists a simplex T, ¢ U%~D containing 7. Let us note that for each
Te D? the points t+, v~ are vertices of the same simplex in U®*~Y, Obvio-
usly 7+, z~ are vertices of the same cube K < Q%Y Let the cube K be
spanned by elements ¢, 27 1.¢,, ..., 27" ¢, and let

T #1, (for s =1,...,¢q), = =1 (for i¢{is,..., 1),
p .
T = e S‘2—k“ejs.
=1
It is clear that {iy,...,i.} N {ji,..rd,t =@. Let {1,..., n}\{iy,

vevsBgaduy ees Ipy = {lay ooy bi_p_gt and let 7 be a permutation (j, ..., jy»
1y eeey gy lyy iyl ). The points ¥ and 7~ are vertices of the simplex

9 ‘np—g
T,(K).

Fig. 2
k

If we assume that W% = |J D;, R® = U® and the functions
F=0

¢, are defined as in (3.3), then by Proposition (3.3) the sequence (¢,),.p»
is a basis for C(I"). The sapport of ¢, is shown in Fig. 2.
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The simplexes of U are similar to the respective simplexes of U,
Hence if we write
a(n) = int{a(T): T<U®},
then
inf{a(T): Te UM} = 27%.q(n), sup{diam7: Te UP} = 27%,

i.e. conditions (4.1) and (4.2) are satisfied. Henee the basis (¢,),.pn satisfies
the assumption of Theorem (4.7).
We are going to eompute the coefficients a,(f). Let te Dy (fork =1, ...)

a, = f(1) = 8%V(z) = f(z) = 8V (27 («* + 27))
:f(T)_2—1(S(k_1)(T+)+S(k~1)(1")) = f(7) _%(f(’ﬁ)—f—f(r")).

Let us note that if we change the succession of the coordinate axes,
then the triangulations U™ and the functions ¢, also change.

6. The regular pyramidal basis. Let K be any n-dimensional cube.
We shall define its triangulation V(K) into 2" !-n! simplexes by induc-
tion respect to n. For an interval J (a 1-dimensional cube) we define V' (J)
= {J}. Now let K be an (n-1)-dimensional cube. The #n-dimensional
faces L, (for4 =1, ..., 2(n+1)) of a cube K may be regarded as n-dimen-
sional cubes. By induction hypothesis we have triangulations V(L,)
(for ¢ =1,...,2(n+1)). Let s be the barycenter of the cube K. The
set of simplexes V(H) = {eonv(T,s): TeV(L;), ¢ =1,...,2(n+1)} is
the desired triangulation.

Let us denote ,

BEW = | V(K) (fori=20,1,...),
EeQ(f)

where Q® are as in Section 3. Obviously B are triangulations of the cube
I". We can prove that the triangulation E is a subdivision of the {trian-

Fig. 3

gulation BE-Y, Denoting R® = EY we obtain, just as in preceding sec-
tion, a sequence of triangulations of I™ satisfying conditions (3.1), (4.1),
(4.2). Hence the basis coresponding to the sequence E satisfies the as-
Samption of Theorem (4.7). Let us note that for this basis the triangula-
tions do not depend on the order of coordinate axes. The triangula-
tions O, B, B® are shown in Fig. 3.
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7. The cube basis. Let yp be a function defined by

z+1 for -1<w <0,
p@)={1—2 for 0<o<],
0 for |z| > 1.
For 7 = (7q, ..., 7,) e D} we define the function y.c C(I™)

n
v, (2) =H1p(2"(wi—ri)), where & = (1 ...y %)
i=1
Let us note that the function w, is n-linear on each cube K in Q™ and its
support is a cube. ,
(7.1) PROPOSITION. The sequence {(y.)..pn 8 @ basis for C(I™).

Proof. Let ¢ = (ggy ..., &) e {—1,1}";7 = (74, ..., Tu)e D},

.Ti‘{—gi'z—k fOI‘ Ti€ Dk’
k-1

T for T;€ U Dj.
j=0

& 8

T = (1], ..., Ty), Where T} =

The coefficients ¢,(f) = ¢, are defined as
¢, = f(7) for e D,
e, =27 N (f(x)—f(z*)) dfor ve{J D}.
se{—1,1}" j=1"

We shall prove that the series ) e¢,y. converges to the function f

uniformly. Let Te D
’ k
88 (@) =3 3 oy.(a).
j=0 16D}"
We claim that
i
(3) 8®(z) = f(r) for ve U Dj.
i=0

Indeed, for & = 0 and 1% D] we have

8O() = N ey, (1) = co = ().

'rng'

Let (3) hold for some %k and let 7e Dy, ,. Then

8W(z) =27" 3 8¥() =27 D f(=),

ee{~1,1}" ee{—1, "

8%+ (1) = §¥(7)+¢, = f(7).
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Now, let x¢ I". Then for each % there exists a cube K in Q™ such that
xe K. Let V denote the set of all vertices of the cube K. Then

and

and

inf{8®(7): ve V} < 8®(x) < sup{8®(z): 1¢ V}
v.(®) =0, where Te DI\V (cardV = 27),

If(#) — 8% (@) < If (@) —f ()14 18P () = 8P (2)] < 200 (27F)

where te V. Hence for ve Di we have l¢,| < 2w,(27F).,

may apply Lemma (2.1).

[1]
[2]
[3]
(4]
(5]
[6]
(7]
(8]
[9]

Let oe Dy,,. We obtain

[f@) = Y ew. @) |< If @ =8P @)+ 3 loclv(@)
= reDjiiy

< 20,277+ 22" 0, (27571,

This shows that the series ) e¢,y, is uniformly convergent and we
Te DT
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