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On some classes oî sets related to the symmetry 
oî the tangency relation in a metric space

Introduction. Waliszewski in [5] has given the definition of tangency 
of sets in metric spaces which is a generalization of the definition of tan­
gency of simple arcs given by S. Gol^b and Z. Moszner in the paper [2]. 
Tangency is not, in general, a symmetric relation. In papers [5] and 
[6] the classes Hp , A* and Mp of sets of a metric space assuring of the 
symmetry of the tangency relation have been distinguished. Belationships 
between these classes have been studied in paper [6].

This paper contains the further investigations of these classes and also 
of some other classes related to them. It has been proved that the class Hp 
(for the definition see also [1 ] and [3]) is essentially included in Ap. It  
follows from example 2 that Mp is essentially wider than A*. In the 
second part I  shall give other definitions of the class Mp.

1. Comparison of the classes Hp and A *. In papers [5] and [6] the 
classes of sets A* and Hp defined as follows have been investigated: A* 
is the family of all sets В  of points of a metric space E  such that
(1) p  is a cluster point of the set B,
(2 ) there exists a number Jc >  0 such that

o(x. y) — Tcq(x; B)lim sup hAAJLL----- ËAJ----L <  о ,
(X,  ?/)-> ( p , p )  Q { ° ° i P ){x,vHS;p l

where [B ; p] is the set of all ordered pairs (x, у) of points x , у of the space E  
such that ye В  and

(3) q(x; B) <  q (x ,p ) — q (y ,p ),

Hp is the family of all sets В of points of the metric space E  satisfying 
condition (1 ) and such that

lim
x,y^p

e*{x>p ) + Q*{ y , p) — q4%, у ) 
2 Q{x,p)e{y,p)

=  i .(4)
X ,y e b '
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1.1. For an arbitrary point p  o f the metric space E  the class Hp is 
included in the class A*p .

The proof of this theorem is a modification of the proof of theorem 
2 from the paper [6].

Proof.  Let us assume for y ,u e E , у Ф p Ф u,

(5) r{y, u) =  2
QZ(U,p)+Qz(y,p)-Qs(u,y)

Q{U,p)Q{y,p)

Let B e H p. Take arbitrary (x,y)e[B-, р ]. Hence it follows that 
ye В  and condition (3) is fulfilled. Thus there exists a b(x)eB  for which

(6) q(x , b(x)) <  Q{X) B )+  Q?{p, sc).

It follows from the triangle inequality that

(7) I e(2>, aO- q (p , b{x))\<  q (x , b(x)).

By (6) and (7) we have

( 8 )
q(p , b{x))

q(P, x)
- 1 < l ip у +g(j>,a?).

q(x , p )

Set и =  b(x). From (5) we find д{Ь(х), у)1@{р, y) and we obtain

(9)
Q2 {b(x), y)

e(p,y) I 1 e(p,y)Q*{P, У)

Taking into account (8) we obtain

( 10 )

1 е ( т , у ) \ ^ ( Ф ^ ) _  +  e(Pr æ)y +)r(Mæ)iJ/)[. ( i M  +  e(î), æ )+1|.
\ Q(P,y) Q { P , X )  ' 7 ' J  ' 1 ' '  '  77, 7, 1 \ Q ( P , X )

By the triangle inequality, (6) and (10) we have 

q{x , y) Q{x-y B)
Q{x,p) Q{x,p)

Whence 

q{x , y)

+  Q{x,p) +

< 2

Q{P, 

q(x -, B)

+  q{p , z0) +  r(b{x), ?/)|( +Q(Pi ж) +  1 |-

q{P ,x) q(p , co)
+  2 Q{p, x) + |/|r(6(a?),y)|

B)
q(p , x) q(p , aO+i  •



Tangency relation in a metric space 221

I t  follows from the definition of the class Hp that

r H æ> > ÿ ) ^ o
y e B

because, by (3) and (6) we have

Q(P, b{oc)) <  q (j >,  x) + q((b , b{x)) <  Q{p, x ) ( 2 + q { p , x ) )  — » 0 , 

In view of
x -+ p

(И)

we obtain

2Slî», æ) +  i\t\b(œ), y)|(e(î>, æ) +  2) — — > О
{х ,у ) - * ( р ,р )
x , y t [ B ; p ]

r  e № , y ) - В)Inn s u p --------------------------<  0 .
(X,li)-*(p,p) Q  { P  5
(адМ% ]

Бу which we have proved Hp c  A*. The class A* may be essentially 
wider than the class Hp which is proved by the following.

E x a m p l e  1 . Let E 1 be the space of all real numbers with the ordinary 
metric, В  the set of all points of the form

aП
1

or bn
- 1  

22/1+1 )

where n — 1, 2, . ..  To prove that В  does not belong to Hp it suffices to 
observe that

lim
n-> 00

Î n Щг I ̂
2 К 11К

=  —1 .

To verify that В  belongs to A* we observe that [J3; p] is the set of 
all points of the form: (an, an), ( ~ a n,a n), {bn,b n), { — bn,b n), where 
n — 1, 2, . . . ,  because for (x, y)e [Б ; p ] if xe В, ye B, we have

o{x) В) =  0 <  |æj =  \y\
and

\x-y\ =  0 .

If, on the other hand, x 4 В, y e B, we have

(?0»î Я) =  i  \x \ <  N =  M
and

Thus we have for к =  I

ж .

lim (?(^^)-feg(a;; £ ) =  0
(ж,2/)->(р,р) |#|(х,2/)€[й;р]

because @(x,y) =  1{>0г; Б). Which proves that Be A*
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2. The properties of the class Mp . Let E  be a metric space and p >  0. 
Consider the set [B;  p, p]  of all pairs (x, y ) of points of the space E  sncli 
that ye В  and
(12) pq(%", B) <  g(x,p)  =  Q(y,p).

In particular, [В;  p]  =  [Б ; p,  1].
Denote by Mp{p) the class of all sets В  a  E  satisfying the following 

conditions:
(i) p  is a cluster point of the set B.

(ii) There exists a function /: [В  j p,  p\ x <0, oo) -> <0, oo) such that 
for arbitrary (x, y)e [B-, p, p~\ and a >  0 the conditions

(13)

(14)

(15)

are fulfilled.

f {x ,  y,  0 )< / (# , y,  a),

q(%, У) 
q{x , P)

x, y g(s; Д )\
Q(æ,p) /’

lim
(x ,y )-+ (P ,p )

(х ,у ) е [В ;р ,ц ]  
a—>0

f {x ,  y , a )  =  0

2.1. For arbitrary positive numbers p and v class Mp{p) is equal to 
Mp{v).

P r o o f .  Let B e  Mp(p); then for an arbitrary point (x, y)e [B;  p, p\ 
inequality (12) holds. Consider an arbitrary number v >  0. If p <  v, 
we have [Б ; p,  r] c  [Б ;р , p ] and it suffices to consider a function f  defined 
in the definition of Mp(p) restricted to the set [Б ; p,  r]. How let v <  p. 
Similarly as before [Б ; p, p\ с: [Б ; p , r]. If {x, y ) e [ B ; p,  г ]\ [Б ; p, p ] 9 
we have

(16)
1 q(x ; В) 1
p ^  Q(x,p) v '

For a function / satisfying conditions (13), (14), (15) we define the 
function g as follows:

(17) g{x, У, a)
/0»» Vi a)

gfo? y)«
 ̂ Q{p,p)

if (x, y)e [Б ; p ,  p] ,  a >  0,

if {x, y)c [Б ; p ,  r ]\ [B ; p , p ] , a >  0.

We will verify that the above defined function g, possesses the requir­
ed properties. The inequality g(x, y, 0) ^  g(x,y ,a )  for (x, y)e [Б ;р , v], 
a >  0 is obvious. For an arbitrary (x, y)e [Б ; p, v]

e(®, У)
Q{x,p)

Ф }_ ву \
Q(x,p) /'(18)



Tangency relation in a metric space 2 2 3

In fact, if { x , y ) e [ B %, p, y] ,  then inequality (18) follows from the 
properties of the function / and for (x , y)e [Б ; p, г ]\ [Б ; p , y] in view 
of (16) and (17) we obtain

. Ф у у) е(х у в ) I в)------< у -------- ----- — = д\х, у , -------
о{х,р)  q(x , p) q ( x , p ) \ Q{æ,p)

Since for (x, у)е[В\ p, y] ,  g (x ,y ,a )  =  f(x,  y, a) thus (15) and (17) 
implies

lim g { x ,y , a )  = 0 .
(x ,V )-*(P ,P )  

a—>0
{X,y)e [ B ; p , v ]

Thus we have proved that for arbitrary positive y and v Mp(y) c  
<= Mp(v). Changing the places of v and y we obtain the required property. 
It  follows from 2.1 that the class Mp defined in [6] is identical with Mp(y) 
for an arbitrary y >  0. Now, we will give two other definitions of the 
class Mp . A set В  <= E  is said to be of the class Mp if p  is a cluster point 
of the set В  and if there exists a number у >  0, such that for an arbitrary 
sequence of points {xn, y n) of the set [Б ; p, y] satisfying the conditions

(19) 

and

(20)

holds the equality

(21)

lim Q{xn,p)  =  0
ft-»  00

lim
ft—»OQ

g К ;  в ) 
e ( x n , p )

= о

lim
ft—»oo

Q (*Li ? У п )

e ( x n , p )

A set В  <= E  is said to belong to the class Mp, if p  is a cluster point 
of the set В  and there exists у >  0 such that for an arbitrary e >  0 there 
exists <5 >  0 such that for every (x, y)e [Б ; p, y] ,  if

(22) Q{x,p) <  ô
and

(23) g(®; B ) ^ c-----------  <  0
g(x, p)

then

(24) gO», У)  ̂ c 
g{x,p)

2.2. The class Mp includes the class Mp .
Proof. Let B e  Mv and the sequence of the elements of the set [B-, p, у ] 

satisfy conditions (19) and (20), / be a function appearing in the defi-
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nition of the function of the class Mp{y), for a positive y. From (19), 
(20), the inequality

g(#n> Уп) ^  f l e(%n, B )
Q{xn,P) ' ^ J \ C n , y n 7  g{xn,p)

n — 1 , 2 , 7

and (15) if follows that

Thus

lim f\xn, yn,
n-> 00 \

@(ХП1 B )
e(xn,p)

=  o.

lim
n->co

g ('Ll 7 Уп)
Q{xn , p )

=  0.

2.3. The class Mp includes the class Mp.
Proof. Suppose that the set В  belongs to Mp but it does not belong 

to Mp. Consider an arbitrary у >  0. There exists an e >  0 such that for 
an arbitrary ô >  0 there exists a point (x, y ) of the set [5 ; p , y]  for which 
equalities (22) and (23) are fulfilled but (24) does not hold. Taking 
ô =  1 jn we have {xn, yn)e [B ;  p ,  y ] ,  g{xn,p )  <  1/n,

Q OLj, 5 B  ) 1
q {Xu7P)  n

and
g ('Ll) Уп) ^■------------ <2 s .
g (»» 7 P )

In the other words, B<{ Mp .
2.4. The class Mp is contained in Mp .
Proof. Let В  be the set of class Mp . For any у  >  0, we consider the 

function gp defined, for any a >  0 and ye В  as a supremum of all у such 
that there exist x and у satisfying the conditions (x,y)e [B; p, y],

q{x ; В ) / д ( х , р ) ^ . а  and q(x , y)lg(x,  p) =  y.

The function gp is non-negative, satisfies the inequality

0 <  gM(y, 0) <  gp{y, a) <  2
and

Ф 7 У) <  / g (a?; B ) \
g(aM >)""^\ e ( æ, p ) l

for an arbitrary (x, y)e [В;  p, у] .  It  follows from B e  Mp that there exists 
a y 0 >  0 such for an arbitrary e >  0 one may find <3 >  0 and such that 
for (x , y)e [Б ; p , у ] the inequalities g(x, p) <  ô and

g(®î B) <  5 imply Q{x, У) 1_  ̂
£>(x,p) 2g lx, p)
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Let 0 <  a <  ô and q{y, p) <  ô. Then gflQ{y, a) <  Hence g^{y, a) -> 0 
if y -> p, a -> 0, у 6 В. Put for (x, y ) e [ B ; p, /z0] , a >  0, f{x, у, a) =  g ^ y ,  a). 
Thus the function / satisfies the conditions specified in the definition of 
the class Mp(y0). Thus Be Mp.

The equality of the classes Mp, Mp and Mp follows from 2.2, 2.3, and
2.4. Lemma 2.4 implies immediately the possibility of weakening the con­
ditions imposed upon function /, appearing in the definition of the class 
Mp. Now we will give an example of a set which belongs to the class Mp 
and which is not a set of the class A*.

E xample 2. Let В  be a set whose elements are all points zUn of the 
Cartesian plane B 2 of the form

and the point p  =  (0, 0).
We shall prove that the set В  does not belong to the class A*p . Con­

sider an arbitrary number к >  0. We shall prove the existence of se­
quence (xn, yn) of elements [Б ; p,  1] for which lim \xn\ =  0 and

(26) lim sup K —yj-fcg(aV> B)
K l

>  o.

Put

Then \z0tH\ =  ]wu(0)|. It is obvious that

(27)

thus (%„(<), z0>n)e [Б ; p,  1] for te <0, 1/3 /3). From the equalities

it follows that

Putting

15 — Roczniki PTM — Prace Matematyczne XVI
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we have, by (2 7),
K ( * ) - * o , n l  _  г g K ( 0 ;  #)  =  0 

1̂ 0, ml 1̂ 0, nl
and clearly lt is the smallest number for which

lim sup
n̂ oo

\Un (*0 ,r Q(un(t); B)
',0,n\ 'O.wl

<  0 .

In view of lt -> oo, for an arbitrary number >  0 there exists t such 
<-*o

that lt >  Jc and for a sequence of elements (un(t), z0n) belonging to [В ; p,  1] 
relation (26) is satisfied, thus В  does not belong to A*.  The set В  belongs 
to the class Mp . Let p =  3. Then for an arbitrary pair (x, у) e [B- p, p] 
the relation 3 q (x -, B)  <  |a?| =  \y\ is satisfied. Thus there exists у ' e В  
such that g (ж; В) — \x — y'\. Hence

w\
\x\

<  B ) 1 
\x\ 3

Since \y\ =  \x\ =  У1 +  «2/4п, |#'| =  Л - И '2/4П', where t, f  e <0, /3/3); thus

I/l  +  f 2-4,;
l7! f

— 1
1

<  3 ’
therefore

(28)
2 V l +  f* -4n 4

—  <  — — — ------------- <  — .

3 / l  +  <2.4»' 3

In view" of t, t' e <0,173 /3) the inequality

^3
f  1 +  t* V 3

hold. If we have n Ф n', then 4n n' >  4 or 4n n> <  i  hold. Thus
/

1 /
1 +  f 2
T + # 2"

•4й- ’1' >  2^3 or
1

2/3

which contradicts inequality (28). Then n =  n'.
Consider a sequence (xm, ym), m =  1, 2, . . .  elements of the set [B ; p, p] 

satisfying conditions (19) and (20). We will prove that then equality 
(21) holds. In view of (xm, ym)e [В ; p, p] we have ym =  (l/4Wm, tm/4Пт) 
and \xm\ — \yrn\, where tme <0, /З/З), thus
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for a certain sme ( — oo, oo), taking into account у =  3, we have also

/  1 4  \(29) Q(xm; B) =  \ccm- y m\ where ym =  I , - у Ы ,

Since
Q ^  l m̂lj ^  У m\

\Ут\ \Ут\

Thus taking into account (20) we have

Moreover,

(30)

because

The last equality follows from

1 \Ут\2 I4-Cl !<■» —4l*(*«.+ Q  ̂ I4~4|2 \Ут-у'ш\г
IУш1‘ аПт)г\Ут\* (4““)2|ÿ„|2|«„-4l'' lïml2

Conditions (20), (29) and (30) implies (21). Thus we have proved, 
by 2.3 and 2.1 that B * M P.

The given example proves that it is imposible to convert the follow­
ing implication being the Theorem 1 of the paper [6]: if B e Mp, then 
for every A eC p from (A, B )  e Tp it follows that (B , A )e  Tp .

E x a m p l e  3. Let E  be the space of all real numbers with the ordinary 
metric and В  the set of real numbers of the form 1/2” or — 1/2W, n 
— 1, 2 , . . .  I t  can easily be verified that, there does not exist any set A 
in Cp (Cp is a class defined in [6], such that <A, B ) e Tp).

lim M  _Q
m-*oo \Уm I

I Ут Ут 

т-+оо I Ут
=  0 ,

1 _  \Ут? >  IУт — Ут\г

1 Уг I Уг

References

Cl] А. А. А л ексан дров, Внутренняя геометрия выпуклых поверхностей. Огиз 
государстЬенное издательство технико-теоретической литературы, Москва— 
Ленинград 1948.

[2] S. Golq,b et Z. M oszner, Sur le contact des courbes dans les espaces métriques 
generaux, Coll. Math. 10 (1963), p. 305-311.

[3] J .  H a a n tie s  and N o tt r o t ,  Distance geometry. Directions in  metric spaces, Torision, 
Indag. Math. 17 (1955), p. 405-410.

[4] S. Mi du ra, O porôwnywaniu definicji stycznoêci lukôw prostych w ogôlnych prze-



228 A. Ckq,dzynska

strzeniach metrycznych, Rocznik Nauk Dyd. WSP w Krakowie, zeszyt nr 25, 
Matematyka (1966).

[5] W. W aliszew sk i, On the tangency of sets in  a metric space, Coll. Math. 15 (1966), 
p. 129-133.

[6] — О symetrii relacji stycznosci zbiorôw w przestrzeni metrycznej, Zesz. Nauk. 
Uniw. Lodzkiego Nauk Mat.-Przyr., séria II (1966), p. 185-190.

UNIVERSITY OF LÔD2, DEPARTMENT OF GEOMETRY


