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Some generalizations 
of the Cantor-Lebesgue Theorem, II

This paper is concerned with generalizations of the results to be 
found on pages 95 thru  103 of my ealier paper [3], and with certain new 
results along these lines. In  general these generalizations have required 
complete restatem ents of the theorems and their proofs, however, whenever 
possible we have simply made reference to the result given in the earlier 
paper [3]. At first the generalization will be confined mainly to  replacing 
Lebesgue measure by Lebesgue-Stieltjes measures and introducing a 
weighting function g{x) in place of x, but in the end we also obtain 
results in which we introduce several weighting functions gm( x ) , g 0(x) 
and several corresponding lambda sequences {Лт>п} ,  . . . ,  {Л0 п }.  An effort 
has also been made to improve the notation, and in conjunction with 
this it should be noted tha t the property P(ô, l ,  r) found in this paper 
is the property Q'(r, ô , l) found in [3].

Throughout this paper we will assume tha t f{x) is a real or complex 
valued function defined for all real x, and tha t unless specified otherwise, 
h(x) is a strictly increasing real valued function defined and right contin­
uous on an open interval B, finite or infinite, th a t yh is the Lebesgue- 
Stieltjes measure function on В  generated by h(x), and th a t /л is the 
Lebesgue measure function.

Theorem 1. Let f{x) be any real or complex valued function, p be 
a fixed real or complex number, and {tn} be any convergent sequence of real 
numbers. Let D be an open interval, finite or infinite, and g(x) be defined 
on B. I f t0 — lim^ and f(x) is continuous at t0, then a necessary condition

П
that the sequence f ^ n-g(x)-\-tn) converge to p on a subset of В having posi­
tive yh-measure for no bounded real sequence {Лп} is

( i )  f i t  о) Ф P •

P ro o f. Let E be a subset of В having positive ^-m easine and 
» =  0 {n = 1 , 2 , 3 , . . . ) ,  then lim/(Aft-0(a>) + t n) =  Итf{ tn) =  f { t0) on E.Л,
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Thus if lim /{ln • g (x) +  tn) Ф p on subsets of D having positive /qr measure
П

for all bounded real sequences {Яп}, then f ( t0) фр.
Note.  If tn =  tQ for n = 1 , 2 , 3 , . . .  the hypothesis that f(x) is con­

tinuous at t0 may be deleted.
L e m m a  2. Let the function g{x) be defined and strictly, monotonie on 

an open interval D, finite or infinite, and h{x) be strictly increasing and 
right continuous on an open interval containing g[E). I f  E is a Borel subset 
of D, then g(E) is цп-measurable.

Proof.  Since g is strictly monotonie on the open interval D; then 
D n {x : g(x) <  a} is an interval or the null set for every real a, hence 
g is a Baire function. Thus g is a one-to-one Baire function whose domain 
is a Borel set D, hence it maps Borel subsets of D onto Borel sets (see 
p. 489 of [2]).

L e m m a  3. Let the functions g(x) and h(x) be continuous on the interval I ) ,  
finite or infinite, differentiable on B°, and the function g'(x)lh'(x) be bound­
ed on D°. If M =  Sup{\g'{x)lh' (x)\ : ÆeZ>0}, then \g(xx)~g(x2)\ <  M\h(xx) — 
— h(x2)\ for every xx, x 2eD.

Proof.  Let xx, x2 be any two points in D, then it follows from the 
Generalized Mean Value Theorem that

[ g M  — gfaïï-h'iè)  =  [h{xx)~hiatsfl-g'd) for some £e(xx, x 2),

and consequently

\g(xx) - g ( x 2)\ = 9'W
* # ( f )

•|h{xx) — h(x2)\ <  М\Ь(Х}) — h(x2)\.

In a similar manner we prove
L e m m a  4. Let the functions g{x) and h(x) be continuous on the interval D, 

finite or infinite, differentiable on D°, and the function g' {x)]h’ {x) be bound­
ed away from zero on L>°. I f  у =  Iid{\g'(x)/h'{x)\ : xeB0}, then \g(xx) — 
— g{x2)\ >  y \h(xx)— h{x2)\ for every xx, x 2eD.

L e m m a  5. Let function g{x) be strictly increasing and continuous on 
the open interval D, finite or infinite. I f E is a Borel subset of I), 
then p(g{Ej) =  pg(E).

Proof.  Since E is a Borel subset of D it is /^-measurable and it 
follows from Lemma 2 that g(E) is //-measurable.

Given s >  0, let {(an, bn) : n — 1 , 2 , 3 , . . . }  be a sequence of open 
intervals contained in D and such that (J {(an, bn) : n =  1, 2, 3, ...} э  E

OO

and £[g(bn) - g ( a n) ] ^  pg{E) +  e-, and let cn =  g{an), dn =  g{bn) for
n— 1

n = 1 , 2 , 3 , . . .  Then g being strictly increasing it follows that (J {(<%> »̂) : 
n =  1 , 2 , 3 ,  ...} a  g(E).
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Thus

OO 0 0

Wn-Cn) =  J? \(g{bn) - g { a n)]I < y g{ E ) + sr
71— \ 71—  1

and since g is ^rbitrâiry  ̂ tlicn ^ (-^)j ^  f l g ( E ) .

Since g is strictly increasing and continuous on E  it is an open mapping' 
function there, hence g{D) is an open set. Given e >  0, let {{cn, dn) :
n =  1 , 2 , 3 , . . . }  be a sequence of open intervals such that (J {(cn, dn) :

0 0

n  =  1, 2 , 3 ,  ...} 2  g { E ) ,  [ c n , d n]  2  g { D )  for n  =  1 , 2 , 3 , . . .  and £ ( d n — c n )
?i.=i

</i(g{E)) +  e, and let an =  g~\cn), bn =  g~l {dn) for n =  1 , 2 , 3 , . . .  
Then </_1 being strictly increasing it follows that {{an, bn) : n =  
=  1 , 2 , 3 ,  ...} 2 E, and g being strictly increasing and continuous on E  
it follows from [cn, dn] 2 g{E) that [an,brJ =  д~г([сп, dn]) 2 D for

OO OO

w =  1 , 2 , 3 , . . .  Thus 2  [g(bn) - g ( a n)] =  £ ( dn—cn) <  p(g(E))+e,  and
71=1  71=1

since e is arbitrary then yg{E) ^
Note. If g(x) is merely strictly increasing and right continuous on D,. 

then we have pg{E) f (̂g{E)).
Lemma  6 . Let the functions g(x) and h{x) be defined, strictly increasing, 

and right continuous on the open interval D, finite of infinite, and \g{xx) — 
- д Ы  I V-' у \h{xx) ^(^2) I *̂0?* some constant у у  0 and every xx, x^^E* 
If E 2 E is a Borel set, then /лд(Е) >  у у 1г{Е). Futhermore i f [ a ,b ] 2 

E is a finite interval,

gib) —g {a) 
y[h{g)-h{a)-\' re(0, 1 ), i/(l — r) <  1 ,

and E 2 (a, 6] is a Borel set such that yh{E) >  g{l — r)[h(b) — h(a)]r 
then yg{E) >  (1 — r)[g(b)-g(a)].

Finally, if E  2  E is a Borel set of positive yh-measure, then yg{E) >  0. 
Proof. Since E  is a Borel subset of E  it is both yh and /^-measurable. 

Let {(an,bn) : n  = 1 , 2 , 3 , . . . }  be any sequence of open intervals, con­
tained in E, and such that (J {(an, bn) :n = = 1 ,2 ,3 , . . . }  2 E. Then

0 0  OO

2lg(bn) - g ( a n)] >  y^\]b{bn) - h { a n) ] ^ y y h{E). Therefore yg{E) >  у ■ yh{ E).
71=  1 71=  1

Let E  2 (a, Ъ] =  I  be a Borel set such that ph(E) >  >/(l — r)[h(b) — 
— h(a)'\. Thus

Уд ( 1 — Е )  =  p g { I )  — y g { E )  <  y g { I )  — y  y h( E)

<  vA1)—rni1—f )^h{i)
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and consequently

Уд{Е) =  [Лд{1)~ 1Ад{1—Щ >  (1 —r) [g ( b ) -g (a)].

Obviously if E ç  B  is a Borel set of positive ул-measure, then yg(E) 
^  Vl*h(.E) >  0.

Note  1 . If g{x) is strictly decreasing the lemma and proof remain 
valid with yg(S) replaced by y(g(S)) for S =  E, I, and I-E and g{b) —
— g (a) replaced by \g(b) — g(a)\.

Note  2. Obviously the result is valid for all sets E я В  which are
both yg and /^-measurable, but for most of our applications E will be
a Borel set.

Note  3. If g ix) and h(x) are continuous at x =  a, then we may re­
place E s  (a , b] by E  ç  [a, 6] above, for then yg{[a, b]) =  yg((a, 6]) 
=  g(b) — g(a) and yh{[a, b]) =  yh((a, 6]) =  h(b) — h(a). Indeed it will 
be this form of the lemma which we make use of later.

Note  4. It also follows from the proof above that if yh(E)
>  f](l — r)[h(b) — h(a)l  then yg{E) >  (1 — r)[g(b) — g(a)].

Note 5. Since the function g{x) is strictly increasing, it is a simple 
matter to alter the proofs given above in such a manner that we can 
delete the requirement that g{x) be right continuous and replace 
/лд(Е) by /и (g(E)) throughout. Lemma 2 will assure that g(E) is
/^-measurable

L e m m a  7. Let the functions g(x) and h(x) be defined, strictly increasing, 
and right continuous on the open interval B, finite or infinite, and \g(xx) —
— g{x2)| <  M\h(x1) — h(x2)| for some constant M >  0 and every xx, x 2eB. 
If  E я В  is a Borel set, then yg{E) <  M-yh(E). Furthermore if [a, b] ç  В  
is a finite interval,

[9(b) —g{a)] 
M[h(b) — h(a)] 9 re(0, 1 ),

and E я (a, b] is a Borel set such that juh{E) >  (1 — rjr)[h(b) — h(a)], then 
yg{E) >  (1 — r) [g{b)~ g {a)]. Finally, if h(x) is continuous on B, and E 
is a Borel subset of В having positive yh-measure, then yg{E) >  0.

Proof.  Since E is a Borel subset of В  it is both juh and /^-measur­
able. Given e >  0 let {(an, bn) : n = 1 , 2 , 3 , . . . }  be a sequence of open 
intervals, contained in B, and such that

LJ {(am bn) \n  — 1 , 2 , 3, ...} 2_E and ^[ hib f )  Ь(ап)1 <  yh(E)-\- — •
n= 1 M
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Thus
OO CO

[g(h) — g(an)~] <  M ^  \_h{bn) — h{an)~\ <  M-fih{E) +  e,
n = l  n =1

ÊincL s being Qirbitr̂ ryj then jLigf̂ JS} ^  M-fijXE).
Let E ç ( a , b ] be a Borel set such that yh{E) >  (1 — yr) \li{b) —

— h(a)], and 8 — ( a , b ] ~ E )  then 8 is also a Borel set and ph{8)
— ph({a, b]) — juh{E) <  yr[h(b) — h{a)]. Therefore

fig{E) =  pg({a, b]) — yg{8) >  [g(b) — g{a)] — M 4 ih{S) >  [g(b) — g{a)]~

— 3Iyr[h(b) — Ji(a)] =  (1 —r)[flf(6) —ÿ(a)].'

Suppose that h(x) is continuous on E, and let E ç  E  be a Borel 
set having positive /^-measure; then it follows from Lemma 5 that 
р(МЩ = ? h(E) >  0. Since h (E) is a set of positive ^-measure it has 
a point of density xd. Let Ik =  {xd— *_1, xd] for к =  1 , 2 , 3 ,  then

lim (̂fe(Æ) n Ik) =  г
fe M 4)

Let Jk =  (h-l {xd—k-1),h-'1(xd)\ for * =  1 ,2 , 3 , . . . ,  then h(Jk) =  Ik 
for к = 1 , 2 , 3 , . . .  Thus it now follows from Lemma 5 that

lim M E  ^ Ju) =  Km y{h(E n j t )) = =  x
* л ( Л )  t /*(*№)) к

Let re(0 ,1) and choose H so that n JK) >  (1 — yr)ph(JK) and 
JK ç  D. Then with JK =  (a, 6] above we obtain / (̂1?) >  n JK) 
>  (1 — r)pg(JK) > 0 .

Note. The notes of Lemma 6 apply here as well (with the obvious 
alteration to Note 4).

Defin itio n  1 . Let the functions g {pc) and h{x) be defined on an in­
terval D , finite or infinite. If corresponding to every finite interval I  я E, 
there exists a finite positive constant yz or 31T such that either \g{xx) —
— g{x2)| ^  yi\h(xx) — h{x2)\ or \g{pcx) — g(x2)\ <  Mj\Ji{xx) — li{x2)\ whenever 
xx, x2el,  then g {pc) is said to be of type Tx with respect to h{x) on E .

Note  1 . In this paper, the application of this definition will be 
to functions g {pc) and h(x) which are strictly monotonie and continuous 
on E  (with h(x) actually strictly increasing).

Note 2. The property is obviously transitive.
Note 3. If g(x) and h(x) are defined on an interval E, finite or 

infinite, and g{x) =  cx-h{x) +  c2 on E for real constants cx, c2 with ex ф 0, 
then g(x) is of type Tx with respect to h(x) on E.
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L e m m a  8. Let the function g(x) and h{x) be defined, and g(x) be one- 
to-one, on an interval D, finite or infinite. If g(B) is an interval, then g{x) 
is of type Tx with respect to h(x) on В iff h(g~1(x)) is of type Tx with respect 
to x on g[D).

Proof.  For

g(Xi) — g(æ2)\ >  7i \Kxi) — 4 xf>\ on 1
implies that

la?i — ar2| =\g(g~\ocf)) — g(g-l {xf))\^yI -fi(g-l {xfi) — h(g-1{:x2))\ on g{I)r

and
\h(g~l {Xx))--h(g-l (xf))\ ^  y2-\xx- x 2\ on g{I)

implies that

\h{xx) — h{x2)\ =  '^(д-ЦдЫ)) — h(g~1{g{x2)))\ >  yI \g{x1) — g{x2)\ on I,

etc.
Note.  In particular, if the function h (g~l (ж)) satisfies the Lipschitz 

condition on every finite interval I  я g (В), then g{x) is of type T1 with 
respect to h{x) on B.

L e m m a  9. Let the functions g(x) and h{x) be defined, strictly increasingy 
with g(x) right continuous, and h(x) continuous on an open interval B r 
finite or infinite. If there exists positive constants у or M such that

\д(х, )-д{х2)\ >  y\h(xx) — h(x2)\ or \g{xx) — g{x%)| <  M\h(xx) — h(x2)\

whenever xx, x 2eB, and E я В is both [лд and /immeasurable, then pg{E) 
>  0 iff ph{E) >  0.

Proof.  From Lemmas 6 and 7 it follows that if yh(E) >  0, then 
pg{E) > 0  (see Note 2 of Lemma 6). Furthermore since

Ih{xx) - h ( x 2) \ ^ y  1\д{хг) — д{х2)| or \h{xx) — h{x2)\ >  M 1 \g{xx) —g{x2)\

whenever xx, x2eB, it follows from Lemmas 6 and 7 that if pg(E) >  0, then 
luh(E) > 0 .

Note  1. Lemma 5 is pertinent at this point.
Note  2. From Note 1 of Lemmas 6 and 7 it follows that the 

result holds with g(x) strictly decreasing instead of strictly increasing.
Note  3. If h(x) is only right continuous on В  and we have \g(xx) — 

— g{x2)\ ^  y\^i.xi) — h(x2)\ whenever xx, x 2eB, then yg(E) >  0. For in 
Lemma 6 we require only the right continuity of h{x) in B.

Note  I. From 5 of Lemmas 6 and 7 it follows that if we delete the 
requirement that g(x) be right continuous, then we may conclude that
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if E is a /^-measurable subset, of 0  such that g(E) is /г-measurable, then 
Мя(Щ >  0 whenever у (E) > 0.

L em m a  10. Let the junctions g{x) and h (x) be defined, strictly increasing 
with g(x) right continuous, and h{x) continuous on an open interval D, 
finite or infinite, and g(x) be of type Tx with respect to h(x) on B. I f  E g D  
is both yg and yh-measurable, then yg(E) >  0 iff yh( E) > 0 .

Proof. This follows directly from Lemma 9 and the fact that every set 
of positive /^-measure contains a bounded Borel subset of positive 
//^-measure, which is consequently contained in a finite interval.

Note  1. In view of Note 2 of Lemma 9 the result holds with g(x) 
strictly decreasing instead of strictly increasing.

Note  2. In view of Note 4 of Lemma 9 above, if we delete the re­
quirement that g(x) be right continuous, then we may conclude that 
if E is a /^-measurable subset of В  such that g(E) is у  -measurable, then 
ju{g(E)) > 0  whenever yh(E) > 0 .

D e f in it io n  2. Let the function g (x) be defined except possibly at 
a finite number of points of an interval I), finite or infinite, and h(x) 
be strictly increasing and continuous on B. Then g{x) is said to be of type 
T2 with respect to h(x) on B,  if both g'(x) and g'(x)lh'{x) exist and are 
non-zero except on a finite set 8 я B, and both g'{x) and g'(x)jh'(x) 
are continuous on B-8.

Note. Polynomial and rational functions are of type Tz with respect 
to (a continuous strictly increasing) h(x) on В  whenever h' (x) is continuous 
and non-zero except at finitely many points in B.

D e f in it io n  3. Let the functions g(x) and h{x) be defined on an in­
terval B, finite or infinite, and h(x) be strictly increasing and continuons 
on B. Then g{x) is said to be of type T witht respect to h(x) on B,  if it is 
of type T2 with respect to h (x) on B, or it is strictly monotonie and right 
continuous on В  and of type T1 with respect to h(x) on B.

Note  1. Since g(x) is either strictly monotonie on В  or else strictly 
monotonie on finitely many subintervals of B,  then g{x) is /^-measurable.

Note  2. If h(x) is strictly increasing and continuous on В and 
g(x) =  c1h(x)-sr Co on В  for real constants cx, c% with gx >  0, then g(x) 
is of type T  with respect to h(x) on В (see Note 3 of Definition 1).

L em m a  11. Let the function g(x) be of type T2 with respect to h{x) on 
the open interval B, finite or infinite. If E я В is a Borel set, then g(E) 
is a y-measurable set, and if yh{E) > 0, then y[g{E)) > 0.

Proof. Since g{x) is of type T2 with respect to h{x) on B-, then 
B  =  (J {Ik :1c — 1, . . . ,  m} is a union of intervals in whose interior g'(x) 
and g'(x)[h'(x) are continuous and non-zero. Thus in each interval I k 
the function g(x) is strictly monotonie and continuous. Since E  n Ik
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is a Borel set; then it follows from Lemma 2 that g(E n Ik) is //-measur 
able for Tc =  1, . . . ,  m. Thus g(E) as a union of finitely many //-measur 
able sets is //-measurable.

m
Since £ y h(E П I°k) =  yh{ E ) >  0; then yh(E n I °k) >  0 for some h.

k= 1
Thus there exists a closed interval I ^ I k such that yh(E n I) >  0. Since 
g'(x)jh'(oc) is continuous and non-zero on I; then there exists some у > 0  
such that \g' {x)fh' {x)\ >  у on I. Therefore it now follows from Lemmas 4 
and 6 that //(#(22)) >  ju(g(JE n I)) ^  y/Pi(22 n /) >  0 (see Notes 1 and 5 
of Lemma 6).

Lem m a  12. Let the function g(x) be of type T with respect to h(x) on 
the open interval D, finite or infinite. If E ^ E is a Borel set and yh(E) >  0, 
then y(g(E)) >  0.

Proof.  Follows directly from Lemmas 2, 10 and 11 (see also Note 1 
of Lemma 10).

Th eo r em  13. Letf(x) be continuous, p be a fixed real or complex number, 
and be a convergent sequence of real numbers with t0 =  limtn. Let theП
function g(x) be strictly monotonie and continuous on the open interval E, 
finite or infinite, with g of type Tx with respect to h(x) — x on the interval D. 
Then a necessary condition that the sequence {f(hn-g(x)-\- <и)} converges 
to p on a subset of L> having positive у -measure for no bounded real sequence
ih )
(ii) у\({х-1о :f(x) =  p}) n (g(E))] =  0.

Proof.  First of all we note from Lemma 8 that g~l {x) is of type T t 
with respect to h(x) =  x on g{D).

Let 22 =  \({x—t0 : f(x) — p}) n (#(2>))| and suppose that y h{ E )  
=  д Щ  >  0. Since sets of positive //7t-measure have Borel subsets of 
positive //7rmeasure, there exists a Borel set 220 ç  22 such that y h { E 0) 
> 0. Let 4  = 1  for n =  1 , 2 , 3 ,  then limf ( ^ y  +  tn) =  /(#  +  *<>) = p

71
on 220. Since 220 я g(D) and #_1 is of type Tx with respect to h(x) on #(2>); 
then it follows from Lemma 12 that //(#~x(220)) > 0 . Thus we now have 
й т /^ И Н г Л )  = P  on g~l {E0) ç  I) with (̂gr-1 (Æ?0)) >  0. Therefore (ii)
П

is necessary.
Note.  If tn =  t0 for n = 1 , 2 , 3 ,  ... the hypothesis f(x) is continuous 

may be replaced by f(x) is a Baire function. For continuity is no longer 
required, and this is enough to ensure that E is a ///rmeasurable set and 
/ ( 4 <7(ж)-М») is a //7t-measurable function.

Th eo rem  14. Letf(x) be continuous, p be a fixed real or complex number, 
{tn} be any bounded sequence of real numbers, and 8 be the set of all limit
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doints of {tn}. Let D be an open interval, finite or infinite, and g(x) be of 
type T with respect to h(x) on I). Then sufficient conditions that the sequnce 
{f{^n-g{!>)-{-tn)} converges to p on a subset of D having positive yh-measure 
for no bounded real seuqence {Anj are:

(iii) /( /)  Ф p whenever teS;
(iv) y({x :f(x) =  p}) =  0.

Proof. Suppose that there exists a subset E of D having positive 
measure and a bounded sequence {An} such that limf{An-g{x)-\-tf) =  p

П
on E, then since sets of positive ^-measure have bounded Borel subsets 
of positive ^-measure, we may assume that E is a bounded Borel set. 
Thus it now follows from Lemma 12 that y[g{E)) > 0 . For simplicity 
of notation we denote g{E) by E so that we now have ]imf(Anx-\-tn) =  p

П
on E, E e  g(D), and /г(Е) > 0. Simultaneonsly suppose that both (iii) 
and (iv) are true.

First let us assume that {An} has zero as a limit point; then there 
exists a subsequence {%.} such that lim A =  0 and lim/. =  t0 for some

к k к k
t0 e S. Let x be any point in E-, then limf  {АПкх ф t )lk) =  p. But since /  is con­

tinuous limf(Ankx-\-tnk) =  f ( t0). Thus/^o) =  p, and from this contradiction
к

of (iii) it follows that {Aw} does not have zero as a limit point.
Now assume that {An} has a finite non-zero limit A, then there exists 

a subsequence {■%} such that limA/ifc =  A and limtfn =  t0 for some t0 e $.
к I Jc

Let x be any point in E\ then hm/(AWfc- # + / lfc) =  p. But since/is contin­

uous limf(An -x-{-tn ) =  f(Ax-\-t0). Thus f(Ax+t0) = p  on E, so that
к

А-Еф-t0 ç  {x:f(x)  =  p}, and consequently /i({x:f{x) =  p}) >  0. From 
this contradiction of (iv) the theorem now follows.

Th eo rem  15. Letf(x) be continuous, p be a fixed real or complex number, 
{tn} be a convergent sequence of real numbers, and tQ =  lim tn. Let the func-

П
tion g(x) be strictly monotonie and continuous on the open interval D, finite 
or infinite, with g(D) =  Rx and g be of type Tx with respect to h(x) =  x 
on D. Then necessary and sufficient conditions that the sequence {f{An-g{x)Jr 
-fbt)} converges to p  on a subset of D having positive /г-measure for no 
bounded real sequence {An} are: (i) and (iv).

Proof. Since g{D) =  R x and h(x) =  x, this follows from Theorems, 
1, 13, and 14.

Note. Theorem 4 of [1] follows from Theorem 15 on letting g{x) — x 
and D =  ( — oo, oo).
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D e f in it io n  4. The /^-measurable function fix) is said to have the 
property P h{6, ô , l ,  r) with respect to the real or complex number p, 
if corresponding to every в >  0 there exist positive numbers ô, l, r (r <  1 ) 
such that for every interval J  =  [а, b], а Ф 0, of length greater than l 
and such that (b~a) l \a \^B  we have Ул(^й)?3) >  ryh{J), where Jdp 
=  {x : x e j ,  If(x) — p\ >  <5}. If h(x) — x merely denote the property 
by Р{в ,д ,1 , г ) .

D e f in it io n  5. The /^-measurable function f(x) is said to have the 
property Qh(r, в, ô,1) with respect to the real or complex number p, 
if there exists r in (0, 1 ) such that corresponding to every 0 >  0 there 
exist positive numbers ô, l such that for every interval J  =  [a, b], а Ф 0, 
of length greater than l such that (b — a)/\a\ >  в we have phiJd,p) >  г 'Уи{^)- 
If h(x) —x merely denote the property by Q(r ,6,ô, l ) .

Note.  Comparing Definitions 4 and 5, since r is independent of 6 
in Definition 5 we see that if f(x) has the property Qh{r, B, ô,l) with 
respect to p, then f(x) has the property Ph(S, b , l , r ) with respect to p.

D e f in it io n  6. The /гд-measurable function fix) is said to have the 
property Ph{ô, l, r) with respect to the real or complex number p, if there 
exist positive numbers ô, l, r (r <  1 ) such that for every interval J  of 
length greater than l we have Ph{JeiP) >  r-ph(J).

Note  1. Comparing Definitions 4, 5 and 6 if f{x) has the property 
P h(ô, l, r) with respect to p, then it also has the properties Ph(6, 6,1, r) 
and Qh{r, 6, d,l) with respect to p.

Note  2. Lemma 3 of [3] and Lemma 26 below are of interest at 
this point.

L emma  16. Let the functions g(x) and h(x) be defined strictly increasing 
and right continuous on Bx. Let fix) be defined and both pg and ph~meas- 
mable on Bx. If there exist constants 0 <  у <  Ж <  oo such that

у \h(Xi) — h{xz) \ <  \g{œx) — д{хг)\<  M\h{xx) ~  / ф 2)| for every хх, х геВх,

then fix) has the property Pg{ô, l, r) with respect to p iff f{x) has the property 
P h(ô, l, r) with respect top.

Proof.  Suppose that fix) has the property Ph{b, l , r)  with respect 
to p and let <5, l, r be the ô, l, r of Ph(i5, l, r) for f{x) with respect to p. 
Let J  be any interval of length greater than Z; then ph{J0,p) >  r- yh{J). 
Let

then

pg ( J )  

y ^ h f j )
and r j = l  — rjjb;

M
У

* У1 — r <  r 7 -у 1 ------ r
J M
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and r]j ( l~rj)  =  r. Thus it now follows from Lemma 6 that yg{J0>p) >  (1 —
— rj)-/ug{ J) whenever ph(Ja,v) >  4 j { l  — rj)ph(J) =  rphiJ). Letting rj*
=  1 — f j  =  r/7 1 *r and r** =  у Ж _1г; then r** <  rj* <  r so that p)
>  r*/-pg(J) >  r**-[Ag(J) whenever ph{JdtP) >  r-[ih( J ), that is whenever J  
is an interval length greater than Z. Therefore there exist positive numbers 
ô, l, r** (r** <  1 ) snch that for every interval J  of length greater than Z 
we have pg(J0,v) >  г**'Уд( J), hence fix) has the property Pg{ô, l , r)  
with respect to p.

Since M-^gixJ — g{xz)\ <  \h{xx) — h{x )̂\ <  y~l \д{хг) — g(xz)\ for every 
xx, x2eB, the converse also follows in the same manner.

Note. Obviously we may replace Ph{ô, l , r)  by either Qh{6, à, l ,  r) 
or Ph{r,6,  d,l) in the above lemma and its proof.

L emma 17. Let the p-measurable function f(x) be defined in Bx and 
p be any real or complex number. Let a =  limfix), b =  limfix), a =  lim /(ж),

Х-МЗО X-+00 x -* ~  oo

and b =  limf{x). Then if p i \ fa ,  b] u [â, &]} the function f(x) has the
x —> — co

property P{à,  l, r) with respect to p.
Proof. Suppose that p4{[a,  6] и [d, 6]} and let 6 be one half of the 

distance from the point p to the set {[a,b\  и [ « ,6]}. Now choose К  
large enough so that f{x) e{[a — Ô, b p  d] и [a— whenever \x\
^ K,  for then we have \f{x) — p\ >  ô whenever \x\ >  K.  Now let Z =  4К  
and r =  then if J  is an interval of length greater than Z we have | fix) —
— p \ ^ 6  over at least half of the interval J, that is p{ J0>p) ^
Thus fix) has the property P( d , l , r )  with respect to p.

Note. Thus every ^-measurable real valued function fix) defined 
on Rx has the property P( d , l , r )  with respect to every non-real complex 
number p.

T h eo rem  18. Let fix) be a p-measurable function, p be a fixed real 
or complex number, and be the class of all pairs ({Aw}, {tn}) of sequences 
of real numbers with {Аи} unbounded. Let gix) be strictly monotonie and 
continuous on the open interval J), finite or infinite, with gix) of type Tx 
with respect to hix) — x on D, and D ç  g (В).

Then a necessary condition that the sequence {/(An •#(#) +  Zn)} con­
verges to p on a subset of В having positive p-measure for no ({Aw}, {tn}) is:

(v) /(ж) has the property P(0,  6,1, r) with respect to p.

Proof. First of all we note from Lemma 8 that g~l {x) is of type Tx 
with respect to h{x) =  x on giB).

Suppose that (v) is a necessary condition that the sequence {/(A,y?/ +  
+  tn)} converges to p on a subset of В  having positive ̂ -measure for no 
({Aw} , {tn}) . Then if (v) is false there exists a ({An} , {tn}) ^  and a subset E
Roczniki PTM — Prace M atem atyczne XV 11
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of D having positive /^-measure such that 1 imf (Àn - y X tn) =  p on E. But as
П

a set of positive ^-measure, E has a bounded Borel subset E0 of positive 
/^-measure. Since Е0я JD £ g{D) and g~l {%) is of type Tx with respect to h{x) 
on g{D); then it follows from Lemma 12 that [л[д~х(_Ей)) >  0. Thus we now 
have lim /(V#0») +  tJ =  V on g~x(E0) s  D with /л(д~х{Е0)) > 0 . There-

П
fore we have only to prove the assertion made in the first sentence of 
this paragraph.

Suppose that (v) is false. Then there exists а в >  0 such that cor­
responding to every set of positive numbers ô, l, r (r <  1 ) there is an 
interval J  =  [a, 6], а Ф 0, having length greater than l and (b — a)/\a\ 
>  6, for which ju(J0>p)

Let rn =  10~n/3, {(5n} be a strictly decreasing sequence of real numbers 
such that lim ôn =  0, and {ln} be a strictly increasing sequence of real

n
numbers such that lim/№ =  oo and ln > 8up(rn1+ l , 2w+1 |in|) for

П
n =  1 , 2 , 3 , . . .  Then for every n there exists an interval Jn — [Xn, Yn]f 
Х пФ 0, having length greater than ln, with {Yn— X n)j\Xn\ >  в, for which 
Hh((Jn)ô ,p) <  rn’ f*h(Jn)- Consider the sequence {Xn}. There is a monoto­
nie subsequence {Хл } which tends to a limit X  which is either finite or 
± 00. If X  is finite we may choose {X n.} so that for к = 1 , 2 , 3 , . . .  we 
have \Xnfc— _X| <  2_fc and \Xn — X\ <  2~k\X\ if X  Ф 0. If ]im,\YJXn\

n
— 00 and lim \YJX\  =  00, which certainly occurs if X  is finite and non- 

»
zero, then we may further require that | YnJ X n \ >  2k and | YnJX\  >  2k 
for к =  1 , 2 , 3 ,  ... For simplicity we denote the subsequence by {Xn}, 
then if X  is finite and non-zero we have \Xn—X\ < 2 ~ n Inf{ |X| , l ) ,
IY J X n\ > 2 n, and \YJX\ > 2 n; and if X  =  0 we have \Xn— X\ < 2 ~ n-, 
all for n = 1 , 2 , 3 , . . .

Suppose that X  is finite. Let J'n =  [Xn—en, YJ, then p[(Jn)g p). 
<  rnp (J n) +  \sn\. Then letting en =  X n—X  we have \en\ <  2~n and

r ((JnhnJ < r n-ft(Jn) + \ £n\ <  ^  ’ ̂ Jn)

<  f0r П = 1 , 2 , 3 , . . .

IS'ote here that J'n =  [X,  YM].
If X  is finite, then since lim ln =  00 there exists an integer N x such

»
that ln—2 > 2  \X\ whenever п ф  N x. Thus

|TJ =  |(Y„-X„) +  X„| > \ X a- X n\ - \ X J ^ l n- \ ( X n- X )  +  X\
>  ln-  \ X \ - \ X n- X \  ^  ln-  |X |-1  >  IJ2
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whenever n ^ X x. But ln^ 2 n+1\tn\ for n = 1 , 2 , 3 , . . . ,  hence |Yn\ 
>  2n I tn I for n > N x.

If X =  +  00, then there exists an integer N x such that X n >  0 
whenever n >  X x, so that Tn =  ( Yn~  X n) +  X n >  ln >  2n+11 tn\ for N x.

Suppose first that X  =  0. Let N 2 =  Sup(Xx, 3); then \ tJTJ <  2~n, 
for n > X 2. Let

=  | /(T„-X +  t„ ) - î ) |<«„ |

for n =  1 , 2 , 3 , . . .
CO

and A =  C\ An-, then /u(An) >  1 — 3rn for % = 1 , 2 , 3 , . . .  Since 
»=v2

MW, l ] —X)
со oo oo

Y  /г([0, 1] — An) <  {1 — /4ХП)} +  /и(^-п~^п n [0? 1])
n = N 2 n = N 2 n = N  2

<  v  З Г .+  ^
n=N2 Y

oo

<  (1(ГЙ
n=N 2

1 -2~n) <  J T  (10~n+ 2 - n) <  1 ;
« =  3

then /г (Х )> | .  Furthermore | /(Yn-X -Mn) ~  p| <  ôn on A for X 2, 
hence lim /( Yn X  +  tn) =  p on A.

П
jNow suppose that X  >  0 is finite, and let an =  Y J X n; then

Let

A П

II T -  IV,
J 11 1

!V W( X + 1 ) for n ^ N x.

X  : X e  j
X —

Xn- \ t tan'x +  tn) - P \  <  ànGn
for n = 1 , 2 , 3 , . . .

Choose N  so that (6X-f-2)2 iY+1<  -|X, and let X 2 =  Sup(Nx, N );
then

H (A„) >  (1 -  3rn) t o  » >  .

OO
Let i  =  П  4 '  Since

n = N 2
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Л([0, -2C ]-^ K  ^  / г ( [0 ,Х] -^„)  =  ( X- f t { A n)) +
n = N  2 n = N  2

oo oo

+  ^ ' /. ( А „ - Х „ п [ 0 ) Х ] ) <  J ^ ( | X - X „ |  +  ( i r ^ ) x  +  |3r„X„|) +
n = N 2 n=JST2 ' \ n  I /

CO

+ Лn=N*

X
+  |X „ -X | +

<  I X - X J + 2
n = N 2 '

t„
+

<*n
№ + i \ 

i o n /

<  У  [5*2-пХ + 1 0 - п(Х + 1 )  +  2 - ,г] <  (6 Х + 2 )2 ~ ^ +1 <  | X ,
n —N 2

then (i{A) >  Xj2. Futhermore |/(o^.X-HJ —p| <  <5n on J. for n ^ X 2, 
hence limf(anrX-\-tn) =  p on A.

П
ISText suppose that X  <  0 is finite, and let an =  Y J X ; then |t ja n\ 

=  \tJYn\\X\ < 2 ~ n\X\ for % ^ N X. Let X % =  n u n ^ ,  5),

A n = \ x \  x e \  — X + — ] , | f { — o n x  +  t n ) —  ' p \ < d 1
l L ®П ^П J

OO
for n = 1 , 2 , 3 , . . . ,  and A =  П  Xn; then p(An) > ( l  — 3rn)(a~1fan) (~X)

n = N 2
for № = 1 , 2 , 3 , . . .  Since

OO OO
/<([0, - X ] - X ) «  ^ ( [ 0 ,  - X ] - X „ )  <  £  [ - x - ^ x j ]  +

n ~ N 2  n ~ N 2

00

+  У У(Ди. П [ )̂ X])
n—N2

OO
<  ^  (4 •а-’ЧЮ -») |X| <  I |X! ;

n =  5

then /^(A) >  | | X | .
Furthermore | / ( —<rna?-|-2n) — p\ <  àn on A for n ^ N 2, 

]imf{ — on-æ +  tn) =  p on A.
П

hence
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If X  =  + 00 there is no loss of generality in also assuming that 
X n > 0  (n — 1 , 2 , 3 , . . . ) ,  for otherwise merely delete the finite number 
of non-positive terms. Letting an =  YnfXn we have {orw} as a sequence 
of numbers greater than one, hence there exists a monotonie subsequence 
{<r%} which converges either to a finite limit h >  1 or to b =  + 00. Further­

more since lim
к

1
ornk

1
~b 0 we may choose {an])  so that \on*—b *|

< 2 ~ n for h = 1 , 2 , 3 , . . .  which may be given an obvious interpretation 
when b =  +  00. For simplicity denote this subsequence by {rrj-, then 
we have \cr~1 — b~1\ <  2~n for n = 1 , 2 , 3 , . . . ,  with b~l replaced by zero 
in case b =  +  00. Finally notice that since our intervals Jn =  [Xn, Yn] 
are such that {Yn— X n)/Xn >  0, then on ^ l- \ -6  for n = 1 , 2 , 3 , . . .  
and consequently b >  1 .

Note that the sequences chosen above are subsequences of those 
chosen earlier in this proof, so that the pertinent properties obtained 
there are still in force.

Suppose that X  =  +  00 and "b >  1 is finite. Let

A n =  |я: >\f(Ynx +  tn) — P\ <  <*»}

for n = 1 , 2 , 3 , . . . ,

then (л(Ап) >  (1 — rn)(l — o-y1) for n = 1 , 2 , 3 , . . .  Choose N  such that
CO

2~bN+* < {±  — b~l)!2, let N 2 =  Sup(N,N lf 1), and A =  (̂ ] An. Since
n = N  2

1 ] - Л ) «  2  /<([»'
n=  N  2

-1 it

n—N2

^  -&-П П [b x, 1 ]) <  (\anl  ̂ —'°f№1|)_|-
n = N  2 n=N<>

00

n = N 2

OO

3 JT 2' n+
11= N  2

+  2  2  z~n+n = N2

OO

n~ 1
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Then — b 1)/4. Furthermore \ f{Yn-x-\-tJ — p\ <  ôn on A
for hence lim f (Y nx-\-tn) — p on A.

71
Now suppose that X  =  +  oo and b =  +  oo. Let

I Г 1= {x: X el—
YП -̂ 71
L A -  ¥ \ \ f ( W ‘»+ t n ) - p \  <  à,

Y ,

for n = 1 , 2 , 3 , . . .

and A =  P) An. Then /и(Ап) >  (1 — rn) ' { l—anx) for n =  1 , 2 , 3 , . . .  Since
П=4

Uü OV

/*([0, 1 ] - A )  <  ^ ( [ 0 , 1 ] - A J  <  ^  [ 1 - / . ( A J ]  +
П —  4 71— 4

oo

+  ^  [*(An—An n [0, 1 ])
7b =  4

OO oo oo

then /г {A) >  Furthermore |/( Y^æ+iJ —p\ <  on on i  for n >  4, hence 
lim/( Ynæ +  £J =  p on 4 .

If X  =  — oo there is no loss of generality in assuming that X n <  0 
(n = 1 , 2 , 3 , . . . ) ,  for otherwise merely delete the finite number of non­
negative terms. Let an =  Y J X n (w =  1 , 2 , 3 , . . . ) ;  then from (Yn— 
—-Xn)l\Xn\ ^ 6  (n =  1 , 2 , 3 , . . . )  it follows that |(Tn—1| >  в for 
n = 1 , 2 , 3 , . . .  Now choose a monotonie subsequence {ank} which con­
verges either to a finite limit b such that \b—1 | ^  в or to b =  — oo. Since 
lim((rM-  b) =  0 if b is finite, and lim (1/ [<Jn — 1 )) =  0 if b =  — oo; then we

n  n
may choose a subsequence {crnfc} so that \anjc—b\ <  2~fc(&—l )2 and \ank—l\ 
>  \b —lj/2 for Tc =  1 , 2 , 3 , . . .  if b finite, and \{ank—l)~1\ < 2 ~ k (k =  
=  1 , 2 , 3 , . . . )  if b =  — oo. For simplicity denote these subsequences by 
{<rn}, then we have \on— b\ <  2~n(b—l )2 and \on—1 | >  \b—1|/2 for тг 
=  1 , 2 , 3 , . . . i f  6 finite and \{(?n—1)_1| <  2-n (тг =  1 ,2 , 3 , . . . )  if b=  — oo.

Note that the sequence chosen above are subsequences of those chosen 
earlier in the proof, so that the pertinent properties obtained there are 
still in force.

Now suppose that X  =  — oo and b is finite. Let

л  =  {«: ^ ^ l l / ( ( r „ - x j * + g - j , |  <  sn\

for n = 1 , 2 , 3 , . . .
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and A =  П  An', then fi{An) > 1  — rn for n >  4.
n=4

Since

n = 4

oo oo
«  ^ , {[(1- б - 1г 1- ( г . - 1 ) - 1] - м ( А ) } + ^ ' / ' ( Л - Л  r. [ ( î - » - 1) -1,

71 =  4  71 —  4

oo oo
(b—l ) -1]) <  J ^ rn+ У j ( j t Z A y  № ~an\ +

П = 4  71=4

OO oo
<  (i-10-» +  4-2-» +  l«AI) <  ^ ( 5 - 2 - ’,+2-<»+4)

71=4 
oo

<  y ? 6 -2 ~ n =  3/4;

71=4

Y _ Yи

П=4
then //(J.) >  b  Furthermore [/((¥ n— X n)coAtnj —p\ <  dn on A for n ^  4, 
hence lim/[( Yn—-XJæ-HJ =  p on A.

Finally suppose that X  — — oo and b — — o o .  Let

Am = ja? : Ж e ̂ ■̂ -n К tn
Y  _Y 1 Y  __ Yn  M n  -ZX"

Lj, \f((Yn—X n) x + t n)—p\ <  ô„J

for n = 1 , 2 , 3 , .
OO

and A — D  An; then /и(Ап) > 1  — rn for n >  4. Since
» =  4

1_Л_/ 1_Лj

/*([0,1] — An) < ^ ( [ 0 ,  ! ] —^») — /*(-4»)]+ ^ ( Л - ^ П[°Д1)
71=4  71=4  71— 4

oo oo
— n 1 1 n\

71 =  4  71=4

< ^ 4 - 2 - ” =  i ,

71=4

then ^(J.) > i  Furthermore \f{(Xn- X n)æ-\-tn) — p\ <  àn on A for n >  4, 
hence lim /(( Yn—Xn)æ +  tn) =^p on d-.

71
Thus if (iii) is false there exists, in each case, an unbounded real 

sequence {2W} and a set A of positive ^-measure on which 1âmf(Ànæ-{-tn) =  p.
П

Therefore (iii) is necessary.
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Note 1. Theorem 1 of [3] follows directly from Theorem 18, 
Theorem 1, and Theorem 13 on letting g(x) =  h{x) =  x and D =  
=  ( — oo , oo).

L e m m a  19. Let the function h(x) be strictly increasing and continuous 
on Rx and there exist a constant y > 0  such that \h(xx) — h(x2)\ >  y\xx — x2\ 
for every xx, x2eRx. If  f(x) is a Baire function and f{x) has the property 
P h~i(ô, l, r) with respect to p , then f(h(x)) has the property P(ô,  l, r) with 
respect to p.

Proof.  If I is an interval of length A, then from the inequality |h(xx) —
— h(x2)I >  y\xx— x2\ for every xx, x2eRx it follows that h(I) is an inter­
val of length >  y A.

Suppose that f(x) has the property P h-i (ô, l ,  r) with respect to p 
and let ô, l, r be of the ô, l, r of Ph-i(ô, l , r)  for f(x) with respect to p. 
Let J  be of any interval of length >  y~l l and J* =  A(J); then J* is an 
interval of length >  l. Since f(x) is a Baire function, J*p is a Borel set, 
and it follows from Lemma 5 that (J*tP)) =  yh-i(J*,p) >  r-juh-i(J*) 
=  r-p[h~1{ J*)) =  r-ju(J). But [x : xeJ,  \f{h(x)) — p \^ ô \  =  h^iJ*^), 
hence p[^x : xe J, \f{h(x))—p\ >  <5} ) >  r'/u( J). Let l* =  A- 1Z, then for 
every interval J  of length >  Z* we have X  \ X  € J,  \ f {h(x) ) -p\>6})  
^r-ju(J),  hence the function f(h{x)) has the property P{ô , l , r )  with 
jespect top.

L e m m a  20. Let the function h(x) be strictly increasing and continuous 
on Rx and there exists a constant Ж > 0  such that \h(xx)~h(x2)\ <  M\xx —
— x2\ for every xx, x2eRx. If  f{x) is a Baire function and f(h(x)) has the 
property P( ô , l , r )  with respect to p, then f(x) has the property Ph~i(<5, l, r) 
with respect to p.

Proof.  If I  is an interval of length A, then from the inequality, 
\h~1(x1) — h~1(x2)\ >  M~l \xx—x21 for every xx, x2eRx it follows that Ь~*{1) 
is an interval of length >  M~l A.

Suppose that f(h{x)) has the property P( ô , l , r )  with respect to p  
and let ô, l, r be the ci, Z, r of P{ô , Z, r) tor f[h{x)) with respect to p. Let J  
be any interval of length >  Ml  and J* ~  h~l {J ), then J* is an interval 
of length ^  Z. Since f(x) is a Baire function, J*>p is a Borel set, and it 
follows from Lemma 5 that ph- i ( Jô>p) =  y{h~l {J0,P))- But [x: xeJ*, 
\ f {h(x) )~p\^ ô] = h ~ l {Jd'V), hence yh- i { J 0<p)=y({x:X€j*, \ f (h(x))  —
— p \ ^ ^ } ) ^ r - p ( J * )  — r-ju{h~1(J)) —r'ph-\{J).  Let Z* =  Ml-, then for 
every interval J  of length >  Z* we have yh- i ( Jô p) >  r-ph~i(J), hence 
the function f{x) has the property Ph-i(ô,  Z, r) with respect to p.

L e m m a  21. Let the function h{x) be strictly increasing and continuous 
on Rx and there exist constants 0 <  у <  Ж  <  oo such that у \xx — x2\ <  \h{xx) —
— h{x2) I ^ M \ x x— x2\ for every xx, x2eRx. If f(x) is a Baire function, 
then f{h(x)) has the property P(S , l , r )  with respect to p, iff f(x) has the
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property Ph(6,l , 'r) with respect to p (and also iff f(x) has the property 
P h-i(ô, l, r) with respect to p).

Proof. From Lemmas 19 and 20 it follows that f(h(x)) has the prop­
erty P( d , l , r )  with respect to p iff f(x) has the property Ph-i(ô, l,r) 
with respect to p. But since y 2 \h~l (xx) —  h~1(x2)\ <  \h(xx) —  h(x2)\^ 
M2\h~1(xx) — h~1(x2)\ for every xx, x2eBx, then it follows from Lemma 16 
that f(x) has the property Ph-i(ô, l, r) with respect to p iff f(x) has 
the property Ph(ô, l , r )  with respect to p.

Lem m a  22. Let the function h(x) be strictly increasing and continuous 
on Bx, and there exists a constant у  >  0 such that \h(xx) — h{x2)\ >  у  \xx— x2\ 
for every xx, x2eBx. Iff(x) is a Baire function and f  {h~1(x)) has the property 
P(ô, l, r) with respect to p, then f(x) has the property Ph(ô, l ,  r) with res­
pect to p.

Proof. Let g(x) =  h~l {x); then g(x) is strictly increasing and con- 
tinnous on Bx, and \g(oex) — g(x2)\ — x2\ for every xx, x 2eBx, thus
the result now follows from Lemma 20.

L emma 23. Let the function h(x) be strictly increasing and continuous 
on Bx and there exists a constant M >  0 such that \h(xx) — h(x2)\ <  M\xx —
— x2\ for every xx, x2eBx. If f(x) is a Baire function and f(x) has the prop­
erty Ph(ô, l , r )  with respect to p, then f[h~l (x)) has the property P(ô , l ,  r) 
with respect to p.

Proof. Let g(x) =  h~1(x), then g(x) is strictly increasing and contin­
uous on Bx and \g(xx) — g(x2) \ ^ M ~ l \xx — x2\ for every xx, x 2€Bx. The 
result now follows from Lemma 19.

L emma  24. Let the function h (x) be strictly increasing and continuous 
on Bx and there exist constants 0 <  y  <  M <  oo  such that y  \xx — x2\ <  |h(xx) —
— h(x2) I ^  M\xx — x2\ for every xx, x2eBx. If  f(x) is a Baire function? 
then f[h~1(x)) has the property P(ô,  l, r) with respect to p, iff f(x) has the 
property Ph_x(ô, l, r) with respect to p (and also iff f(x) Has the property 
Ph(ô, l , r) with respect to p).

Proof. From Lemmas 22 and 23 it follows that f(h~1(x)) has the 
property P(ô,  l, r) with respect to p iff f(x) has the property Ph(ô,l ,  r) 
with respect to p. But since y2\h~1(xx) — h~~1(x2)\ <  \h(xx) — h(x2)\ 
<  M% \h~l (xx) — h~l (x2)\ for every xx, x 2eBx, then it follows from Lemma 
16 that f(x) has the property P h(ô, l, r) with respect to p,  iff f(x) has the 
property Ph- i (ô , l ,  r) with respect to p.

L emma  25. Let the function h(x) be defined, strictly increasing, and 
continuous on Bx. Letf(x) be a Baire function on Bx. If there exist constants 
0 <  у  <  oo  such that у  \xx — xf\ <  |h(xx) — h(x2)| <  M\xx — x2\ for every 
xx, x2eBx, then f(x) has the property P( ô , l ,  r) with respect to p, iff f(h(x))
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has the property P(ô, l , r)  with respect to p (and iff f{h 1 (ж)) has the property 
P(ô,  l, r) with respect to p).

Proof. From Lemma 16 it follows that f{x) has the property P(ô,  l,r) 
with respect to p iff f{x) has the property P h(ô, l, r) with respect to p. 
But from Lemma 21 it follows that f(x) has the property Ph(ô, l, r) with 
respect to p iff f{h(x)) has the property P( ô , l ,  r) with respect to p, and 
from Lemma 24 it follows that f(x) has the property Ph(ô, l , r )  with 
respect to p iff f(h~1(x)) has the property P( ô , l , r )  with respect to p.

L e m m a  26. Let the function h(x) be defined, strictly increasing, and 
continuous on Rx, and there exist constants 0 <  у <  Ж <  oo such that 
'y\x1 — x2\^ \h (x 1) — h(x2)\^: M\x1 — x2\ for every x1, x zeB1. Let f(x) be 
a non-constant, continuous, almost periodic function. Then f(x), f{h(x)), and 
f{h~l (x)) all have the property P (ô, l,r) with respect to every real or complex p.

Proof. This follows directly from Lemma 3 of [3] and Lemma 25 
above.

T h eo rem  27. Let f(x) be a Baire function, p be any real or complex 
number, and c be the class of all pairs ({An} , {tn}) of sequences of real numbers 
with {An} unbounded. Let P> be an open interval, finite or infinite, and g(x) 
be of type T with respect to {a continuous strictly increasing) h{x) on D. Then 
a sufficient condition that the sequence {f{hn'g{x)-\-tf)\ converge to p on 
a subset of P> having positive ph-measure for no {{Àn}, is:
(vi) f(x) has the property P{ d , l , r )  with respect to p.

Proof. Suppose that there exists a subset E of D having positive 
/^-measure and {t }̂) Pfi such that lim /(Ап*#(ж)-Ми) = p  on E-,

71
then since sets of positive ^-measure have bounded subsets of positive 
/^-measure wre may assume that E  is a bounded set. In fact we can arrange 
to have E as a subset of a finite closed subinterval of D. Thus it now fol­
lows from Egoroff’s Theorem that l\mf[An-g{x) +  tn) = p  uniformly on

П
a subset E0 of E having positive /^-measure. Since every set of positive 
/гд-measure has a bounded Borel subset of positive ^-measure; then we 
may assume that E0 is a bounded Borel set. From Lemma 12 it now 
follows that y(g(E0)) >  0. For simplicity of notation we denote g{E0) 
by E so that we finally have lim f{kn-x-\-tn) =  p uniformly on E ç  g (В)

П
with ju(E) > 0 . Since E is a set of positive ^-measure it has a point of 
density xd, and since almost every point of E is a point of density; then 
we may arrange to have xd 0.

Let r be the r of P(ô,  l, r) and Ik =  [xd, xdf - &_1] for к = 1 , 2 , 3 , . . . ' ,
then

lim
n Ik) 

t*{h)к
=  1.
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Now choose К  so that p(E r\ IE) >  (1 — r)y{IK). Let ô, l be the <5, l 
of P(ô,  l, r) and choose N  so that >1  and \f{^N'X-\-tN) — p\ <  ô
onE.  Let J  =  XN'IK +  tN) then \f(y) — p\ <  ô on ÀN-Ef-t lX and [л[(Лх -Е +  
~J- tE) ^ *P\ == I n  " ft (P  ^ -Ik ) ''■> (I y*) jtt ( t/") so that ft {_Jg p) r y  ( J) . But 
J  =  [Ядг * xd L I n i ЯЛг • xd +  Ял- K~lj\- by] is an interval of length \kN\-K~x >  l, 
hence we have the desired contradiction of (vi).

N o t e l .  If the class ^ is further restricted by requiring that the 
sequence {Я̂ 1-^} converge to zero, then condition (vi) may be replaced by 
condition
(vii) f{x) has the property Q{r, в , ô,l) with respect to p.

For then we have

lim
71 InXd~\~ tn

=  lim
П

К - 1
l d̂+ я у 1- !̂

K~l
\xd\

> 0 .

Thus if we let 26 =  К y\xd\ we may choose N so that

1NK~'
- - —-------  >  в .
Я jv ' xd +  In

See Theorem 2 of [3].
Note  2. If g(x) =  ухх + у 2 for real constants yx, y2 with ухФ 0, 

and h{x) =  x, then the result holds for any ^-measurable function f(x). 
For then /(Яп-#(ж) +  £и) is a ^-measurable function without requiring 
that f(x) be a Baire function.

Note 3. Theorem 2 of [3] follows directly from Note 1 of Theorems 
27 and 14 on letting h(x) =  g{x) =  x and JD =  ( —oo, oo).

Note  4. Note 2 of Definition 3 is pertinent here.
Note 5. If g(x) is strictly monotonie and of type Tx with respect 

to h{x) on I), then the theorem holds without any continuity restriction 
on g{x). This follows from Note 5 of Lemmas 6 and 7. Futhermore, if 
this Tx condition is the type used in Lemma 6 we can weaken this conti­
nuity condition on h{x) to right continuity since Lemma 6 requires no 
more.

Th eo r em  28. Let f(x) be a Baire function, p be any real or complex 
number, and be the class of all pairs ({Яп}, {tn}) of sequences of real 
numbers with {Яп} having no finite points of accumulation. Let I) be an 
open interval, finite or infinite, and g(x) be of the type T with respect to 
{a continuous strictly increasing) h(x) on J). If  f{x) has the property P  (ô, l, r) 
with respect to p =  0, and liman-f{Àn-g(x)Jr tn) = 0  on a subset Eo f  D

П
having positive yh-measure for some ({Яи}, {tn}) , then liman =  0.
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Proof. Suppose that liman-f (Àn-g ( x ) t n) =  0 on a subset E
П

of D having positive /^-measure for some ({Лп} , {tn}) etf*, and suppose 
that limaw Ф 0. Then there exists a subsequence {щ} such that an. ф О

П
for j = 1 , 2 , 3 , . . .  and either limaM. =  а Ф 0 for some finite a or lim \an.\

i  1 i  1
=  oo. Thus we have lim a~} =  a-1 or zero respectively, and in either

j ^
case lim/(An -g\x) +  t )  =  \im{a^)[an.f(Xn.-g{x) +  tn̂ ) =  0 on E. But

i i
since ({An.}, {t }) is in the class ^ of Theorem 27 it then follows from 
Theorem 27 that we have a contradiction, hence lim an =  0.

П

Note  1. Obviously a similar theorem may be had in conjunction 
with Theorems 14, 31, 32 and 35.

Note  2. JSTote 5 of Theorem 27 applies here.
D e f in it io n  7. The ^-measurable function f{x) is said to have the 

property P ft(0, ô, l, r) uniformly with respect to the subset 8 of the complex 
plane, if corresponding to every в >  0 there exist positive numbers, 
ô, l ,  r (r <  1 ), independent of p, such that for every interval J  of length 
greater than l and such that (6 —a)/|a|> 0  we have yh(JdiP) ^  ryh(J) 
for all p in 8.

If h(x) = x  merely denote the property by P(6,  ô, l ,  r).
Th eo r em  29. Let f{x) be a pi-measurable function, and be the class 

of all pairs ({/ln}, {tn}) of sequences of real numbers with {Aw} unbounded. 
Let g(x) be strictly monotonie and continuous on the open interval D, finite 
or infinite, with g(x) of type P2 with respect to h(x) =  x on the interval D, 
and D ç  g(L>). Then a necessary condition that the sequence f(Àn-g(x)f-tn) 
converges to a finite limit function on a subset of D having positive pi-measure 
for no {{Лп} , {tn})etf is

(лип) f(x) has the property P(0,  ô, l , r )  uniformly with respect to every 
bounded subset 8 of the complex plane.

Proof. First of all we note from Lemma 8 that g~l {x) is of type Tx \ 
with respect to h{x) =  x on g{D).

Suppose that (viii) is a necessary condition that the sequence {/(Aft*y +
-j- tn)} converges to a finite limit function on a subset of D having positive 
pih-measure for no ({An}, {tn})€^. Then if (viii) is false their exists a ({Ara}, 
{tn})€^ and a subset E of D having positive /^-measure, and a finite 
(real or complex) valued function Ф(у) such that limf(An‘y f - t n) =  Ф(у)

П
on E. But as a set of positive /^-measure E has a bounded Borel subset E0 
of positive ^-measure. Since E0 я D s  g(L)) and g_1 is of type l^with 
respect to h(x) on g(L))-, then it follows from Lemma 12 that p[g~l {Ef))
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>  0. Thus we now have lim.f {hn-g{ x ) =  Ф[д{х))опд 1(E0) S D with
П

Мд'ЧЮ ) >  0. Therefore we have only to prove the assertion made 
in the first sentence of this paragraph, recalling that =  p. Let {tn} 
be any fixed sequence of real numbers and proceed to alter the proof 
of Theorem 18 as outlined in Theorem 5 of [3].

Note  1. Lemma 5 of [3] is of interest here.
Note  2. Theorem 5 of [3] follows from Theorem 29 on letting 

g(x) =  x and D =  ( — oo, oo).
Th eo rem  30. Let f(x) be a B aire function and % be the class of all pairs 

({Аи}, {AJ) °f sequences of real numbers with {Ли} unbounded. Let D be an 
open interval, finite or infinite, and g(x) be of type T with respect to (a con­
tinuous strictly increasing) h{x) on L>. Then a sufficient condition that sequence 
{f(Xn'g(x)-\-tn)\ converges to a finite limit function on a subset of D having 
positive ph-measure for no ({Aft}, {tn})€^ is

(ix) f(x) has the property P( d , l ,  r) with respect to every real or complex p.
Proof. Suppose that there exists a subset F  of D having positive 

/гд-measure, u({AJ-, {tn})etë, and a function %(x), defined and finite va­
lued on F, such that limf(Ang(x) +  tn) =  %{x) on E; then since sets of

П
positive ^-measure have bounded subsets of positive у/t-measure, we 
may assume that E is a bounded set. In fact we can arrange to have E 
as a subset of a finite closed subinterval of E. Thus it follows from Egoroff’s 
Theorem that lim /[Xn'g{x)-\-tn) =  %{x) uniformly on a subset F 0 of E

П
having positive ^-measure. Since every set of positive /^-measure has a 
bounded Borel subset of positive /^-measure; then we may assume that F 0 
is a bounded Borel set. From Lemma 12 it now follows that, p[g(E0)) 
> 0 . For simplicity of notation we denote g{E0) by E so that we finally 
have that the sequence {/(Aw-y +  /J} converges uniformly on F to a finite 
valued limit function which we denote by Ф(у). Thus it now follows from 
Lusin’s Theorem that there exists a closed subset F  of F  having positive 
^-measure such that Ф{у) is continuous on F. For simplicity of notation 
denote F by E. Since F  is a set of positive ^-measure it contains a point 
of density yd, and since almost every point of F  is a point of density 
of F; then we may arrange to have yd Ф 0.

Let p =  Ф{уй) and <5, l, r (r <  1 ) be the ô, l, r, of P(ô, l, r) for f(x) 
with respect to p. Since Ф{у) is continuous on F, there exists rj(ô) > 0  
such that \Ф(у)—р \ < 0 / 2  whenever у eS — E n (yd— y, yd-\- y). Let

4  =  [У«п 2/Й+&-1] for fc = 1 , 2 , 3 , . . . ;  then lim ■ n Ik) =  ±
к M4 )

Now choose К  so that F -1 <  rj and p(E  n IK) >  (1 — r)p(IK). Choose N  
so that \XN\'K~X >1  and \f(AN-y +  tN)—0(y)\ <  <5/2 on F. Then I/(Azv'2/ +
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+  Ь\) — РI <  \f(ANy +  tN) — фШ  +  \Ф(У)~Р\ <  à on S. Let J  =  XN-IK+  
+  £̂ 5 then \f(Z) —p\ <  ô on AN-S-\-tN and /а[(Ялг-/8'+ tN) n J] =  AN• p(S n  
n IK) =  ÀN-ju(E n IK) >  (1 — r)ju(J), so. that p{Jôp) <r -p{J) .  But 
J =  [àN-yd-{-tN, AN-yd+^N-K^ +  tx] is an interval of length \AN\’K~X 
>  l, hence we have the desired contradiction of (ix).

Note  1. If the class ^ is further restricted by requiring that the 
sequence {Я“М.№} converge to zero, then condition (ix) may be replaced 
by condition :
(x) f{x) has the property Q(r, 0, ô ,1) with respect to every real or complex p.

This follows exactly as in Note 1 of Theorem 27.
Note  2. Notes 2, 4 and 5 of Theorem 27 apply here also.
Note  3. Theorem 6 of [3] follows directly from Notes 1 and 2 of 

Theorem 30 on letting g{x) =  h{x) =  x and D — ( — oo, oo).
Th eo r em  31. Let f  be a Baire function, p be any real or complex number, 

m be a positive integer, and be the class of all (m+1)-tuples ({Ятп}, ...  
. . . ,  {A0 и}) of sequences of positive numbers, at least one of which is unbounded, 
and such that for some 0o the sequences {АтгП/Ав n}, . . . ,  {A0)»i/̂ e0,»}, are all 
bounded. Let h(x) be strictly increasing, continuous, and of type Tx with 
respect to x on an open interval D} finite or infinite, differentiable with 
h'{x) >  0 except possibly on a set of p-measure zero in D; and h'(x) either 
right continuous (1) or left continuous except possibly on a set of p-measure 
zero in Bx. Let gm(x), . . . ,  g0(x) be functions defined on I), differentiable 
in I), and satisfy the following conditions:
(a) g'o(®) >  0 in D for 6 = 0 , 1 , . . . ,  m.
(b) g'e{x) is right {left) continuous whenever h'(x) is right {left) continuous 
in D for 6 — 0 ,1 ,  . . . ,  m {excepting, of course, sets of p-measure zero).

Then a sufficient condition that the sequence {f(Am̂n-gm{x)Jr ...-\- 
-j- Ao п’УЛх))} does not converge to p on a subset of D having positive ph-mea­
sure for any ( {АШ'П} , . . . ,  J ) in Я? is:
(vi) f{x) has the property P{ô , l , r )  with respect to p.

Proof.  Suppose that there exists a subset E of D having positive 
^-measure and a {{Am>v} ,  . . . ,  {Я0>те}) in ^ such that

Kmf(Am,ngm{®)+--- +  A0>ng0{x)) = p  on E\
n

then since sets of positive ^-measure have bounded subsets of positive 
/^-measure, we may assume that E is a bounded set. In fact we can

(1) When we refer to the continuity of a derivative from the right (left) we 
tacitly assume that the derivative exists in an interval to the right (left) of the point 
in question.
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arrange to have E as a subset of a finite closed subinterval of D. 
Thus it now follows from Egoroff’s Theorem that lim/(Am ngm{x) -f- . . . +

+  ô,w5ro(a?)) =  Pi uniformly on a subset E0 of E having positive ^-meas­
ure. Eor simplicity denote E0 by E. Since sets of positive ^-measure 
have bounded Borel subsets of positive /^-measure, we may assume 
that E is a bounded Borel set. From Lemma 5 it follows that y[h{E)) 
=  Pk(E) >  0, and consequently the set h{E) has a point of density yd, 
let xd =  h~1(yd). Since almost every point of h{E) is a point of density 
of h(E) it now follows from Lemmas 8 and 12 that we may arrange to 
have xd a point such that h'(xd) > 0, h'(x) is either right continuous or 
left continuous at xd, ge(xd) Ф 0 for в =  0 ,1 ,  . . . ,  m and g'0(x) is either 
right continuous or left continuous at xd (в =  0 ,1 ,  . . . ,m)  with this of 
the same type as h'(x) has there. Furthermore, by taking subsequences 
we may arrange to have the sequences {Де>7г} (0 =  O, l , . . . , m)  tending 
to limits, at least one of which is infinite, and by a further choice of 
subsequences we may for some 0O arrange to have lim [Д0)Иг/Яе >J =  A0.

П
finite for 0 = 0 , 1 , n.

Let A =  Мах{Я0 : 0 =  0, 1 , . . . ,  m} and note that Ae =  1 .
If h'(x) is right continuous at xd let Jk =  [yd, уа+ к~ 1], but if h'(x) 

is left continuous at xd let Jk =  [yd— &_1, уй]. For the sake of the argument 
let us assume the former. Then h~l being strictly increasing and continuous 
at xd, we have Ik =  h~l (Jk) =  [xd, xk] with xd <  xk+1 <  xk for

and
Tc — 1 , 2 , 3 , . . î

lim xk =  xd
к

Furthermore since xdeD, there exists an integer K 0 such that Ik я D 
whenever Нс ф K 0. Now choose an integer N0 such that Я0/2 ^  \^в,п/\,п\ <  2Я 
for 0 = 0 , 1 , . . . ,  m and w >  N 0.

Let <pn{x) =  Aê̂ n(Am>n-gm{x)+  . . .+A0>n-gQ{x)) tor n =  1 , 2 , 3 ,  then 
Ji'(x) and <p’n(x) being right continuous at xd, we may choose K x >  K Q, ek, 
and ôk so that h(x) and cpn{x) for n = 1 , 2 , 3 , . . .  are differentiable in Ik. 
with

\(p'n{x)lti (x )\ <  \ek-<p'n{xd)lôkt i (xd)\

uniformly for n = 1 , 2 , 3 , . . .  and every x e l k (1c >  K^, and where liiiUj.
к

=  lim<5A =  1. Thus letting Mnk =  ek-<p'n{xd)lôk-Ji'(xd), it follows from
к

Lemma 3 that

\<Pn(x') — <PnW )\ <  Wn>k\h{x')-h(x")\ for every x', x"elKi.
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Now let
_  <Рп(хк)~Ч’Л хл) =  àk-h' {æd)[<pn(xk)-<pnf,xd)']

Ч“-‘ “  M^kUi(xk) - h ( x d)} VPn(xd)[Hxk) - h ( x d) T ’ 

then limrjnk =  1 (uniformly with respect to n >  N0). Furthermore, using
к

the Cauchy Mean Value Theorem we obtain formula

( * )  I Vn,k

h -h ' (xd) f ’„(S„,k)— tk-g ' jxd)h’(Sn k) 
tk-q'jXd) ■!<’($„,a)

Um.nl-Uy„l • \dk-h'(xd) -g'm( snk) -  £k-h'(Çnk)-gm(xd) \ + . . . +  |A„,rel ■ U^n| • IVft'fod)-gôUn.»)- V h'(£„,к)9»Ш\ 

U* • h ' ( {„.*)! • rUm.nl ■ Uy J  Iff» <**>!■+ • • • + Uo.nl ■ U«T0:„I • I f f ^ l ]

|ï*-|lA'(fn,*-)l L Vlffm(*«i)l+---+Vlff!>(*«i)| J

$ 8Я
|Л'(5я.*)11»;в(̂ )1 [ I àk • h‘{xd) ■ g'm ( i Hk) — ek-h'[ (nk) ■ g',Jxd) | 1 ôk-h'(xd)- g'0(S„.k) -  *k-h'( £„,*) • ÿi(<rtf)|]

whenever N0 and & >  iT2 >  K x, where K2 is choosen large enough
so that |eA| > |  whenever J c ^K2. Thus we may choose iT3 >  K 2 such 
that \vn,k~ 1| <  2 whenever n >  N0 and Jc >  K 3.

Since 9on(x) is continuous on D and Ik is a compact connected subset 
of D for Jc ^  K 0 у then is compact coHn ĉtod. S6t for le ^  _èlq̂ that
is a closed interval. Let r be the r of P(<5, Z, r) for f(œ) with respect to pi  
then if В is a Borel subset of (1c ^  K 0) such that yh{B) > ( l - r ] n!kr)juh(Ik) 
it follows from Lemmas 5 and 7 that

р(ч>ЛЩ =  №<рп(.В) >  (l — r)t*<pn(Ik) =  (l — r)p(<pn(Ik)).
Since 7]n>k >  \  whenever n >  N0 and Jc >  Fl3; then fih(B) >  

>  (1 — \г)рь (h{Ik)) implies that /xh(B) > ( l  — rjn kr) juh{Ik) whenever n ^ N 0 
and & >  K 3.

Since yd is a point of density of Ji{E)-, then

lim Wh(E) n J*) =  i .

But Ji{Ik) — Jk for Jc = 1 , 2 , 3 , . . . ,  hence it follows from Lemma 6
that

lim
к

yh{E n Ik)
f̂ h(̂ k)

=  lim
к

=  lim -
к

p ( h ( E n I k))
pfaih))

y(h{E n j k)
H J k)

=  1 .
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Choose К  ^  K 3 such that gh{E n IK) >  (1 — \r)fj,h{IK)-, then E n IK 
being a Borel subset of 1K such that juh{E n IK) >  (1 — rjnKr)fih{IK) 
whenever n >  N0, it follows that g(cpn{E n IK)) >  (1 — г)[л(Фп{1к )) whene­
ver n ^ N 0. Letting ô, l be the ô, l of P (ô, l , r) choose N  >  Ж0 such that

Am,N 1.9m (XK ) ~  9m i.x d) ] +  • • • +  ̂ 0,2V {9o Lx k ) ~  9o i.x d) ]  >   ̂

and on E.
\ f ( *m, N- 9m{ x ) + ' - -  +  ào,N-9o(X) ) - p \  <  à

Let Фп{х) =  \ , п-(рп{х) for every n, J  =  0 N{IK), and 8 =  Ф#(Е); 
then 8  n J  =  ФН(Е n IK).

Since \f{y) — p\ <  ô on 8; then JâtP s  J —( 8 n J ) ,  hence from 

fz(8 n J) =  g{$>N{E n IK)) >  (1 r) • Ц (Ф]у{1к)) — (1 — r)y{J)  

it follows that p{ Jô>p) <  r-ju(J). But J  is an interval of length

—  ^ { ^ n L ^ k ) )  =  P ^ N ^ d l  X K ~\)  —  A m N \ g m { x K) —  9 m ( X d ) 1 J r

+  • • •JrA0tN[g0{xK) — g0(xd)'] > h

hence we have the desired contradiction of (vi).
Note 1. The theorem also remains valid if some or all of the se­

quences are sequences of negative numbers, provided that the
corresponding functions ( — g e (x))  have properties (a) and (b). In view 
of Note 1 of Lemma 7 of the sequences {ye>n} could all be sequences of 
negative numbers, and the theorem also remains valid if some of the 
sequences {Ав п }  are sequences of positive numbers, provided the cor­
responding functions (— 9e(x)) have properties (a) and (b). It is for this 
reason that certain seemingly unnecessary absolute value signs occur 
in the proof above.

Note 2. If the class ^ is further restricted so that for some 6Q the se­
quences {Ав)П1\ )П} converge to zero for every в Ф в0, then conditions
(vi) may be replaced by condition.
(vii) f ( x )  has the property Q(r, 6, ô,l) with respect to p.

For then we have:

Фп (х к ) - ф п Ш  =  Am>n [gmtn ( xK ) - g m { xd)] +  . . . +  A0>n [go  {xK ) -  g 0 (a?d) ]  

ф п (x d) Am n̂ * 9 mi x d) +  • • • +  A§n ‘ g 0 (xd)

Ащ,п Ae0,n {9m ( Xk ) 9m(Xd)~\ ~i~ * • * ~~b " Ae0>n {9o {.xk ) 9o (.xd)~\
Am,n A$Q>n 9m i.xd) • • • Ч- Aq>71 ' Абд,п ‘ 9d (xd)

Roczniki PTM — Prace M atem atyczne XV 12
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tending to
9в0(.Хк) — де0(Ха) as n -> oo.

9в0Ы

Thus as in the proof of Theorem 2 of [1], if we let

9вЛхк) 9on(xa)26
9en(xd)

we may choose N  so that

Фп(хк)~~ Фп(хд) ^  g

&n ( Xd) "
whenever n ^  N.

Note 3. Condition (a) may be replaced by conditions (c) g'e(x) > 0  
for xeD  and 6 = 0 ,1  , . . . , m ;  and (d) g'j(oc) >  0 for xeL) and at least 
one value of j, if we further restrict the class ^ so that for one of these j, 
the sequence {Ay->n} is unbounded and the sequences {А0 И/Я/)П}, 6 =  0, 1 , ... 
. . . ,  m, are bounded. For then we may let 60 be one of the j ’s such that 
9j (xk) > 0 . Furthermore Фп(х) is strictly increasing on D and we may 
choose N  >  N0 so that

t*(J) =  =  Am,Nl9m(xK ) -  9m(xd)l +  • * • +  K n M Xk ) ~  9o(xd)l

^  ^в,к\.9в{хк) 9e(sd)l >  ^

just as before.
Note  4. In view of Note 1 of Lemma 7 it follows that the theorem 

remains valid if condition (a) is replaced by condition (a') g'e (x) <  0 in 
D for 6 =  0 ,1 ,  . . . ,  m.

Th eo r em  32. Letf  be a Baire function, p be any real or complex number, 
and be the class of all pairs {{Àn}, {tn}) of sequences of real numbers with 
{Àn} positive and unbounded. Let h{x) be strictly increasing on Rx, contin­
uous on Bx, differentiable except on a set of pt-measurez eros in R x, h'(x) 
be either right continuous or left continuous(2) except possibly on a set of 
/а-measure zero in R x, and h' {x) >  0 except possibly on a set of pt-measure 
zeros in Rx. Let D be an open interval finite or infinite; g{x) be a function 
defined on D, differentiable in D, and satisfying the following conditions:
(a) g'(x) > 0  for xeD.
(b) g'(x) is {right) left continuous wherever h'(x) is right {left) continuous 

in L) (excepting, of course, sets of ju-measure zero).

(2) When we refer to the continuity of a derivative from the right (left) we 
tacitly assume that the derivative exists at the point and in an interval to the right 
(left) of the point in question.
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Then a sufficient condition that the sequence {fftn-g(x)-\-tn)} does 
not converge to p on a subset of D having positive yh-measure for any ({Л№}, 
{tn}) in is:
(vi) f(x) has the property P(ô,  l, r) with respect to p.

Proof. This follows from Theorem 31 with m =  1, дг(х) =  g{x), 
g0(x) =  1, Л1>п =  Лп, and Л0>п =  tn for n = 1 , 2 , 3 , . . .  despite the fact 
that the function g0(x) does not satisfy (a) and the sequential restrictions 
of Note 3, Theorem 31 are not satisfied either. For Фп(х).= Лп'g{x)f-tn 
for n =  1 , 2 , 3 ,  . . . ,  and consequently

I _Il — ‘  ̂ ‘ 9 {£n,k)~~ £fc' h'{£n,k) "d' (xd)
ekh (£п,к)ш9 (xd)

whenever к >  K 1 and n ^  N0. Thus we may choose К 2 >  K x such that 
\yn,k —1| <  2 whenever n ^  N0 and к >  К г. Furthermore Фп(x) is strictly 
increasing in D and we may choose N  >  N0 so that J) =  р[Фх(1к)) 
— n̂ \-9(xk ) S'Ĉ d)] >  ^

Note  1. We may alter the class ^  by having {Яи} negative and un­
bounded if we require that the function —g{x) have properties (a) and (b).

Note  2. If the class is further restricted so that the sequence {ЛпЦп} 
converges to zero condition (vi) may be replaced by condition:
(vii) f(x) has the property Q{r, в, ô,l) with respect to p.

For then we have

фп(хк)~ФпШ  g(xK) - g ( xd) . , , д М - д Ы-------------------- = ------------ . tends to --------- г-----
фпШ  gixd) +  Ki •<» g(xa)

as n -> oo. Thus as in the proof of Theorem 2 of [3], if we let

2в =  д М  — д Ш
д Ы

we may choose N  so that

Фп(Хк ) ~ Фп Ы  > Q 

& n ( X d) "
whenever n >  N.

Note 3. In view of Note 1 of Lemma 7 it follows that the theorem 
remain valid if condition:
(a) g'(x)>  0 for xeD is replaced by condition
(a') g'(x) <  0 for XeD.

T h eo rem  33. Under the condition given in Theorem 31 a sufficient 
condition that the sequence {fftm>n-gm( x ) Л01П-д0(х))\ does not con­
verge to a finite limit function on a subset of D having positive juh-measure 
for any .. . ,  {Л0>п})е^ is:
(ix) f(x) has the property P{ô,  l, r) with respect to every real or complex p .
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Proof. Suppose that there exists a subset E of D having positive 
/« -̂measure, а ({AmjîJ , . . . ,  {/l0>J ) e ^  and a function %{x) defined and finite 
valued on E such that

ümf(Amtn-gm(æ) +  ... +  l 0tn-g0{x)) =Z(®) од E.

In fact we can arrange to have E  as a subset of a finite closed subinter­
val of D. By using Egoroff’s Theorem, recalling that sets of positive 
/^-measure have bounded Borel subsets of positive //^-measure, we may 
obtain the above limit uniformly on E and E as a bounded Borel set of 
positive /^-measure. Furthermore by using Lusin’s Theorem we may 
arrange to have E a closed set and %(x) continuous on E. From Lemma 5 
it follows that y[h{E)) =  yh(E) > 0 , and consequently the set h(E) has 
a point of density yd, let xd =  h~1(yd). Since almost every point of h{E) 
is a point of density of h(E) ; then it follows from Lemmas 8 and 12 that 
we may arrange to have xd a point such that h'{xd) >  0, h'(x) either right 
or left continuous at xd, g0{xd) Ф 0 for 6 =  0, 1 , m and g'e(x) is either 
right continuous or left continuous at xd (6 — 0, 1 , m) with this of 
the same type as Ji'(x) has there. Now define i0, Ae, A, Jk, Ik, xk) K 0, N0, <pn{x), 
K x, 0>n{x), ôk, Mn>k, rjn>k, К % and proceed with them exactly as in The­
orem 31. Then we will have from Lemma 3 that \pn{x') — q>n{x")\ 
<  МПгк\Ъ{х’) — h(x")I fore very x', x"elk (к >  K x), \r)n>k—1| <  i  whenever 
n >  N0 and ft >  K z, and if В is a Borel subset of Ik {кф K x) such that 
yh(B) >  (1 — rjn>kr)yh{Ik) it follows from Lemmas 5 and 7 that

/Фп(-В)) =  V<pJ B) >  iX—^P'PnVk) =  ( t— r)y(<pn{Ik)).

Let p =  %{xd) and ô, l , r  (r <  1 ) be the ô, l, r of P{6, l, r) for f(x) 
with respect to p. Since %{x) is continuous on E there exists y (6) > 0  
such that \x(x) — p\ <  <5/2 whenever xeA =  E n (xd—y , xd-\-tj). Since yd 
is a point of density of h(E) and h(Ik) =  Jk for к = 1 , 2 , 3 , . . . ;  then 
it follows from Lemma 5 that

Ur n  =  H =  l i l n П  J *> =  1 .
к Ph(Ik) к РЩЬ))  * p{ Jk)

Choose K  >  ül3 such that y h{E n Ik) >  (1 — \ r )yh(IK) and К  1 <  у, 
then E n IK is a Borel subset of IK such that yh(E n IK) >  (1 — 
— Vn,k'r)Ук(1к) whenever Ж0, hence it follows from Lemmas 5 and 7 
that y(cpn(En IK)) >  (1 — r)ju(<pn(IK)) whenever N0. Choose п ф  Ж0 
such that Xm>N [gm (xK) — gm (xd) ] +  ... +  A0>iV [gr0 M  ~  9 Ш 1 >  1 and
\ f (0N(x))-%{x)\ <  Ô/2 on E. Then | f  (ФN{<*>)) —p\ < \ f (0N{æ)) — %(x)\ +  
+  \x(p) — p\ <  ô on E n IK £  A. Let J  =  0 N{IK) and 8 =  0 N(E)-, 
then 8 n J  =  ФН(Е n Ik )- Since \f(y)—p\ <  à on 8 n J; then J0;P я J — 
- ( 8  n J ), hence from у (8 n J) =  y [ 0N{E n IK)) >  (1 — r)y(0N(IK))
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=  (1 — r)ju(J) it follows that jti(JôiP) <  rjn(J). But J  =  cfrN(IK) is an 
interval of length AmjN [gm (ocK) -  gm {xd) ] +  ... +  K,n [tfo 0%) — g0 Ш  ] >  l, 
hence we have the desired contradiction of (ix).

N ote 1. If the class r€ is further restricted by requiring that for 
some 60 the sequences {AeiJAe n} converge to zero for every в Ф %, 
then condition (ix) may be replaced by the condition
(x) f{x) has the property Q(r, в, 6,1) with respect to every real or 

complex p.
This follows exactly as in Note 2 of Theorem 31.
N ote 2. Notes 1, 3, and 4 of Theorem 31 also apply here.
Th eo rem  34. Under the conditions given in Theorem 32 a sufficient 

condition that the sequence {f{An-g i x ) 1 ^\  does not converge to a finite 
limit function on a subset of D having positive ph-measure for any ({Я̂ }, 
{tn})e^ is :
(ix) fix) has the property Piô , l, r) with respect to every real or complex p.

Proof. This follows from Theorem 33 with m =  1, дх{х) =  g(x), 
g0ix) =  1, A1>n =  An, and Â0n =  tn for n = 1 , 2 , 3 , . . . ,  despite the fact 
that the function g0ix) does not satisfy (a) and the sequential restrictions 
of Note 3, Theorem 31 are not satisfied either. The proof follows from 
the proof of Theorem 33 exactly as the proof of Theorem 32 followed 
from the proof of Theorem 31.

N ote 1. If the class #  is further restricted by requiring that the 
sequence {AJtn} converges to zero, then condition (ix) may be replaced 
by condition
(x) fix) has the property Q{r, в, ô, l) with respect to every real or 

complex p.
This follows exactly as in Note 2 of Theorem 32.
N ote 2. Note 1 and 3 of Theorem 32 apply here.
Th eo rem  35. Let f  be a Baire function, p be any real or complex, 

number, m be a positive integer, and be the class of all im-\-l)-tuples 
•••? (V I )  °f sequences of positive numbers, at least one of which 

is îinbounded, and such that for some 6Q the sequences {AmfJA6o>n} , .. . ,  {A0>JAeo>n} 
are all bounded. Let hix) be strictly increasing, continuous, and of type Tx 
with respect to x on an open interval D, finite or infinite, differentiable 
with h' ix) > 0  except possibly on a set of /и-measure zero in D-, and h' ix) 
either right continuous (3) or left continuous except possibly on a set of p-meas- 
ure zero in L>. Let {go>nix)} (0 =  0, 1, . . . ,  m) be sequences of functions

(3) When we refer to the continuity of a derivative from the right (left) we 
tacitly assume that the derivative exists at the point and in an interval to the right 
(left) of the point in question.
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defined and differentiable* on D, and satisfying the following conditions:
(a) Corresponding to every x in D there exists a, ox >  0 and an integer Nx 

such that g'o0>n(x) >  gx for every w >  Nx, and д'вгП(х)^  0 in D for 
every (в, n).

(b) The set of functions {д’вгП{х) : n =  1 , 2 , 3 , . . . }  is equicontinuous on 
D for в =  0, 1, . . . ,  m.

Then a sufficient condition that the sequence {f{^m>n’9m,n(x)Jr 
+  .. • +  K)7l • g on (#))} does not converge to p on a subset of D having positive 
(ih-measure for any ({AWjW}, ... ,  {A0>w}) in <€ is:
(vi) f(x) has the property P(ô , l , r )  with respect to p.

Proof. Suppose that there exists a subset E of D having positive 
/^-measure and а ({АЖ/П}, .. . ,  {A0>n}) in if such that

limf(Am>n ■ gm>n(x) +  ... +  A0>n• g0>n(æ)) =  p on E ;
П

then since sets of positive /^-measure have compact subsets of positive 
/^-measure, we may assume that E is a compact subset of D. Thus it 
now follows from Egor off’s Theorem that

lim/(Am,» • gm,n («) +  ... + K,n • 9o,n (x ) ) = P

uniformly on a subset E0 of E having positive /prmeasure. For simplicity 
of notation denote E0 by E. Since sets of positive //^-measure have compact 
subsets of positive /^-measure we may assume that E is a compact set. 
From Lemma 5 it follows that y{h(E)) — ph(E) > 0 , and consequently 
the set h(E) has a point of density yd, let xd =  Л- 1(уй). Since almost 
every point of h(E) is a point of density of h(E) it now follows from Lem­
mas 8 and 12 that we may arrange to have xd such that h'(xd) >  0 and 
h'(x) is either right continuous or left continuous at xd. Furthermore, 
by taking subsequences we may arrange to have the sequences {Xe>n} 
(B = 0, 1 , . . . ,  m) tending to limits, at least one of which is infinite, and 
by a further choice of subsequences we may for some 0o arrange to have 
lim|A0jM/A0o>J  =  A0 finite for В =  0 ,1 ,  . . . ,  m. Let A-Sup{A0 : В = 0 ,  1, ...

П
. . . ,  m} and note that A0 = 1 .

If h' (x) is right continuous at xd let Jk =  [yd, y^+Ar1], but if ti (x) 
is left continuous at xd let Jk =  [j/d—- ЯГ1, yd]. For the sake of the argument 
let us assume the former. Then h~l being strictly increasing and conti­
nuous at at xd we have Ik =  h~1(Jk) =  [xd, xk] with xd <  xk+1 <  xk for 
h = 1 , 2 , 3 , . . . ,  and \imxk =  xd. Furthermore since xdeB there exists

к
an integer K 0 such that Ik s  D whenever h >  K 0. Now choose an integer 
IV70 such that

л 6,тг <  2A for В = 0 , 1 ,  . . . ,  m and n ^ N0.
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Let cpjx) =  \ 1,п(Лт,п9т,п(х) + ■■■ +  *<),n'go.J®)) and Ф (х) =  
=  \ >n-<pn{x) for n =  1 , 2 , 3 , . . .  Since the set of functions {g'e,n(.x) : 
%— 1 ,2 ,3 ,  ...} is equicontinuous on D for 0 =  0 ,1 ,  then given
£ > 0  there exists a d >  0 such that \_xd, xd-\-à] ç D  and |g'e,n{x) — 
— ge,nixa)I <  £ f°r every (0,n) whenever xe[xd, xd-\- <5]. Thus

\<Pn(æ ) —  <p'Aæd)\  <
°0-n

9 m A X d)  I +  . - . +

9o.n{Xd)\ <  2Я(т+1)е

'•О ,n

lenn •I g'o,n(x) —

whenever xe[xd, жй+<5] and w >  N 0. Furthermore letting q =  gXd we have

tyn(-Xd) ^  2 C^'mârm,n (^ d) ~~Ь • • • H-  ■̂oô,o,n(^ 'd)] ^  2^00 ’ 90фП (x d) -̂ > 2̂ ? 

whenever w >  =  Sup {iV0, -ЛгЖй}. Therefore

—2 Я ( т + 1 )  « +  99№(^й) ^  9^0*0 ^  99«.(жй) +  2 Я ( т + 1 )  e,

and consequently

4A(m+l)e1-------1— <  1

<  1

2A(m+l)£ <p'n(x)<
V n i  X d)  (pni  X d)  

4A(m+l) s

< 2A(w+l)e
tyni d̂)

whenever xe[xd, xd-\- à] and n ^ N 1. From this and the fact that W{x) 
is right continuous at xd it follows that we may choose K l ^  K 0, ek, and 
<5*. so that h{x) and <pn(x) are differentiable in Ik and

\<p'n(x)/ti (x)\ £k ’ <Pn ( X d)  

Ô] c ' h  ( X d)

whenever x e lk for к >  K x and n >  N lf 

letting

where lim sk — lim ôk =  1.
к к

Thus

Жn,k
£k ' < P n ( ? d )

ôk-Ji'(xd)

it follows from Lemma 3 that \уп{х’) — gpn(x")\ <  Mnik\h{x’) — h(x")\ 
for every x', x" elk (k ^ K ^ .  Now let

9̂ niXk) tyni d̂)
■^■n,k’ U l (æk) h { x d )~\

Vn, k
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then \im.7]ntk =  1 and it follows as in the proof of Theorem 31 that we
к

may choose K 2 >  К г so that \r)n>lc—1 | <  \  whenever n >  N x and Tc >  K 2. 
The remainder of the proof now follows exactly as in Theorem 31. 

Note  1. Notes 1 and 2 of Theorem 31 apply here as well.
Note  2. Analogues of Theorem 32, 33, and 34 may be proved.
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