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On some classes of sets related to the symmetry
of the tangency relation in a metric space

Introduction. Waliszewski in [5] has given the definition of tangeney
of sets in metric spaces which is a generalization of the definition of tan-
gency of simple ares given by 8. Golab and Z. Moszner in the paper [2].
Tangency is not, in general, a symmetric relation. In papers [5] and
[6] the classes H,, A} and M, of sets of a metric space assuring of the
symmetry of the tangency relation have been distinguished. Relationships
between these classes have been studied in paper [6].

This paper contains the further investigations of these classes and also
of some other classes related to them. It has been proved that the class I,
(for the definition see also [1] and [3]) is essentially included in 4. It
follows from example 2 that 3/, is essentially wider than A). In the
second part I shall give other definitions of the class M,,.

1. Comparison of the classes H, and 4. In papers [5] and [6] the
classes of sets A, and H, defined as follows have been investigated: 4,
is the family of all sets B of points of a metric space B such that

(1) p is a cluster point of the set B,
(2) there exists a number & > 0 such that

. x —k ; B

lim sup o(@, y)—ko(w; )go,
(,)—~(p,p) ez, p)

(W) Bip}

where [ B; p]is the set of all ordered pairs (, y) of points &, y of the space B
such that y< B and
(3) olx; B) < o(x,p) = oy, p),

H, is the family of all sets B of points of the metric space ¥ satisfying
condition (1) and such that

2 2 2 .
(4) lim 2 (x,‘p)—l—g ¥, p) 9(‘517_,3/1 - 1.
YD Z2o(x,p)ely, p)

x,yeB



220 A. Chadzynska

1.1. For an arbitrary point p of the meiric space K the class H, is
included in the class A,.

The proof of this theorem is a modification of the proof of theorem
2 from the paper [6].
Proof. Let us assume for %, ue B, y £ p # u,

0% (u, )+ 0*(y, p)— 0*(u, y)
olu, p)oly, p) |

(5) (Y, u) = 2—

Let Be H,. Take arbitrary (x,y)e[B; p]. Hence it follows that
y#e B and condition (3) is fulfilled. Thus there exists a b(x)e¢B for which

(6) olw, b(2)) < g(@; B)+ ¢*(p, x).

It follows from the triangie inequality that

(7) lo(p, #)—o(p, b(2))| < olz, b(x)).
By (6) and (7) we have

' olp, b(w) _1’< e(z; B)

®) o (7, ) o(@, 7)

+o(p, x).

Set w = b(x). From (5) we find o(b(2), ¥)/o(p,y) and we obtain

©) p?(zb(w),?/) :(1_ 9(p,b(w)))2 b (@), 9) ofp; bl@)
0*(p,y) o(p,9) e(p,y)
Taking into aeccount (8) we obtain
(10)
olb(x), y) )2 (e(w; B) )2 ; _(e(w; B) 1) \
( oy |\ elps ) ety @) +r (b)) e(p, ) +elp,@)+1)

By the triangle inequality, (6) and (10) we have

R L
e(z,p)  olz,p)

+]/(—QM +e(p, w))2+ (b, y)\(%%;% +o(p, w)+1).

Whence

L)y ) s (S5
\2 2 , b , o ex; b) , 1 .
Q(P;x)< o(p, %) +2e@, @)+ ) [r(o(a), 9)] 07, 3) +o(p, v)+
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It follows from the definition of the class H, that

7'(b(w)7 ?/) m 0
yeB

because, by (3) and (6) we have
op, b(2)) < e(ps 2)+ of@, b(@) < e(p, 2)(2+ e(p, @) 7> 0.

In view of

(1 20(p, 2)+Vr(b(@), 9)|{e(p, 2)+2) >
@y Bip]
we obtain
—20(x; B
lim sup ol@, y) = 20(@; i < 0.
(2.9)>(p,p) o(p, x)

@yl B5ip]
By which we have proved H, < A,. The class A.;‘, may be essentially
wider than the class H, which is proved by the following.
ExAmpPLE 1. Let E' be the space of all real numbers with the ordinary
metric, B the set of all points of the form
1 —1

a, = —‘iﬁ or bn =

2n+1 )
2

where n =1, 2, ... To prove that B does not belong to H, it suffices to
observe that

lim }anlz'}‘ 1bn|2_ |bn_ a’n|2 - 1
n->00 2 la’nl |bn|

To verify that B belongs to A} we observe that [B; p] is the set of
all points of the form: (a,,a,), (—a,,a,), (,,b,), (—b,,b,), where
n =1,2,..., because for (z, y)e [B; p] if we B, ye B, we have

o(z; B) =0 < |2 = ly|
and
[z —y| = 0.

If, on the other hand, x¢ B, ye¢ B, we have

e(w; B) = §z| < |z = |y
and
o—y| = 2.

Thus we have for k = ¢

b oY) —ke(@s By

(x.9)—~(p,p) @]
(e[ B;p]

=0

because o(z, y) = 4o(x; B). Which proves that Bed;.
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2. The properties of the class 3/ ,. Let & be a metric space and x > 0.
Consider the set [B; p, u] of all pairs (z, y) of points of the space ¥ such
that ye¢ B and
(12) pe(@; B) < e(@,p) = ey, p).

In particular, [B; p] = [B; p,1].

Denote by M,(u) the class of all sets B c E satisfying the following
conditions:

(i) p is a cluster point of the set B.

(ii) There exists a funection f: [B; p, u] X {0, c0) — (0, co) such that
for arbitrary (x, y)e [B; p, #] and a> 0 the conditions

(13) f(x,y,())gf(a:,g/,a),
o(z,y) e(@; B))
4 T ; == s Yy I
1) e(x, p) <f(m Y elz, p)
(15) lim  f(e,y,a) =0

(z.y)—=(»,p)
(z.9)el B;p,u]
a—>0

are fulfilled.

2.1. For arbitrary positive numbers w and v class M {u) is equal to
M, (v).

Proof. Let Be M,(u); then for an arbitrary point (x, y)e [B; p, u}
inequality (12) holds. Consider an arbitrary number » > 0. If u <v,
we have [B; p, v] < [B;p, p] and it suffices to consider a function f defined
in the definition of M, (u) restricted to the set [B; p,»]. Now let » < u.
Similarly as before [B; p, u]l < [B; p,v). It (%, y)e [B; p, v]N[B; p, ul],
we have

1 (z; B) 1
_g_ﬁ)_’h__

16 .
(16) i ez, p) = 4

For a function f satisfying conditions (13), (14), (15) we define the
function ¢ as follows:

fx,y, a) if (w,y)e[B; pypl,a>0,
(17 gy, 0) =1 o2,y a

if (,y)e[B; p,»]\[B; p,ul,a>0.
elx, p)

We will verify that the above defined function g, possesses the requir-
ed properties. The inequality g¢(x, v, 0) < g(x, y, o) for (z,y)e [ B;p, 7],
a > 0 is obvious. For an arbitrary (x, y)e [B; p,»]

o(@; B))

< x R
\*"( o, p)

oz, y)

18
e o(x, p)
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In faect, if (x, y)e [B; p, u1, then inequality (18) follows from the
properties of the function f and for (wz, y)e [B; p, vI\[B; p, u] in view
of (16) and (17) we obtain

olw,y) _ e@y) elz; B) ( o{®; B))
= MU : =g\ Y, —F— -
o{x, p) o(w,p) olz,p) o(z, p)

Sinee for (v, y)e [B; p, ul, 9(x, ¥, a) = f(#, y, a) thus (15) and (17)
implies
Iim g¢g(r,y,a) =0.
(x,ut);(op,p)
(@,y)e [Bip,»]

Thus we have proved that for arbitrary positive u and » M, (x) =
c M, (v). Changing the places of v and u we obtain the required property.
It follows from 2.1 that the class M, defined in [6] is identical with M, (u)
for an arbitrary u > 0. Now, we will give two other definitions of the
class M,. A sett B c F is said to be of the class Mp if p is a cluster point
of the set B and if there exists a number y > 0, such that for an arbitrary
sequence of points (x,, y,) of the set [B; p, u] satisfying the conditions

(19) lim o (@,, p) = 0
and

. B
(20) 1im & B)

n—c0 @ (xn ’ ]7)
holds the equality

@1) n 0(@ny Yn) _

m =
n—-00 Q(wna 27)

A set B c F is said to belong to the class Mp, if p is a cluster point
of the set B and there exists g > 0 such that for an arbitrary £ > 0 there
exists & > 0 such that for every (a, y)e [B; p, u], if

(22) oz, p) < é
and
o(x; B)
23 : —_— < 4,
(23) olz. p) =
then
(24) Q(xy'l)
oz, p)

2.2, The class J’V]p tneludes the class M.
Proof. Let Be M, and the sequence of the elements of the set [B; p, u]
satisfy conditions (19) and (20), f be a function appearing in the defi-
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nition of the function of the class M,(x), for a positive p. From (19),
(20), the inequality
z,; B
e(xn,yn)<f(wmymg( % )), "
o(®n, P) o(yy P)

and (15) if follows that

=1,2,...,

s B
lim f(mm Yns _Q‘(fﬂ'_—)) =0
n—>00 Q('wn’ )
Thus

nco (%, D)

2.3. The class M?, includes the class ﬂ?l,.

Proof. Suppose that the set B belongs to M » but it does not belong
to M,. Consider an arbitrary p > 0. There exists an ¢ > 0 such that for
an arbitrary 8 > 0 there exists a point (z, y) of the set [B; p, u] for which
equalities (22) and (23) are fulfilled but (24) does not hold. Taking
6 =1/n we have (2., ¥,)e [B; p, 1], (@, p) <1/n,

el@s B) 1

e (.%‘n, ) "
and

Q(wnviy'ﬁ)_ > e
o(®n, p)

In the other words, B¢ Mp.
2.4. The class f[ﬁ is contained in M,.

Proof. Let B be the set of class M’p. For any u > 0, we consider the
function g, defined, for any a>> 0 and ye B as a supremum of all % such
that there exist x and y satisfying the conditions (z, y)e [B; p, u],

e(z; B)fo(w,p)<a and o, y)/elx,p) = 9.
The function g, is non-negative, satisfies the inequality
0<9.(y,0)<g.(y,e)<2
and
el@,y) _ ( o(w; B))
G Yy
o(x, p) o(z, p)

for an arbitrary (x, y)e [B; p, ). It follows from Be M » that there exists
a py > 0 such for an arbitrary e > 0 one may find 4 > 0 and such that
for (z, ¥)e [B; p, u] the inequalities o(x, p) < 6 and

e(@; B) @y 1.

. 0
—— < d imply _— < —
olw, ») by e{®, p) 2
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Let 0 < a < dand o(y, p) < 6. Then g, (¥, a) < {e. Henceq,l (y, @} =0
ify > p,a—0,yeB. Putfor (2, y)e [B;p, uyl, a > 0, f(z, y, a) = gu (Y, @)
Thus the function f satisfies the conditions specified in the definition of
the class M ,(u,). Thus Be M.

The equality of the classes M , Jf and M, follows from 2.2, 2.3, and

2.4. Lemma 2.4 implies nnmedla.tely ‘rhe posmblhty of weakening the con-
ditions imposed upon function f, appearing in the definition of the class
M,. Now we will give an example of a set which belongs to the class 17,
and which 1s not a set of the class A;.

ExampLE 2. Let B be a set whose elements are all points z;, of the
Cartesian plane R? of the form

3 1t V3
(23) Bpp = (4,; ,F) ,  where fe <0,§<>, w=1,2,...,

and the point p = (0, 0).

We shall prove that the set B does not belong to the class 4. Con-
sider an arbitrary number k> 0. We shall prove the existence of se-
quence (z,,y,) of elements [B; p, 1] for which lim|z,] = 0 and

n—>00

: ]$ —’l/n\—kQ(.’L‘n; B)

(26) limsup — > 0.
n—>00 !xnl
Put
m(l i )ft(OV?’)
u, () = - —— or te —].
i a1 3
Then |z,,| = |Ju,(0)]. It is obvious that
t); B 1
(27) f')(un( )a 77)~ _ (] —)< 1
‘”0 aLl ]/]_ﬁ—t

thus (u, (), 2,)€ [B; p, 1] for te 0, V3/3>. From the equalities

1./ 1) 1
lun(t)__z(),n| = 4_,{ 21— V1+t2 ’ lzo,n| :F

it follows that

. L@M:]/Z(I_"ll ]
%] Vite!

Putting
 Vire
1, =
]/ Vidr—1
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we have, by (27),
I“n(t)_'zo,n{ _1 Q(’Un(t); B)

=0
(20,0 © el
and clearly I, is the ymallest number for which
w, (1) —2 u, (); B
Hmup(l D= 5al o0 ))@_
n—oQ zo,nl Izo,n|

In view of I, — oo, for an arbitrary number %k > 0 there exists ¢ such
{—0

that I, > & and for a sequence of elements (u,(t), 2,) belonging to [B; p, 1]
relation (26) is satisfied, thus B does not belong to A;‘,. The set B belongs
to the class M,. Let 4 = 3. Then for an arbitrary pair (z, y)e [B; p, u]
the relation 3p(x; B) < |2| = |y| is satisfied. Thus there exists ¥« B
such that p(r; B) = |z—y’|. Hence

| 1yl | _elw; B) 1

e B 1
el IS T e T8

Since |yl = @] = V1--12/4", |y’'| = V1+12/4", where ¢, ¢ ¢ (0, V3/3); thus

Wireear |1

e — <,

’l/1+t2-4" 3

therefore

28) 2 _ V14t2-47 _ 4
3 T Vigpear 387

In view of %, 1 ¢ {0,V 3 /3> the inequality

Py T2 2
Boy/ el
2 12 ¥3
hold. If we have »  a', then 4"~ >4 or 4" < 1 hold. Thus

o .
t’2 , _ = , 1

1+ 4P > 2l/3 or ]/l+t . 4n-n < =
14t 14+ 2v3

which contradicts inequality (28). Then n = »'".

Consider a sequence (w,,, ¥,,), m = 1, 2, ... elements of the set {B; p, u]
satisfying conditions (19) and (20). We will prove that then equality
(21) holds. In view of (@,,, ¥,,) e [B; p, u] we have ¥, = (1/4"™, t,,/4"™)
and |2,,| = |4,.], where i, <0, V3/3>, thus

N :( Vi,  s,V1+£ )
m 7, Ty ! n. T e
4"mY1 4t AV s
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for a certain s, e(—oc, oo), taking into account ux = 3, we have also
. . 1 e\, V3
(.29) g(mm; B) = lmm—yml where Ym = ?;;7 W H tme 07 _g- .

Since

T w1l
Thus taking into account (20) we have
v [Ym =1yl _
m—>o0 yml
Moreover,
(30) lim Yn =¥l _ o
oo Yol
because
| Y= yml?
’ lym|2 | lymlz
The last equality follows from
D2 T Ll N i % O St O 1

I B N I e T R Ve T
Conditions (20), (29) and (30) implies (21). Thus we have proved,
by 2.3 and 2.4 that Be M,.

The given example proves that it is imposible to convert the follow-
ing implication being the Theorem 1 of the paper [6]: if Be M,, then
for every AeC, from (4, B)eT, it follows that (B, A)¢T,.

ExamMPLE 3. Let E be the space of all real numbers with the ordinary
metric and B the set of real numbers of the form 1/2" or —1/2% =
=1,2,... It can eagily be verified that, there does not exist any set A
in €, (C, is a class defined in [6], such that <4, B)eT,).
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