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A new characterization oî Peano continua *

For a metric space (X , d), we set 8 {x, ô) — {ye X\ d ( x ,y ) < ô }  
and $[#, d] =  {ye X\ d {x , y) <  <3}.

T h e o r e m  1. Let (X ,d ) be compact and satisfy С1$(ж, <5) =  8[x-, d] 
for all X€ X tmd ô >  0. Then X  is a Peano continuum.

Proof. We show that each hall $[a?, S] is connected. If not, it can 
he written as A uB, x eA , В  A 0 , A n B  = 0  and A, В  closed. Since 
d ( x ,B ) >  0, there exists (by conrpactness) an element be В  such that 
d(x, b) — d(x, B). Then be 8 [x, d{x, B)], but b$ Cl$(a?, d{x, B)), contrary 
to assumption. Thus X  is connected and locally connected. We now apply 
the theorem of Hahn and Mazurkiewicz characterizing Peano continua.

T h e o r e m  2. A space X  is a Peano continuum if f  it is compact and 
admits a metric d such that $[ж, й] =  С1$(ж, d) for all x e X  and ô >  0.

Proof. The sufficiency follows from Theorem 1. The necessity follows 
from the fact that every Peano continuum admits a convex metric [2] 
which then satisfies the required condition [1].

One might conjecture that some type of connectivity remains if 
some conditions are slightly weakened. However, consider the following

E x a m p l e . Let

A =  |(Г, в) e Щ  r =  1 +  y ,  7t <  0 <  coj

and

B  =  [(s, a) e B'l \ s =  2 -j------ , 77 ^  a <  col.
I a J

Let a l( x , y )  denote arclength. Define d on A - fB  by

d(«i, a2)
al(Ui, a2)

1 +  i\\{al a2)
for a t , a 2 e A ,

d{b\, h )
a1(&!, b2)

for bx, Ь2е В
1  +  a l^ i, b2)
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and d(a, b) =  r^-s for a  =  (r, B)eA  and b =  (s, o )eB . It is easy to see 
that (X, <5) is uniformly locally compact and satisfies $[ж, d] =  СШ(ж, <5) 
for all oceX, ô >  0. But X  is not even connected.
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