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On some properties of extremal functions of Carathéodory

1. Let @ denote the class of regular functions

(1.1) 9(z) = >
k=1

defined in the circle K = {z: [2] < 1} and such that |q(2)] < 1 for z¢ K.
Ag it is known functions of the family ¢ have the following properties

1], [5]:

(1.2) 19(2)1 < 2| for ze K,
{1.3) gl < 1 for n =1,2,...,
(1.4) Dl <1,
k=1
(1.5) lg' (@)l < (L—1g(@P)(L—e)*  for ze K.

In estimations (1.2) (for z = 0), (1.5) and (1.3) (for » = 1) equality
is the case if and only if ¢(z) = ez, [¢|] = 1. If there exists m, > 1 such
that Ign,] = 1, then it follows from (1.4) that ¢, = 0 for n + n, and func-
tion (1.1) is then of the form ez, |¢] = 1.

2. Let B denote the family of regular functions

(2.1) pl2) =1+ Y p#
’ k=1

defined in the circle K and satisfying in this circle the condition rep(2) > 0
[2]. It is known that if p P the following sharp estimations hold

(2.2) ipa <2 forn=1,2,...
(2.3) A=) 1+ < |pE)| < A+nA—n7
(2.4) Ip' () <2(1~r)7",

(2.5) ' (2)[p(2)| < 2(1—7)7,

Where |z| =7, 0 <7< 1.
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These estimations may be found by various methods (in the case
of result (2.2) see e.g. [2], [4], [7]-[10]). In particular, estimations (2.3)-
(2.5) result easily from the following one to one relation between the
functions of the classes @ and P: p(2) = (1+¢(2))/(1—g(2)) and from
properties (1.2) and (1.5).

In this paper, employing an analogous method we find some esti-
mations in the family  and some of its subclasses. First we will generalize
the results (2.4), (2.5) by obtaining the sharp estimation of the functional
19’ (2)[p°(2)], p°(0) =1, when pe®P, where s is an arbitrary fixed real
number.

THEOREM 2.1. If peP, then the following sharp estimations

(2.6) P ()P R) <21 +7rf(1—7)"° whens>1,
and
(2.7) 1p"(2)/p° ()| < 2(L+7)"°(L—7)*"* when s <1,

where 2] =7, 0 <r <1 and s is an arbitrary real number, hold.
Proof. Since p’'(2) = 2¢'(2)/(1 —q(2))*
1P’ (2)/p°(2)] = 21¢' ()| 11 —q ()" |1+ q(2)|~*
whence by (1.5) we have

1—|g(&)" L1—gq(2))" 1
1—2'  1+g@I " 11—g¢2)

1D’ (2)/p°(2)] <
thus

s—1

1—gq(z)
1+q(2)]

12’ (2)[p°(2)] <

1— el

Consequently if s> 1, then

2 (1+!q(z)l)““
1—jzf \1—q()]

Whence because of inequality (1.2) we obtain estimation (2.6). If, on the
other hand, s < 1, then from the inequality

14 Iq(z)l)“"
1—|q(2)

and condition (1.2) estimation (2.7) results.

Since the function p*(2) = (1+e2)(1—e2)7?, le] =1, belongs to
the family B and p*'(2) = 2¢(1 —e2)™' estimations (2.6) and (2.7) are
sharp.

Accepting in Theorem 2.1 8 = 0 or s == 1 we obtain the known results’
(2.4) and (2.5).

Ip"(2)/p°(2)] <

’ 8 2
@ < T
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3. Consider the subclass Py, M = 1, of these functions of the family
B, which satisfy the condition |p(z)—M| < M in the circle Goel [4] has
proved that every function of the family P, may be represented in the
form

(3.1) p(2) = (14+49(2))/(1—bq(2)),

where b = 1— M, ge Q. Moreover, he has proved that if pe%,, then
the following sharp estimations hold

(3.2) Ipal <14, n=1,2,...
(33) QA-nNA+) < pEI<@A+NA—b)", Rl =r0<r<1,
(3.4) B @D Ip A < (L+B)A—r) T (A+br), el =7, 0<r<1.
Conéider the following functional defined in the family P,

(3.5) Up) = ' @@,

where s is an arbitrary fixed real number and p°(0) = 1.
We introduce the following denotations

(3.6) r(s) = [2b+s(1—Db)][2—s(1—B)]"Y, O<s<1,
(3.7) ra(s) = [20—s(1+B)][2—s(1+0)]!, <0
and

B, ={s,r): 1<s5,0<r<1},

By, ={s,r): 0<s<1, 0<r<ry(8}},
~(3.8) By ={(s,7r): 0<s<1, r(s)<r<1},
B, = {(s,7): s<0, 0<r<ry(s)},

By ={(s,7): §<<0, rp(s) <r<1}.

We shall prove
THEOREM 3.1. If pePyy, M = 1, then for an arbitrary fized z, |2| =7,
0<r<1 we have

(3.9) U(@)< (1+b)A+br)y*(1—7)"" when (s,7)e By,
(3.10) Up) =1+ —br)*2(1—r)"° when (s,r)e By,

(3.11)  U(p) <22 *(1+by*(1—b)" (1 —r*) (1 — )% (2 —s)* 2
when (s, 7)e By,

(8.12) UT(p)< @A+b)(A—bry 2(1+7)"* , When (s, r)e B,
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and
(313) U@ <21 =)' (1—r)T (1 —s)!"*(2 —¢)72""
when (s, 7)e E‘s.
Estimations (3.9) and (3.12) are sharp.

Proof. Let z, |2 =7, 0 <r <1 be an arbitrary fixed point. Then
from (3.1) and (3.5) we get

U(p) = (1+d)iq () 1L = bg(2)"* (1 +q(2)|°
whence by (1.5) we have

o 1+b 1—jg(a)"
3.14 Up) < -, —r.
@14 P ST et raer

Now the functional

_ 1—1g(z)*
=bg(R)P L +g(2)1

{3.15) V(g)

is to be estimated in the class Q.
To this end consider three cases.

1° Let s > 1. Since for geQ and 0 < b < 1 we have
[(L+g(2)) (1 —bg(2))| = (1~ g2} (L +blg(2)])
thus
(L—1g()[3) (1 +blg(z)FPC"
(1+21g(2)P (1~ (=)

Vig) <

whence in the case considered we find

1+1q(=)I (1 +b lq(z)t)s‘1

Vig) <

T 14+big@)\ 1—1g(2)|

But ¢(2)| < r (comp. (1.2)), thus (14 (g(2)]) L+blg(2)]) ™ < (L+7) (1 +br)77,
thus

Vi< @Q+n) @+ (1—n)

whence by (3.15) and (3.14) we obtain estimation (3.9).
2° If 0 < s <1, then from (3.15) we find

(3.16) Vig) < g(lg(2))),

where

{3.17) g(@) = (1+z)(l—a)' 51 —b2)*2, 0<a<r.
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Since
g (@) = (1—a)*(L—ba)?[x(s —sb—2)+s—sb+2b]
= [2—s(1—=b)](1~2)"*(1 —bx)**[ry(s) — =],

then

{3.18) max g(z) = g{r) when r << 7,(5)
o<<er

and

(3.19) max g(x) = g(r,(s)) when r,(s) <r.

o<z
Thus from formulas (3.6), (3.8), (3.14)-(3.19) estimations (3.10), (3.11)
result.
3° If s < 0, then from (3.15) we obtain

(3.20) V() < h(lg(2)]),

where

(3.21) hz) = (1—2)(1+2)"*QA—bx)* %, O<a<r.
Since ’

B(z) = [2—s(1+b)J(1 —a) (L —bx)**(ry(s) — )

thus

{3.22) max h(x) = h(r) when r < 7,(8)
o<a<r

and

(3.23) max h(z) = h(ry(s)) when ry(s) <r.

o<y

Thus from formulas (3.7), (3.8), (3.14), (3.15) and (3.20)-(3.23) we get
estimations (3.12) and (3.13).
The function

pr(2) = (14+e)(1—ber)™", |e]=1,b=1—-M"
belongs to the family P,, and
U(p*) = (1+b) |1+ ez| 1 —bez[*™®
estimations (3.9) and (3.12) are thus sharp.
Accepting in estimation (3.9) s =1 we get result (3.4). If M =1
(b = 0), we have from Theorem 3.1
CorROLLARY 3.1. If peBy, then

Ulpy<(1—
Up) <21 —s)5(2—s) 21—y when(r, s)e By UE;,
(3.25) Up)<(@+r—° when (r, s)e Ey.

~$ when (r, 8)e By VE
(3.24). 7‘) (7 )€ 1 29
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Estimations (3.24) and (3.25) are sharp (p*(2) = 1+ez, || = 1).

In the limit case b =1 (M = -} o0), it follows from definitions
(3.6)-(3.8) that the sets H, and F; are empty. Thus from estimation
(3.9) we find inequality (2.6) in the family f and from (3.12) results (2.7)
but only for s < 0.

Analogous results to those in (3.3) and (3.9)-(3.13) may be obtained
in the familyB,, with M e (1, 1).

Applying the above method, however, one has to take into account
that in this case be (—1, 0).

4. The family of functions P, 5 of form (2.1) satisfying in the
circle K condition
(4.1) pR)—m| < M

has been introduced in [6], where m, M are arbitrary fixed numbers
which satisfy the relations

(4.1") T<m<l, 1l-m<M<m
or
(4.1 l<m, m—1<M<m.

It is obvious that P,y =Py and P, = P. It is also known that if
PPy, p, then

(4.2) p(2) = (L4+aq(2)}(1—bg(2))"! zeK
with ge ¢ and
(4.3) a= MY M—m*+m), b=M"'(m—1).

The sharp estimation [6]
(4.4) [Pl < a+b, n=1,2,...

is known, which is a generalization of the results (2.2) and (3.2).
Now we shall prove a theorem on distortion in the class P, .

THEOREM 4.1. If pe®P,, »r, then
(4.5) QA—ar)QA+b)'< IpR)<A+an)(1—=br)"", Rl=r, 0<r<l1.
The extremal function is of the form
(4.6) P*(2) = (L +aee)(1 —bex)™*, o] =1.

Proof. Accept in formula (4.2) q(z) = A¢¥, 0< A<y, 0<t<2n
Then we get

Ip(2)l = P(4,1),
where @(4,1) = [1+a* 2*-2alcost]2[1+b%22 —2bicost] 2.
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If, however, m, M satisfying relations (4.1') and (4.1"), then
because of (4.3) we have |b| <1, —1 <a <1 and «-+b > 0, thus

(L—ar)(L+br)"t < &(4, 8) < (1+ar) (1 —br)™!

whence inequality (4.5) follows. Function (4.6) belongs to family $B,, 5
and its values at the points 2, = re, 2, = —re are equal to the upper or
the lower bound of the functional in question, thus estimation (4.5) is
sharp.

THEOREM 4.2. If peB,ay Rl =7, 0 <r <1, then

(4.7) [P ()] < (a4Db)(1—bir)™®  when 0 <7< |b|
and
(4.8) 9 () < (a+b)(1—#) 1A~ when b <r<1.

Estimation (4.7) is sharp.
Proof. By formulas (4.2), (4.3) and (1.5) we have

I () < (a-+8)(1 —1")""g(lg(2)])

where
g@) = (1—a})(1—{b2)2, o0<ao<r.
Since
maxg(x) = g(r) when 0 <r<|b|
0T
and

maxg(x) = ¢g(|b}) when bi<r<1

o<er

estimations (4.7) and (4.8) are true. The upper bound in the first of them
is attained by the function (4.6) at the point 2, = -er respectively ac-
cording to the sign of b. *

TEEOREM 4.3. If peP,, a, (m > 1, Vm:—1 < M < m), then for an
arbitrary real number s, s > 1 and an arbitrary 2z, 2| =r, 0 <r <1 the
Jollowing sharp estimation

(4.9) Ip' () [p° () < (@a+D)(L+br) (1 —ar)™, 0<r<a,

with p*(0) =1, @&, = |1 —ab—((1 —a2)(1—b2))"*|(a —b)~" kolds.
Proof. From the conditions assumed as to m and M and denotations
(4.3) it follows that 0 < b < a < 1. Thus by (4.2) and (1.5) we have
a+b (l+bIQ(z)l
1—[ef \1—alq(2)

P ()P ()] < ) (i@,

where

hz) = (1—a2)(l —ax) Y (1+b2)™!, 0Lz,
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Thus if r < @,, then

max h(x) = h(r)

o<e<r
whence the announced estimation (4.9) follows. Funection (4.6) attains
the upper bound of the functional at the point 2, = —er thus this estima-
tion is sharp. A

Since Par,ar =Py and if m = M, then o =1, estimations (4.5)
and (4.7)-(4.9) are a natural generalization of the results (3.3), (3.12),
(3.13), (for 8 = 0) and (3.9).

Theorems analogous to 4.3 could be proved for other admissible
values of m and M. Since the majority of the estimations which could
be found by the method employed in this paper would not be sharp,
they have been omitted.

5. Condition (4.1) required in the definition of the class P, ,; can
be generalized to the case when m is replaced by a complex number ec.
So we consider the family B, ,, of functions of form (2.1) satisfying the
condition

(6.1) p(z)—cl< M

in the ecircle K, where ¢ and M are arbitrary fixed numbers satisfying
inequality

(5.2) [1—e|l < M < rec.
If peB, 5, then the function

h(z)— h(0)
1—h(0)h(2)

with k(z) = M~ (p(2) —c) belongs to the family @ (comp. (5.1)). Thus
every function of the family B, ,, may be represented in the form

q(2) =

(5.3) p(2) = (1+aq(2))(1—bg(2))?,
where ge @ and
(5.4) o =MYM2—|c|*+¢), b= M1 c—1).

Conversely, from (5.4) and (5.2) it follows that for every function ¢e @
function (5.3) belongs to the class B, .

THEOREM 5.1. If pe®P, 5, then
(5.6) pul<a+b = MY (M —|e—10%), n=1,2,...,

IpplF < MP— e — 1%,

=
2
Mg

..1»-

i
(5.7 (I—lalr) A+ 1bIr) ' < p ) < (1 + lalr)(1—blr)7T,

where 2| =7, 0 <r <1,
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and
(5.8) p'(2)l < (a+b)(1—|blr)"*  when 0 <71 < |bl.

Estimations (5.5) and (5.8) are sharp.

Proof. Estimations (5.7) and (5.8) are obtained from formulas (5.3}
and {5.4) by an analogous argument as in the proofs of Theorems 4.1
and 4.2.

To obtain inequality (5.5) we employ the known method of Clunie [3].
Thus from formula (5.3) we get

2(2)—1 = [a+bp(2)]q(?)

whence by (1.1) and (2.1) we have
(5.9) Py = (a+b)qy,
(5'10) pn :(a+b)qn+b(pn—IQI++pIQn—l)7 (0 =2,37"'7

n o0 n—1 )
(511) Myt Y @ = [a+b+b2 pkzk]q(z), n=23, ..,
k=1 k=n+1 k=1

where the coefficients d, have been chosen suitably. From relations (5.9)
‘and (1.3) we find the estimation |p,| < |a-+b|.

Accepting in the identity (5.11) 2z =re’, 0 <r<1, 0<t<2n
and employing condition |q(2)] < 1 and the integrating the obtaind in-
equality in the interval (0, 2x) we obtain

n—1

Y!M r )J 72 < a+ b+ b2 2 IpaltrE.
k=n+1
Thus since r is arbitrary we have

n-~1

(5.12) Pal* < la+ b2+ (1] — Z Pl

Since, however, [b] <1, |p,/<|a+bl for n =2,3,.. 7

By the accepted denotations (5.4) we have proved inequality (5.5}
for every natural n.

By a similar argument inequality (5.6) may be deduced from (5.3}
and the confition |g(2)| < 1.

From relationships (5.12) and (5.10) we find that equality can be
the case in estimation (5.5) if and only if

(5.13) P (2) = (1+ae™)(1—be)™', e =1

with a and b defined by formulas (5.4). Function (5.13) with #» =1 is
also an extremal function in estimation (5.8).
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Conclusion. The simple method applied in this paper, which in
fact is based on Schwarz lemma enabled us to obtain several theorems
on distortion in the family P and some of its subclasses. The effectiveness
of this method for finding sharp estimations of the investigated functionals,
however, decreases as the considered class of functions becomes more
general. Because of many applications of functions of Carathéodory family
and its subclages especially in the study of some metric properties of
classes of functions generated by the above mentioned families, it seems
purposeful to search special solutions of the problems, presented in this
paper, on another way. The author will concern this subject in one of
his next papers.
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