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Some generalizations
of the Cantor-Lebesgue Theorem, 11

This paper is concerned with generalizations of the results to be
found on pages 95 thru 103 of my ealier paper [3], and with certain new
results along these lines. In general these generalizations have required
complete restatements of the theorems and. their proofs, however, whenever
possible we have simply made reference to the result given in the earlier
paper {3]. At first the generalization will be confined mainly to replacing
Lebesgue measure by Lebesgue—Stieltjes measures and introducing a
weighting function g¢g(x) in place of x, but in the end we also obtain
results in which we introduce several weighting functions g¢,,(x), ..., g,(z)
and several corresponding lambda sequences {1, .}, ..., {4, ,}. An effort
has also been made to improve the notation, and in conjunction with
this it should be noted that the property P(4, !, r) found in this paper
is the property @’'(r, d,1) found in [3].

Throughout this paper we will assume that f(x) is a real or complex
valued funection defined for all real », and that unless specified otherwise,
h{x) is a strictly increasing real valued function defined and right contin-
uous on an open interval D, finite or infinite, that u, is the Lebesgue—
Stieltjes measure function on D generated by k(z), and that u is the
Lebesgue measure function.

THEOREM 1. Let f(x) be any real or complex valued function, p be
a fived real or complex number, and {t,} be any convergent sequence of real
numbers. Let D be an open interval, finite or infinite, and g{x) be defined
on D. If t, = limt, and f(x) s continuous at t,, then a necessary condition

3
that the sequence f (An-g(m)-l—tn) converge to p on a subset of D having posi-
tive wy-measure for no bounded real sequence {1} is

(1) F(t) #p.

Proof. Let F be a subset of D having positive u,-measure and
A, =0 (n =1,2,3,...), then Mmf(4,-g(x)+1,) = imf(¢,) = f(4,) on E.
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Thus if limf (ln- g(x)-+1,) # p on subsets of D having positive u;-measure

for all bounded real sequences {,}, then f(#,) #*

Note. If t, =t, for » =1,2,3, ... the hypothesis that f(») is con-
tinuous at ¥, may be deleted.

LEMMA 2. Let the function g(x) be defined and sirictly monotonic on
an open interval D, finite or infinite, and h(x) be siriclly increasing and
right continuous on an open interval containing g(D). If E is a Borel subset
of D, then g(E) is u;-measurable.

Proof. Since g is strictly monotonic on the open interval D; then
D N {x:g(x)<a}is an interval or the null set for every real a, hence
g is a Baire function. Thus ¢ is a one-to-one Baire function whose domain
is a Borel set D, hence it maps Borel subsets of D onto Borel sets (see
p. 489 of [2]).

LEMMA 3. Let the functions g(x) and h{x) be continuous on the interval D,
finite or infinite, differentiable on D°, and the function ¢’ (x)[h' () be bound-
ed on D°. If M = Sup{lg’(z)/k’ ()| : ®<D"}, then |g(z;)— g(@:)] < Mih(wl)—
— h(w,)| for every wxy, ®aeD.

Proof. Let 2, @, be any two points in D, then it follows from the
Generalized Mean Value Theorem that

[g(@)—g(22)]-h' (&) = [h(z)—h(zs)]-g'(§) for some ez, x,),
@nd consequently
g’ (&)
h'(&)

In a similar manner we prove

LEMMA 4. Let the functions g{x) and h(x) be continuous on the interval D,
finite or infinite, differentiable on D°, and the function ¢’ (x)/h’ () be bound-
ed away from zero on D°. If y = Inf{|g’(2)/k (®)|: #eD°}, then |g(z,)—
— g(@a)| = y |h(@1) — h(®s)] for every w,,xzeD.

LEMMA 5. Let function ¢g(x) be strictly increasing and continuous on
the open interval D, finite or infinite. If B is a Borel subset of D,
then p(g(B)) = p,(B).

Proof. Since E is a Borel subset of D it is u,-measurable and it
follows from Lemma 2 that g(&) is u-measurable.

Given & >0, let {(a,,b,):n =1,2,3,...} be a sequence of open
intervals contained in D and such that (U {(a,,8,):n=1,2,3,...}=2 F

and Z[g(bn —g(a,)] < py(E)+e; and let ¢, =g(a,), d,=g(b,) for

n 1
n y 2,
n=1,2,

lg (@) —g(@2)] = AR (@) — k()] < MR (w1)— R (@5)].

3, ... Then g being strictly increasing it follows that ) {{¢
3, . } 2 g(&).

1L7
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Thus

and since e is arbitrary, then u(g(E)) < u,(B).

Since g is strietly increasing and continuous on D it is an open mapping
function there, hence g(D) is an open set. Given & >0, let {(¢,,d,):
n=1,2,3,...} be a sequence of open intervals such that () {(¢,, d,):
n=1,2,3,..} 2 g(E), (¢, d,] = gD)forn=1,2,3,... and }(d,~c,)

n=1
< ulg(B)+e and let a, =g '(c,), b, =g '(d,) for n=1,2,3,...
Then ¢~' being strictly increasing it follows that | {(a,,?b,):n =
=1,2,3,...} 2 E, and g being strictly increasing and continuous on D
it follows from [¢,,d,] < ¢(D) that [a,,b,] = ¢ '([c,, d,]) < D for
n= 17 27 37 ... Thus 2 [g(bn)—g(a’n)] = ,}:(dn_ C'n,) < :u(g(E))—{— &y and
n=1

n=1

since ¢ is arbitrary then u,(E) < ul(g(H)).

Note. If g(z) is merely strictly increasing and right continuous on D,
then we have u,(E) < u(g(E)).

LEMMA 6. Let the functions g(x) and h(x) be defined, strictly increasing,
and right continuous on the open interval D, finite of infinite, and |g(»,)—
—g(@y)| = yh(x) — h{z;)| for some constant vy >0 and every x,,x,¢D.

If E = D is a Borel set, then u,(E)>= y-u,(E). Futhermore if [a, b] <
D is a finile interval,

__9)—g(a)
yIh(g)—h(a)]’

and E < (a,b] is a Borel set such that u,(H)>n(l—7r)[h(d)—h(a)],

then u,(E) > (1—r)[g(b)—g(a)].
Finally, if E = D is a Borel set of positive uy-measure, then u,(E) > 0.

Proof. Since E is a Borel subset of D it is both y, and g,-measurable.
Let {{a,,b,):n =1,2,3,...} be any sequence of open intervals, con-
tained in D, and such that U {(a,,b,):n =1,2,3,...} 2 E. Then

Z[g(bn)_g(a'n)] > VZI:}L(bn)”— h(a’n)] 2 yluh(.E)’ Therefore My (E) 2 V'xu'h(E)'
n=1

n=1
Let ¥ < (a, b] = I be a Borel set such that u,(E) > (1 —r)[h(b)—
—h(a)]. Thus :

sl —B) = p,(I)— p,(B) < py(I)— y - pap ( E)
< pry(I)—yn(L—r) iy, (I)

re(0, 1), n(l—r) <1,

— 19 —g(@1| 1=y = (POZRENT = g,
L g(b)—g(a)
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and consequently
s (B) = p,(I)— pr,(I—8) > (1—71)[g(d)—g(a)}].

Obviously if ¥ < D is a Borel set of positive u,-measure, then u,(¥)
=y (E) > 0.

Note 1. If g(x) is strictly decreasing the lemma and proof remain
valid with u,(8) replaced by u(¢(8)) for 8 = K, I, and I-E and g(b)—
—g(a) replaced by lg(b)—g(a}|.

Note 2. Obviously the result is valid for all sets £ < D which are
both u, and w,-measurable, but for most of our applications B will be
a Borel set.

Note 3. If g(#) and &i(x) are continuous at # = &, then we may re-
place E < (a,b] by ¥ < [a,b] above, for then u,([a,b]) = u,l(a, b])
= g(b)—g(a) and uu(la,d]) = /Lh(((ﬁ, b]) = h(b)—h(a). Indeed it will
be this form of the lemma which we make use of later.

Note 4. It also follows from the proof above that if u,(H)
= n(1—r)[h(b)—h(a)], then u,(#) = (1—7r)lg(b)—g(a)].

Note 5. Since the function g(z) is strictly increasing, it is a simple
matter to alter the proofs given above in such a manner that we can
delete the requirement that g(z) be right continuous and replace
u,(E) by ,u(g(E)) throughout. Lemma 2 will assure that g¢(F) is
u-measurable

Ly 7. Let the functions g(x) and h(x) be defined, strictly increasing,
and right continuous on the open interval D, finite or infinite, and |g(x,)—
—g(xy)| << M {h(wy)— h(x,)| for some constant M >0 and every w,, xyeD.
If E < D is a Borel set, then p,(E) < M- u,(E). Furthermore if [a,b] = D
is a finite interval,

[g(b)—g(a)]
M[h(b)—h{a)]’

re(0, 1),

and E < (a, b} is a Borel set such that u,(E) > (L—ar)[h(b)— h{a)], then
U (EBY > (1—7)[g(b)—g(a)]. Finally, if h(x) is continuous on D, and E
is a Borel subset of D having positive w,-measure, then u,(E) > 0.

Proof. Since E is a Borel subset of D it is both u, and u,-measur-
able. Given ¢ >0 let {{(a,,b,):n =1,2,3,...} be a sequence of open
intervals, contained in D, and such that

Uf{a,,b):n=1,2,3,..}2F and T;[h(bn)—h(a,n)]<uh(E)—{—§[.
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Thus
Mg —gla)]< M D [h(by)—N(a,)] < M-y (B)+e,

n=1
and ¢ being arbitrary, then u,(E)< M-u,(E).
Let £ < (a,b] be a Borel set such that u,(E)>1—uyr)[h(b)—
—h{a)], and 8 = (a,b]—F; then § is also a Borel set and u,(S)
= pp((@, b])— ps(E) < nr{h(b)— h(a)]. Therefore

1o (B) = pg (@, 01)— 1y (8) = [9(b)— g (@)1 — M- 11, (8) > [g(b)—g(a)]—
— Myr[h(b)—h(a)] = 1—7)[g(b)—g(a)].

Suppose that A(x) is continuous on D, and let ¥ = D be a Borel
set having positive u,-measure; then it follows from Lemma 5 that
w(h(B)) = u,(E) >0. Since h(E) is a set of positive u-measure it has

a point of density x,;. Let I, = (zz— k', ®,] for k =1,2,3,...; then
h(E) N I,
limﬁ(*—(h———) A') =
k p(Ly)
Let J; = (b7 (a;— k"), A7 ()] for k=1,2,3,..., then A(J,)=1I,
for ¥ =1,2,3,... Thus it now follows from Lemma b that
End h(E N dJ, rME)NT
li v k) — lim ﬁ(b( L)) — lim M(l( ,) Ic) -1,
ko () ko u(h(Ty) p p(Te)

Let 7¢(0, 1) and choose K so that w,(E N Jg) > (1—nr)u(Jy) and
Jxg = D. Then with Ji = (a, b] above we obtain u,(F)>= u,(E N Jg)
> (1—r)pu,(Jg) > 0.

Note. The notes of Lemma 6 apply here as well (with the obvious
alteration to Note 4).

DrrFINITION 1. Let the functions ¢(x) and A(x) Le defined on an in-
terval D, finite or infinite. If corresponding to every finite interval I < D,
there exists a finite positive constant y; or M, such that either |g(x,)—
—g(w5)] Z yrlh(w)— k()| or |g(w)—g(w,)| < Mylh(x,)—h(2:)| whenever
x,, x,¢el, then g(x) is said to be of type T, with respect to h(x) on D.

Note 1. In this paper, the application of this definition will be
to functions ¢(x) and k(x) which are strictly monotonic and continnous
on D (with h(x) actually strictly increasing).

Note 2. The property is obviously transitive.

Note 3. If ¢g(x) and h(x) are defined on an interval D, finite or
infinite, and g (x) = ¢, h(z)+ ¢, on D for real constants e, ¢, with ¢; = 0,
then ¢(x) is of type 7', with respect te h(x) on D.



156 T.E. Mott

LenmMA 8. Let the function ¢(x) and h(x) be defined, and g(z) be one-
to-one, on an interval D, finite or infinite. If g(D) is an tnterval, then g(x)
is of type T, with respect to h(x) on D iff h(g~" () is of type T with respect
to ¢ on g(D).

Proof. For

lg (@) — g(@2)] = yrlh(@) —h(x)] on I
implies that ,
[y — | = ig(gil(ml))_g(gﬁl(xz)}' =y gh (g_l(x]))— h (g_l(wz))l on g(I),

and

Vl (g—l(a"'l))— h (9_1(902))! = yrt oy —a,|  on g(I)

implies that

(@) — h(zo)| = (g7 (g(@0))— kg7 (9(@))| = vilg (@) —g (@) on I,

etce.

Note. In particular, if the function h{g~'(#)) satisfies the Lipschitz
condition on every finite interval I < g(D), then g(x) is of type 7, with
respect to Ah(x) on D.

LeMMA 9. Let the functions g(x) and h(x) be defined, strictly increasing,
with g(x) right continuous, and h(z) continuous on an open interval D,
finite or infinite. If there exists positive constants y or M such that

lg(@)—g(@a)] = p|h(@)—h(@)]  or  g(@)— g (@) < M|h(w,)— k()]
whenever ©,, v2eD, and B < D is both p, and wu,-measurable, then u,(H)
>0 6ff pn(E) >0.

Proof. From Lemmas 6 and 7 it follows that if u,(E) >0, then
p,(E) >0 (see Note 2 of Lemma 6). Furthermore since

B (@) — (@) < v g (@) — g ()] or  |h(@y)—h(we)| = M g(@y) — g (@)}

whenever x,, z,eD, it follows from Lemmas 6 and 7 that if u,(E) > 0, then
wn (E) > 0.

Note 1. Lemma 3 is pertinent at this point.

Note 2. From Note 1 of Lemmas 6 and 7 it follows that the
result holds with g(x) strictly decreasing instead of strictly increasing.

Note 3. If A(w) is only right continuous on D and we have |g(2;)—
—g(@;)| = y|h(x)— h(x)| whenever x,,x,¢D, then u,(E)>0. For in
Lemma 6 we require only the right continuity of A(x) in D.

Note 4. From 5 of Lemmas 6 and 7 it follows that if we delete the
requirement that g(x) be right continuous, then we may conclude that
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if # is a u,-measurable subset of D such that g(F) is u-measurable, then
u{g9(E)} >0 whenever u (E) > 0.

LEMMA 10. Let the functions g(x) and h(x) be defined, strictly increasing
with g(x) right continuous, and h(x) continwous on an open interval D,
finite or infinite, and g(x) be of type Ty with respect to h(x) on D. If E < D
is both p, and p,-measurable, then p, (E) >0 iff w,(H)>0.

Proof. This follows directly from Lemma 9 and the fact that every set
of positive u,-measure contains a bounded Borel subset of positive
uy-measure, which is consequently contained in a finite interval.

Note 1. In view of Note 2 of Lemma 9 the result holds with ¢(x)
strictly decreasing instead of strictly increasing.

Note 2. In view of Note 4 of Lemma 9 above, if we delete the re-
quirement that g(a) be right continuous, then we may conclude that
if B is a y,-measurable subset of D such that ¢(F) is 4 -measurable, then
1(9(B)) >0 whenever u,(H) > 0.

DEFINIITION 2. Let the function g(x) be defined except possibly at
a finite number of points of an interval D, finite or infinite, and h(x)
be strictly increasing and continuous on . Then g¢(z) is said to be of type
T, with respect to h(x) en D, if both ¢'(x) and ¢’ (x)/h’'(x) exist and are
non-zero except on a finite set § < D, and both ¢'(x) and ¢ (x)/h'(x)
are continuous on D-S.

Note. Polynomial and rational functions are of type T, with respect
to (a continuous strictly increasing) z(x) on D whenever %' (x) is continuous
and non-zero except at finitely many points in D.

DeriNIiTION 3. Let the funections ¢g(z) and A(x) be defined on an in-
terval D, finite or infinite, and h(x) be strictly increasing and continuous
on D. Then g(x) is said to be of type T witht respect to k(x) on D, if it is
of type 7', with respect to h(2) on D, or it is strictly monotonic and right
continuous on D and of type T, with respect to i(x) on D.

Note 1. Since g(x) is either strictly monotonic on D or else strictly
monotonic on finitely many subintervals of D, then g(x) is u,-measurable.

Note 2. If h(x) is strictly increasing and continuous on D and
g(x) = ¢, h(x)+¢, on D for real constants e,, ¢, with ¢, > 0, then g(x)
is of type T with respect to h(x) on D (see Note 3 of Definition 1).

LemymA 11, Let the function g(x) be of type T, with respect to h(z) on
the open interval D, finite or infinite. If E < D is a Bovrel set, then g(E)
18 @ up-measurable set, and if w,(F) >0, then y(g(E)) > 0.

Proof. Since g(x) is of type 7T, with respect to h(x) on D; then
D= J{I,:%k=1,...,m}is a union of intervals in whose interior ¢’ (x)
and ¢'(«)/k'(x) are continuous and non-zero. Thus in each interval I,
the function g¢(x) is strictly monotonic and continuous. Since E N I,
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is a Borel set; then it follows from Lemma 2 that g(E n I}) is y-measur
able for ¥ =1, ..., m. Thus ¢g(F) as a union of finitely many p-measur
able sets is p-measurable.

m

Since X 'un(E N I3) = p(E) > 0; then p,(E nI)>0 for some F.
=1

Thus there exists a closed interval I < I}, such that u,(E n I) > 0. Since
¢’ (®)/k' (x) is continuous and non-zero on I; then there exists some y >0
such that [¢"(x)/h'(x)| = y on I. Therefore it now follows from Lemmas 4
and 6 that u(g(®)) > u(g(E 0 1)) > yu(B nI)>0 (see Notes 1 and 5
of Lemma 6).

LEMMA 12. Let the function g(z) be of type T with respect to h(x) on
the open interval D, finite or infinite. If E < D is a Borel set and u, () > 0,
then u(g(E)) > 0.

Proof. Follows directly from Lemmas 2, 10 and 11 (see also Note 1
of Lemma 10).

THEOREM 13. Let f(x) be continuous, p be a fixed real or complexr number,
and {t,} be a convergent sequence of real numbers with ty — limt,. Let the
n

function g{(x) be strictly monotonic and continuous on the open interval D,
finite or infinite, with ¢ of type T, with respect to h(x) = x on the interval D.
Then a mnecessary condition that the sequence {f(A,-g(x)+1,)} converges
to p on a subset of D having positive u-measure for no bounded real sequence

{2} is:
(ii) ul({e—1ty : (@) = p}) N (g(D))] = 0.

Proof. First of all we note from Lemma 8 that ¢~ !(x) is of type Ty
with respect to h(x) = 2 on ¢g(D).

Let B = [({m—1t:f(x) = p}) n{g(D))] and suppose that u,(K)
= p(B) > 0. Since sets of positive u,-measure have Borel subsets of
positive u,-measure, there exists a Borel set E, = ¥ such that u,(E,)
>0. Let 4, =1 for » =1,2,3,...; then limf(4,-y-+1t,)=Ff(y+¢) =p

on E,. Since E, < ¢g(D) and ¢! is of type T, with respect to h(x) on ¢(D);
then it follows from Lemma 12 that u(g~*(H,)) > 0. Thus we now have
limf(4,g(x)+1t,) =p on g~ '(E,) < D with pu(g7'(E,)) > 0. Therefore (ii)
n

Is necessary.

Note. If ¢, =1, for n = 1,2, 3, ... the hypothesis f(x) is continuous
may be replaced by f(x) is a Baire function. For continuity is no longer
required, and this is enough to ensure that E is a u,-measurable set and
flA,g(®)+1,) is a p,-measurable function.

THEOREM 14. Let f(x) be continuous, p be a fized real or complex number,
{t.} be any bounded sequence of real numbers, and S be the set of all limit
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doints of {t,}. Let D be an open interval, finite or infinite, and g(x) be of
type T with respect to h(x) on D. Then suffictent conditions that the sequnce
{j’(ln-g(w)—l—tn)} converges o p on a subset of D having positive u,-measure
for no bounded real seugence {1,} are:

(iii) J(t) % p whenever t¢8;
(iv) plfw: fl@) = p}) = 0.

Proof. Suppose that there exists a subset £ of D having positive
pp-measure and a bounded sequence {1,} such that lmf(4,-g(x)+1,) = p
n

on E, then since sets of positive u,-measure have bounded Borel subsets
of positive u,-measure, we may assume that E is a bounded Borel set.
Thus it now follows from Lemma 12 that M(g(E)} > 0. For simplicity
of notation we denote g(X) by E so that we now have limf(i,x-+1,) = p

n
on B, £ < g(D), and u(F) > 0. Simultaneously suppose that both (iii)
and (iv) are true.
First let us assume that {1,} has zero as a limit point; then there

exists a subsequence {n;} such that lim4, =0 and limt, ={¢, for some
k k

tyeS. Let x be any point in B; then limf(4, »+ l,,) = p. But since f is con-

k

tinwous imf(4,, #+1,,) = f(%,). Thus f({) = p, and from this contradiction
. :

of (iii) it follows that {1,} does not have zero as a limit point.
Now assume that {4,} has a finite non-zero limit 4, then there exists
a subsequence {n,} such that lim2, = 1 and lim¢, =1, for some #;e8S.
k ) k

Let # be any point in Z; then limf (A, 4 1,,) — p. Buti since f is contin-
2
wous limf(4, -z+1t,) = f(Ar+4t). Thus f(Az+1) =p on E, so that
k

A B+t < {:f(») = p}, and consequently u({x:f(x) = p})>0. From
this contradiction of (iv) the theorem now follows.
THEOREM 15. Let f(x) be continuous, p be a fized real or complex number,
{t.} be a convergent sequence of real numbers, and t, = limt,. Let the func-
n

tion g (x) be strictly monolonic and continuous on the open interval D, finite
or infinite, with g(D) = B, and g be of type T, with respect to h(x) = ®
on D. Then necessary and sufficient conditions that the sequence { f (/’tn- g{x)+
~+1t,)} converges to p on a subset of D having positive u-measure for no
bounded real sequence {1,} are: (1) and (iv).

Proof. Since ¢(D) = R; and h(z) = », this follows from Theorems,
1, 13, and 14.

Note. Theorem 4 of [1] follows from Theorem 15 on letting g(x) = x
and D = (—co, o0).
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DurINTrioN 4. The g,-measurable function f(x) is said to have the
property P,(6, 8,1, r) with respect to the real or complex number p,
if corresponding to every ¢ > 0 there exist positive numbers 6, I, v (r < 1)
such that for every interval J = [a, b], @ £ 0, of length greater than 1
and such that (b—a)/la] =6 we have u,(J;,) = ru(J), where J,; ,
={x:zel, |f(x)—p| =6}, If h(x) =a merely denote the property
by P(8, §,1,7).

DEFINITION 5. The y,-measurable function f(x) is said to have the
property Q,(r, 8, §,1) with respect to the real or complex number p,
if there exists » in (0, 1) such that corresponding to every 8 >0 there
exigt positive numbers 9, I such that for every interval J = [a, b], & #£ 0,
of length greater than ! such that (b—a)/jal = 0 we have u,(J;,) = 7+ up(J).
If h(w) = x merely denote the property by @(r, 0, d,1).

Note. Comparing Definitions 4 and 5, since # is independent of ¢
in Definition 5 we see that if f(x) has the property Q,(r, ¢, §,1) with
respect to p, then f(x) has the property P,(8, 8,1, r) with respect to p.

DeFINITION 6. The py-measurable function f(x) is said to have the
property P, (9,1, r) with respect to the real or complex number p, if there
exist pogitive numbers J, I, » (r < 1) such that for every interval J of
length greater than 1 we have u,(J;,) = 7 u,(J).

Note 1. Comparing Definitions 4, 5 and 6 if f(x) has the property
P,(d,1,r) with respect to p, then it also has the properties P, (8, o, 1, r)
and Q,(r, 0, §,1) with respect to p. '

Note 2. Lemma 3 of [3] and Lemma 26 below are of interest at
this point.

LEMMA 16. Let the functions g(x) and h(x) be defined strictly increasing
and right continuous on R,. Let f(x) be defined and both p, and p,-meas-
wrable on R,. If there exist constants 0 <y << M < oo such that

v k(@) — h(®)| < lg(@)— g (@) < M |h(2)—h(ms)|  for every x,, x,¢ Ry,

then f(x) has the property P,(6, 1, r) with respect to p iff f(x) has the property
P,(5, 1, r) with respect to p.

Proof. Suppose that f(x) has the property P,(d,1,r) with respect
to p and let 8, I,  be the 4, I, » of P, (4,1, r) for f(x) with respect to p.
Let J be any interval of length greater than I; then u,(Js,) = 7 up(J).
Let '

ty () * 1
Ny = and r; =1—un;r;
T () 7 T
then
M . N y
1<y, < -, i—r<r;<1l——r,

y M
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and #7;(1L—73) = r. Thus it now follows from Lemma 6 that sl s ) = (1—
—15) iy (J) whenever w,(Js,) = 1,(1—77) up(J) = rm(J). Letting +5°
=1—15 =7 rand ™ = p-M7r; then »™ <#)" <r so that u,(J,,)
=1 (J) = v p,(J) whenever py,(J; ) = 7+ us(J), that is whenever J
is an interval length greater than I. Therefore there exist positive numbers
é, 1, r** (r** < 1) such that for every interval J of length greater than I
we have u,(J,,) =" p,(J), hence f(x) has the property P,(s,1,r)
with respect to p.

Sinee M~ g (@) — g (@2)] < [ (@) — k(@) < ¥y g(@1) — g (w,)] for every
@,, vy R, the converse also follows in the same manner.

Note. Obviously we may replace P,(d,1,r) by either 9,(9, 6,1, »)
or P,(r, 0, 9,1) in the above lemma and its proof.

LEMMA 17. Let the p-measurable function f(x) be defined in R, and

P be any real or complex number. Let @ = imf(x), b = limf(z), & = limf(x),
a— P, -

>0 e T>—00

and Qzﬁn—f(x). Then if p¢{la,blu(a,bl} the function f(x) has the

property P (6,1, r) with respect to p.

Proof. Suppose that p¢{[a, b] U (@, b1} and let & be one half of the
distance from the point p to the set {[a,b] u [@, b]}. Now choose K
large enough so that f(x)e{la— 4, b+ 6] v [@a—d, b+ 5]} whenever ||
> K, for then we have |f(x)—p| > ¢ whenever |¢| > K. Now let | = 4K
and 7 = 3; then if J is an interval of length greater than I we have |f(z)—
—pl> 6 over at least half of the interval J, that is u(J,,) > Lu(J).
Thus f(x) has the property P(d, [, r) with respect to p.

Note. Thus every u-measurable real valued funetion f(x) defined
on R, has the property P (4,1, r) with respect to every non-real complex
number p.

THEOREM 18. Let f(x) be o u-measurable function, p be a fized real
or complex number, and € be the class of all pairs ({1,}, {t,}) of sequences
of real numbers with {A,} unbounded. Let g(x) be strictly monotonic and
continuous on the open interval D, finite or infinite, with g(x) of type T,
with respect to h{x) = on D, and D < g(D).

Then a necessary condition that the sequence |f(A,-g(®)+1,)} con-
wverges to p on a subset of D having positive u-measure for no ({1,}, {t,}) % is:

(v) f(z) has the property P(0, 6,1, r) with respect to p.

Proof. First of all we note from Lemma 8 that ¢~'(z) is of type 7,
with respect to k(x) = 2 on ¢g(D).

Suppose that (v) is a necessary condition that the sequence {f(4, v+
+t,)} converges to p on a subset of D having positive y-measure for no
({3}, {t.}) €. Then if (v)is false there exists a ({1}, {{,}) €€ and a-subset E

Roczniki PTM ~— Prace Matematyczne XV 11
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of D having posith?e u-meagure such that imf(1,-y+1%,) = p on E. But as

a set of positive u-measure, I has a bounded Borel subset B, of positive

u-measure. Since B, < D < g(D) and ¢~ () is of type T'; with respect to h(x)

on g(D); then it follows from Lemma 12 that u (g~ " (H,)) > 0. Thus we now

have limf(4, g(@)+1,) =p on g7'(E,) < D with u(g~'(E,)) > 0. There-
n

fore we have only to prove the assertion made in the first sentence of
this paragraph.

Suppose that (v) is false. Then there exists a 6 > 0 such that cor-
responding to every set of positive numbers §, I, r (r < 1) there is an
interval J = [a, b], a # 0, having length greater than 7 and (b— a)/|a]
= 0, for which u(J;,) <7 u(J).

Let r, = 107"%,{5,} be a strictly decreasing sequence of real numbers
such that limé, = 0, and {l,} be a strictly increasing sequence of real

n
numbers such that liml, = co and 1, >Sup(s;'+1,2"" ) for

n=1,2,3,... Then for every = there exists an interval J, = [X,,, Y, ],
X, +# 0, having length greater than I,, with (¥,— X,)/|X,| > 6, for which
,uh((Jn)%p) < 7, py(J,). Consider the sequence {X,}. There is a monoto-
nic subsequence {X, } which tends to a limit X which is either finite or
4oo. If X is finite we may choose {X, } so that for k¥ =1,2,3,... we
have (X, — X| < 27% and | X, — X <27%X| if X »£0. I lim|Y,/X,|

n
= oo and lim|Y,/X| = oo, which certainly occurs if X is finite and non-

”

zero, then we may further require that |Y, /X, | > 2" and |Y,, /X| > 2"
for ¥ =1,2,3,... For simplicity we denote the subsequence by {X,},
then if X is finite and non-zero we have |X,—X| < 27" Inf{|X], 1},
Y, /X, >2" and |Y,/X|>2" and if X =0 we have |X,—X| <27
all for n =1,2,3,...

Suppose that X is finite. Let J, = [X,—s,, ¥, ], then u((J,)s ,)
< r,u(d,)+ le,). Then letting &, = X, — X we have |¢,| <27" and

|£nl (Tle)]‘ ()

P(Tadonn) < 7"t (T) + leal < ["“L EA

2 . ’
= [T,L+ ﬁ]‘u(']n)dnm <3r, u(d,) forn=1,2,3,...

Note here that J, =[X, Y]
If X is finite, then since liml, = oo there exists an integer N; such
n
that 1,—2 > 2|X| whenever n > N,. Thus
1Y, = (Y,—X)+ X | >|¥Y,— X, |- X, > 1,— |(X,— X)+ X]
>1,—1X|—-X,—X| >~ |X|—-1=1,2
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>N, But I, >2""| for » =1,2,3,..., hence |Y,]
= 2"t,) for n = N,.

If X = + oo, then there exists an integer N, such that X, >0
whenever n > Ny, sothat ¥, = (Y, — X )+ X, >1 > 2"t [forn> N

Suppose first that X = 0. Let N, = Sup(N,, 3); then |£,/Y, ]| < 27"
for n = N,. Let

tn 1,
An X.De “**:‘I’;‘,l——

for n =1,2,3
and A = 4,; then u(A;) >1—-3r, for n=1,2,3, Sinece
n==Ny
u([0, 1]—4)
< Mo, -4,y < > g—pdl+ D pld,~4, n10,1])
n=~Ngy n=Ngy n=Ny
$ C ] tn ] N bt 13 N n n
< N Sl Sz s Soonan <y
n=N, n=Ngy ' " n=Ngy n=3
then wp(d4d) > 1.

Furthermore [f(Y,-X-I-t,)—p| <4, on 4 for n > N,,
hence limf(Y, X+t,) =p on A
Now suppose that X >0 is finite, and let o, = ¥,/ X

n; then

X, < 27X +1)

X—t, t,
= e oy 2
[

]dfax+ﬂ m<@}
n Gn

for n > N,.

for » =1,2,3
Choose N so that (6X 4 2)2-VH!
then

1X, and let N, = Sup(N,, N)
g, X, X
ul(d,) > (1—3r )[ L ] for w = N,.
G)L
Let A =) 4,,. Since

n=N,
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w0, XI—4)< > pl(0, X]—4,) = > (X—p(4,)+
n=Ng n=Ng

- 1—3r,

+ N a4, 0 10, X1><2(1X X1+](

X] + 13ran|) +

n=Ngy n=Ng '
+2( +1X,— X|+ if) ;
n=Ngy On
- X
< (2|X—Xn1+2— 4 +ﬂf—l—)
o, " 10"

il
2

n=Ng

[6:27"X+10""(X+1)+2""] < (6X+2)27 ¥ <« 1X,

e

<

3
[

2
then u(4) > X/2. Futhermore |f(¢,X+t,)—p|l<d, on 4 for n> N,,
hence limf(c,-X+1%,) =p on A.
n
Next suppose that X < 0 is finite, and let o, = Y,/X; then |t /o,
1. Yol 1 X| < 27" X| for n > N,. Let N, = min(¥,, 5),

An={$: we[:-_‘ix;?_‘l_L _X+ ] lf an+tn)—p|<6n} »

for n =1,2,3,...,and A = (" 4,; then u(4,)>(1—3r,) (57 /0,)(—X)
n=Ny

for » =1,2,3,... Since

([0, —X1— )< D u(l0, —X]—4,) < D) [~X—p(4)] +

n=Ngy n=Ny

+ Yud,—4, N[0, —X))

n=Ny
[ | X X 3
<n=ZNZ(2 - ng(?’: + Z—n)

[e°]

< D (427410713 < 13

then u(4) > §|X].

Furthermore |f(—o,2+1%,)—p| <4, on A for »n>N,, hence

limf(—o,-2+1t,) = p on A.
n

-
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If X = -} oo there is no loss of generality in also assuming that
X,>0 (n=1,2,3,...), for otherwise merely delete the finite number
of non-positive terms. Letting o, = Y, /X, we have {0,} as a sequence
of numbers greater than one, hence there exists a monotonic subsequence
{onk} which converges either to a finite limit b > 1 or to b= 4 cc. Further-

. . 1 1
more gince llm( ——) = 0 we may choose {o, } so that ]o"1~—b Y
K\,

<2 " for k =1,2,3,... which may be given an obvious interpretation
when b = 4+ co. For simplicity denote this subsequence by {s,}, then
we have [o;'—b7!| <27 for » =1,2,3,..., with 7' replaced by zero
in case b = + oco. Finally notice that since our intervals J, = [X ]
are such that (Y,—X,)/X,>0, then o¢,>1+46 for n—l 2, 3
and consequently b >1.

Note that the sequences chosen above are subsequences of those
chosen earlier in this proof, so that the pertinenf properties obtained
there are still in force.

Suppose that X = + oo and b > 1 is finite. Let

1 ‘ i, .

n n

for n =1,2,3,...,

then u(4,) >1—r,)(1—0,") for n =1,2,3,... Choose N such that
27N < (1—b7Y)/2, let N,=Sup(N,N.,1), and 4 =) 4,. Since

n=Ny
p(0711=4) < D) pllb™ 14,0 < Y [1—0)—p(4,)]+
n=~Ny n=Ngy

Ng

+ D) wld,— A, 0[] <

n=Ny n

" (logt =07 s, 1— 0yt 4

2

[
z

F Y =y < N e

n=Ng n=>Njy

+ D = b7 = <4 N 2

’I‘L=N2 n=N2

< - <3 (1Y),

n=1
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Then p(A4)>(1—>571)/4. Furthermore |f(Y,-x41t,)—p| < d, on A
for n> N,, hence lim f(Y,z+t,) =p on A.

Now suppose that X = +oc and b = - oco. Let

1, t -

n n

for » =1,2,3,...

and A = () 4,. Then u(4,) > (1—7,) (1—g,") for n =1,2,3,... Since

n=4

w([0, 1= 4) < D (0, 11— 4,) < D [L—p(d,)]+

+ Y u(dy—4, 0[0,1))

n=4
00

= S X

n=4

¢, | -
o (3:27"4+10"") < &3
)<2 + ) < %;

n

n=4

then p(4) > 1. Furthermore [f(Y,x+1%,)—p| <o, on A for » > 4, hence
limf(Y,2z+t,) =p on A.

If X = — oo there is no loss of generality in assuming that X, <0
(n =1,2,3,...), for otherwise merely delete the finite number of non-
negative terms. Let ¢, = Yn/Xn (n =1,2,3,...); then from (Y,—
— X)X, =0 (n=1,2,3,...) it follows that |s,—1|>=60 for

n=1,2,3,... Now choose a monotonle subsequence {o, } which con-
verges either to a finite limit b such that [b—1| > 6 or to b = — co. Since
lim(o,—b) = 0 if b is finite, and lim (1/(0,—1)) = 0 if b = — co; then we

may choose a subsequence {o,, } so that |, —b| <27*(b—1)? and |o,,—1]|
> [b—1}/2 for k=1,2,3,... if b finite, and [(g,,—1)7"| <27k (k =
=1,2,3,...)if b = —oco. For simplicity denote these subsequences by
{o,}, then we have |o,—b| <27"(b—1)? and |o,—1]| > |[b—1{/2 for =
=1,2,3,...if b finite and |(c,—1)"'| <2 (n=1,2,3,...)if b= —oo.

Note that the sequence chosen above are subsequences of those chosen
earlier in the proof, so that the pertinent properties obtained there are
still in force.

Now suppose that X = —oo and b is finite. Let

An_{x: Cve[;fn_)t—f ;’ Xn]xf( (Y,—X,)a+t,)— p1<an}

for n =1,2,3,...
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and A = () 4,; then u(4,) >1—r, for n >4
n=4

Since

pllo—1)7, (=57 1-4) < > (=D, 1—b7) 71— 4,)

< M-y = e—0"1— )} + Y uld,— 4, 0 ta=077,
o= < Yt D[ bl 5 '"‘X)

<Z (310774 427" L[t /1,]) < 2 (5-277 4 g+

n=4
<26-2‘” — 3/4;
n=4

then u(A) > }. Furthermore |f((¥,— X,)#+1,)—p| < 6, on A for n > 4,
hence lImf[(Y,— X, )o+1,] =p on A.
Finally suppose that X = —oo and b = —oco. Let

‘Xn_tn Yn
An-—-{ﬂv:we[y Ak X]yf(y —X,)z+1,) p[<a,,,}
forn =1,2,3,...

and 4 = ﬂ A,; then ,u(An) >1—r7, for n>=4. Since

(10,11 4,) <2u([o 17— An><2[1 M(An)]+2ﬂ(A — 4,0[0,1])

n=4

\§n+2[z<a—1)— Y't"]X]<Z(10_ . "+I”I)
<Z42'"=

then ,u(A) 3. Furthermore |f((Y,— X,)#+1,)—p| < 6, on A for n > 4,
hence lim f((¥,—X,)z+1,) =p on 4.

Thus if (iii) is false there exists, in each case, an unbounded real
sequence {4,} and a set 4 of positive u-measure on which limf(4,2+1t,) = p
n

Therefore (iii) is necessary.
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Note 1. Theorem 1 of [3] follows directly from Theorem 18,
Theorem 1, and Theorem 13 on letting g¢g(z) = h(x) =2 and D =
== (— o0, OO)

LEMMA 19. Let the function h(x) be strictly increasing and continuous
on R, and there exist a constant y >0 such that |h(x)— h(2s)] = y |0, — @,
for every ®,, x.eR . If f(2) is a Baire function and f(x) has the property
Py1(8,1,r) with respect to p, then f(h(x)) has the property P(6, 1, r) with
respect to p.

Proof. If T is an interval of length 4, then from the inequality | (x,)—
— h{x,)) = y |2, —2,| for every z,, x,¢R, it follows that A(I) is an inter-
val of length = yi.

Suppose that f(x) has the property P,—1(d,1,r) with respect to p
and let 6, I, » be of the 4, I, » of P,_1({6,1,r) for f(x) with respect to p.
Let J be of any interval of length >y~ !l and J* = A(J); then J* is an
interval of length > I. Since f(») is a Baire function, J; , is a Borel set,
and it follows from Lemma 5 that u(h ' (J5,)) = w-1(J5,) = 7 up-1(J")
=ruh (TN = rould). - But [|w:zed, |[flh(n)—p| = 6} = 47N(JT},),
hence u({w:@ed, |f(h(z)—p| > 6})>r u(J). Tet " =i"'l, then for
every interval J of length > 1* we have y'({m:weJ, \f(h(@)—p| = 6})
> r-u(J), hence the function f(h(m)) has the property P(d,!,r) with
Iespect to p.

LEMMA 20. Let the function h{z) be strictly increasing and continuous
on R, and there exists a constant M >0 such that |h(x)—h(2,)| < M |o,—
—a,| for every xy, wyeR,. If f(x) is a Baire function and f(h(w)) has the
property P (0,1, r) with respect to p, then f(x) has the property P, 1(8,1,r)
with respect to p.

Proof. If I is an interval of length 2, then from the inequality,
A~ (@) — A~ (@) = Mo, — x,| for every @, #,¢ R, it follows that A~ (I)
is an interval of length > M.

Suppose that f (h(_w)) hag the property P(d,1,r) with respect to p
and let 6, I, » be the 6, I, » of P(9, I, r) for f(h(x)) with respect to p. Let J
be any interval of length > Ml and J* = »~'(J), then J* is an interval
of length = I. Since f(x) iz a Baire function, J;k’p is a Borel set, and it
follows from Lemma 5 that w,_1(J,,) = p(h '(J,,). But {a: @,
F(h@)—p|> 8) =17}(J,,), hence w1(d,,) = ulle: wed*, [f(h(z)—
—p| = 5})27-/4(J*) =r-p(h™(J)) = r-py-1(J). Let I = Ml; then for
every interval J of length > 1" we have un-1{Js ) =1 pup-1(J), hence
the function f(x) has the property P,_1(8, 1, r) with respect to p.

LEMMA 21. Let the function h(x) be strictly increasing and continuous
on R, and there exist constants 0 << vy < M << oo such that y lx,— @y < [h(w)—
—h(xy)| < M |x,—x,| for every wxy, x,eR,. If f(x) 4s a Baire function,
then f(h(m)) has the property P(9,1,r) with respect to p, iff f(x) has the
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property P,(8,1,r) with respect to p (and also iff f(x) has the property
P,_1(6,1,7) with respect to p).

Proof. From Lemmas 19 and 20 it follows that f{k (m)) has the prop-
erty P(d,1,r) with respect to p iff f(r) has the property P, 1(d, I, r)
with respect to p. But since 92| ' (2,)—h @) < [ (2)— h(3,)|<
M2h~ Y (2,)— b~ (x,)| Tor every x;, #,¢R;; then it follows from Lemma 16
that f(x) has the property P,-1(d,1, r) with respect to p iff f(x) has
the property P,(d,1,r) with respect to p.

LEMMA 22. Let the function h(x) be strictly increasing and continuous
on Ry, and there exists a constant y >0 such that |h(x,)— h(x,)| = y |0, — @,|
for every xy, x,e Ry. If f(x) is a Baire function and f (h_l(w)) has the property
P(8,1,r) with respect to p, then f(x) has the property P, (8,1, r) with res-
pect to p.

Proof. Let g(z) = h~'(»); then g(x) is strictly increasing and con-
tinuous on R,, and lg(x,)— g(®,)| < v~ 'a,— x| for every x,, x,¢R,, thus
the result now follows from Lemma 20.

LEMMA 23. Let the function h(x) be strictly increasing and continuous
on B, and there exists a constant M > 0 such that \h{xz,)— h{z,)| < M |@,—
—&,| for every wy, x,cR,. If f(x) is a Baire function and f(x) has the prop-
erty Pp(d,1, r) with respect to p, then f(h“l(:v)) has the property P(d,1,r)
with respect to P.

Proof. Let g(a) = h~1(x); then g(x) is strictly increasing and contin-
uous on R, and |g(x,)—g(xs)| = M '|x,—w,| for every wx,,2,e¢E,. The
result now follows from Lemma 19.

LEMMA 24, Let the function h(x) be strictly increasing and continuous
on R, and there exist constants 0 <y < M << oo such that v |a;— @, < |h{x,)—
—h(zo)| < M|y — 4| for every xy,z,eR,. If f(x) is a Baire function,
then f(h‘l(x)) has the property P(6,1,r) with respect to p, iff f(x) has the
property P,_, (8,1, r) with respect to p (and also iff f(x) Kas the property
Py(0,1, r) with respect to p).

Proof. From Lemmas 22 and 23 it follows that f (h_l(w)) has the
property P (6,1, r) with respect to p iff f(x) has the property P,(8,1, r)
with respect to p. But since p2|h7(z,)—h ™" (@s)] < |h(w))— h{m,)]
< M2 \hYw) — b (my)) for every xy, ®ye Ry; then it follows from Lemma
16 that f(x) has the property P;(d, I, r) with respect to p, iff f(x) has the
property P,_1(d,1,r) with respect to p.

LeMMA 25. Let the function h(x) be defined, strictly increasing, and
continuous on B,. Let f(x) be a Baire function on R,. If there exist constants
0 <y <M < oo such that y|o,— y| < |h () —h(2,)| < M |x,—x,| for every
®y, @yeRy, then f(x) has the property P (8,1, ) with respect to p, iff f(k(x))
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has the property P(6,1,7) with respect to p (and iff f(h™" (@) )) has the property
P(d,1,r) with vespect to p).

Proof. From Lemma 16 it follows that f(«) has the property P(6,1,7)
with respect to p iff f(x) has the property P,(é, 1, r) with respect to p.
But from Lemma 21 it follows that f(x) has the property P,(J, I, r) with
respect to p iff f(k(«)) has the property P (4,1, r) with respect to p, and
from Lemma 24 it follows that f(x) has the property P,(d,1,r) with
respect to p iff f( l(w) has the property P(4,1,r) with respect to p.

LeMMA 26. Let the function h{x) be defined, strictly increasing, and
continuous on R,, and there exist constants 0 <y < M < co such that
y |y — 5| < R (@) — h(@5)] < M @y — | for every m,,wseR,. Let f(a) be
a mon-constant, continuous, almost periodic function. Then f(x), f(h(z)), and
f(h‘l(x)) all have the property P (4,1, r) with respect to every real or complex p.

Proof. This follows directly from Lemma 3 of [3] and Lemma 25
above.

TurorREM 27. Let f(x) be a Baire function, p be any real or complex
number, and c be the class of all pairs ({1,}, {t,}) of sequences of real numbers
with {1,} unbounded. Let D be an open interval, finite or infinite, and g(x)
be of type T with respect to (a continuous sirictly increasing) h(z) on D. Then
o sufficient condition that the sequence {f(4,:g(w)-+1,)} converge to p on
a subset of D having positive u,-measure for no ({1}, {t,}) <% is:

(vi) f(®x) has the property P(d,1,r) with respect to p.

Proof. Suppose that there exists a subset K of D having positive
pmy-measure and a({4,}, {t,})e# such that lim f(4,-g(®)-+1,) =p on E;

then since sets of positive u,-measure have bounded subsets of positive

Up-Imeasure we may assume that £ is a bounded set. In fact we can arrange

to have F as a subset of a finite closed subinterval of D. Thus it now fol-

lows from Egoroff’s Theorem that lim f(1,-g(x)+¢,) = p uniformly on
n

a subset E, of F having positive u,-measure. Since every set of positive

pp-measure hags a bounded Borel subset of positive u,-measure; then we

may assume that E; is a bounded Borel set. From Lemma 12 it now

follows that u(g(H,)) > 0. For simplicity of notation we denote ¢(H,)

by E so that we finally have limf(4,-#-+1¢,) = p uniformly on £ < g(D)
n

with p(#) > 0. Since F is a set of positive p-measure it has a point of
density z;, and since almost every point of F is a point of density; then
we may arrange to have x,; - 0.

Let » be the r of P(d,1,r) and I, = [2g, 23~k *1for k =1,2,3,...;
then

Enl
im #E 0 )y
k u(ly)
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Now choose K so that u(E N Ig) >(1—r)u(lg). Let d,1 be the 9,1
of P(4,1,r) and choose N so that {Ay|-K ' >1and |[f(Ay-2+iy)—pl< o
on E. Let J = Ay-Ix—+1ty; then |f(y)—p| < doniy - EF+iyand ul[(Ay-E-+
+iy) NJ] =y ulB N Ig) >A—r)u(J) so that u(J;,) <ru(J). But
J = [An @5t tys Ay @+ Ay K ' 415 ]is an interval of length |1y - K~! > 1,
hence we have the desired contradiction of (vi).

Notel. If the class € is further restricted by requiring that the
sequence {1,'-%,} converge to zero, then condition (vi) may be replaced by
condition

{vii)  f(x) has the property Q(r, 8, §,1) with respect to p.
For then we have

. K1t K!
= lim - =
n |Zqt A, 1 [ 24

o A, K1
hmy 3 >0.

nwd+ tn

Thus if we let 26 = K~ '|a;] we may choose N so that

AyE!

—— > 0.
Ay yt+ty

See Theorem 2 of [3].

Note 2. If g(#) = y 2+ y, for real constants y,, y, with », 0,
and k(x) = x, then the result holds for any u-measurable function f(x).
For then f(%,-g(x)+1,) is a p-measurable function without requiring
that f(z) be a Baire function.

Note 3. Theorem 2 of [3] follows directly from Note 1 of Theorems
27 and 14 on letting A(z) = g(2) =2 and D = (— o0, o).

Note 4. Note 2 of Definition 3 is pertinent here.

Note 5. If g(») is strictly monotonic and of type 7, with respect
to A(x) on D, then the theorem holds without any continuity restriction
on g(x). This follows from Note b of Lemmas 6 and 7. Futhermore, if
this 7', eondition is the type used in Lemma 6 we can weaken this conti-
nuity condition on #(x) to right continuity since Lemma 6 requires no
more.

TieEOREM 28. Let f(x) be a Baire function, p be any real or complex
number, and € be the class of all pairs ({2}, {t,}) of sequences of real
numbers with {4,} having no finite points of accumulation. Let D be an
open interval, finite or infinite, and g(x) be of the type T with respect to
{a continuous strictly increasing) h(x) on D. If f(x) has the property P (4,1, r)
with respect to p = 0, and lima,-f(4," g(@)+1,) =0 on a subset Ho f D

n
having positive u,-measure for some ({1}, {t,})<€", then lima, = 0.
n
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Proof. Suppose that lima,-f(1, g(x)+1t,) =0 on a subset K

n
of D having positive u,-measure for some ({2}, {t,}) <€, and suppose
that lima, s 0. Then there exists a subsequence {n;} such that @, 70
n
for j =1,2,3,... and either lim Oy = @ F 0 for some finite ¢ or im \anjl
' i

! or zero respectively, and in either

.f(lnj-g(w)—i—tnj)):() on . But

7

7
= oo. Thus we have lim a;jl =g~
i
case limf(2, g (@)+1,) = lim(a;jl)(“n
7 i

sinece ({lnj}, {tnj}) is in the class ¥ of Theorem 27 it then follows from
Theorem 27 that we have a contradiction, hence lima, = 0.

n

Note 1. Obviously a similar theorem may be had in conjunction
with Theorems 14, 31, 32 and 35.

Note 2. Note 5 of Theorem 27 applies here.

DEFINITION 7. The uj,-measurable function f(z) is said to have the
property P, (0, 6,1, v) uniformly with respect to the subset § of the complex
plane, if corresponding to every 0 >0 there exist positive numbers,
0,1, # (r < 1), independent of p, such that for every interval J of length
greater than ! and such that (b—a)/lal = 0 we have u,(J; ) = ru,(J)
for all p in S.

If h(x) = & merely denote the property by P(9, 9,1, r).

THEOREM 29. Let f(x) be a p-measurable function, and € be the class
of all pairs ({A.}, {t,}) of sequences of real numbers with {1} uwnbounded.
Let g(x) be strictly monotonic and continuous on the open interval D, finite
or infinite, with g(x) of type T, with respect to h(x) = @ on the interval D,
and D < g(D). Then a necessary condition that the sequence f(2,-g(®)-+1,)
conwverges to a finite limit function on a subset of D having positive u-measure

Jor no ({)‘n}7{tn})€(g i8

(viii)  f(x) has the property P (0, 6,1, r) uniformly with respect to every
bounded subset S of the complex plane.

Proof. First of all we note from Lemma 8 that g~'(«) is of type T,
with respect to h(x) = » on g(D). ‘

Suppose that (viii)is a necessary condition that the sequence {f(4,-y+
+1,)} converges to a finite limit function on a subset of D having positive
w,-measure for no ({1}, {t,})«%. Then if (viii) is false their exists a ({4,},
{t,})e¥ and a subset E of D having positive u,-measure, and a finite
(real or complex) valued function @(y) such that limf(4,-y-+1t,) = ®(y)

n
on F. But as a set of positive u,-measure £ has a bounded Borel subset K,
of positive u,-measure. Since By, ¢ D < ¢(D) and ¢~ " is of type T, with
respect to A(x) on g(D); then it follows from Lemma 12 that y(g‘l(EO))
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> 0. Thus we now have limf(2, g(»)+1,) = @(g(»))on g~ (H,) = D with

y(g‘l(Eo)) > 0. Therefore we have only to prove the assertion made
in the first senfence of this paragraph, recalling that g, = w. Let {,}
be any fixed sequence of real numbers and proceed to alter the proof
of Theorem 18 as outlined in Theorem 5 of [3].

Note 1. Lemma 5 of [3] is of interest here.

Note 2. Theorem 5 of [3] follows from Theorem 29 on letting
g(x) =2 and D = (— 0, oo).

THEOREM 30. Let f(x) be a Baire function and € be the class of all pairs
({4} {t.}) of sequences of real numbers with {A,} unbounded. Let D be an
open interval, finite or infinite, and g(x) be of type T with respect o (a con-
tinuous sirictly increasing) h{x) on D. Then a sufficient condition that sequence
{ i (Z,n-g(w)—f—tn}} converges to a finite limit function on a subset of D having
positive py-measure for no ({4}, {t,}) €% is

(ix)  f(x) has the property P (0,1, r) with respect to every real or complex p.

Proof. Suppose that there exists a subset ¥ of D having positive
uy-measure, a{{1,}, {t,}) <%, and a function y(x), defined and finite va-
lued on E, such that limf(2,g(z)+1,) = z(#) on E; then since sets of

positive u,-measure have bounded subsets of positive u,-measure, we

may assume that # is a bounded set. In fact we can arrange to have F

a8 a subset of a finite closed subinterval of D. Thus it follows from Egoroff’s

Theorem that limf(4,-g(x)+1,) = x(») uniformly on a subset E, of B
n

having positive u,-measure. Since every set of positive u,-measure has a
bounded Borel subset of positive u,-measure; then we may assume that F,
is a bounded Borel set. From Lemma 12 it now follows that, ,u(g(EO))
> 0. For simplicity of notation we denote g(¥,) by E so that we finally
have that the sequence {f(1, ¥4 1,)} converges uniformly on ¥ to a finite
valued limit funetion which we denote by @(y). Thus it now follows from
Lusin’s Theorem that there exists a closed subset F of K having positive
p-measure such that @(y) is continuous on F. For simplicity of notation
denote F by E. Since F is a set of positive u-measure it containg a peint
of density y,;, and since almost every point of E is a point of density
of F; then we may arrange to have y, == 0.

Let p = B(y,) and &, I, r (r < 1) be the §, I, r, of P(d,1,r) for f(x)
with respect to p. Since @(y) is continuous on H, there exists #(d) >0
such that |®(y)—p| < 6/2 whenever yeS =F N (y;—n, y;+ 7). Let

EnlI,
I, = [yg, yg+ k'] for k=1,2,3,...; then lim M
k (L)
Now choose K so that K~ < and u(E N Ig) > (1—#)u(Ig). Choose N
8o that Ay K~ ' >land [f(lyy+iy)— @) < 6/2 on E. Then |f(Ay ¥+

= 1.
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) — Dl < 1F Gy ty)— D)+ 1D(y)—pl < 8 on 8. Let J = Ay I+
+iy;then [f(Z)—p| < dondy-S+ityand u[(Ay-S-+iy) NJ] = Ay-u(SN
NIg) =y p(l 0 Ig) > (—r)u(d), so. that pu(ds,) <7 u(J). But
J = [Ay Ygtin, An-Yg+ Ay K '--1y] is an interval of length |Ay|-K '
> [, hence we have the desired contradietion of (ix).

Note 1. If the class ¥ is further restricted by requiring that the
sequence {4, '-t,} converge to zero, then condition (ix) may be replaced
by condition:

(x)  f(x) has the property Q(r, 0, 6, 1) with respect to every real or complex p.

This follows exactly as in Note 1 of Theorem 27.

Note 2. Notes 2, 4 and 5 of Theorem 27 apply here also.

Note 3. Theorem 6 of [3] follows directly from Notes 1 and 2 of
Theorem 30 on letting g(w) = h(z) = and D = (— o0, 0).

THEOREM 31. Let f be a Baire function, p be any real or compler number,
m be a positive integer, and € be the class of all (m--1)-tuples ({4, )5 ---
ooy {20,0)) Of sequences of positive numbers, at least one of whick is unbounded,
and such that for some 0, the sequences {Ay n/20 n}s -y {Pont0yn}y ore all
bounded. Let h(x) be strictly increasing, continuous, and of type T, with
respect to ® on an open interval D, finite or infinite, differentiable with
h'(x) >0 except possibly on a set of u-measure zero in D; and h'(x) either
right continuous () or left continuous except possibly on a set of y-measure
zero in R,. Let g,(x), ..., 9,(x) be functions defined on D, differentiable
n D, and satisfy the following conditions:
(@)  go@®)>04n D for 0 =0,1,...,m.
(b)  go(@) is right (left) continuous whenever h'(x) is right (left) continuous
wn D for § =0,1,..., m (excepting, of course, sets of p-measure zero).

Then a sufficient condition that the sequence {f(Ay, .- gm(®)+ ...+
+Aon 9o (w))} does not converge to p on a subset of D having positive p,-mea-
sure for any ({dy n}s -5 {Aont) in € is:

(vi)  f(x) has the property P (0,1, r) with respect to p.

Proof. Suppose that there exists a subset £ of D having positive
w-measure and a ({4, .}, ---y {4 np) In € such that

W f (2 G (8) -+ Ao no(®@)) =p  on Bj

then since sets of positive u,-measure have bounded subsets of positive
ty-Mmeasure, we may assume that F is a bounded set. In fact we can

(1) When we refer to the continuity of a derivative from the right (left) we
tacitly assume that the derivative exists in an interval to the right (left) of the point
in question. -
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arrange to have FE as a subset of a finite clogsed subinterval of D.
Thus it now follows from Egoroff’s Theorem that limf(i,, ,g.,(®)+...+

+ 20 w90 (@)} = p, uniformly on a subset E, of B having positive u,-meas-
ure. For simplicity denote E, by E. Since sets of positive u,-measure
have bounded Borel subsets of positive u,-measure, we may assume
that # is a bounded Borel set. From Lemma 5 it follows that u(k (B))
= u,(H) >0, and consequently the set A(#) has a point of density y,,
let x; = b '(y,). Since almost every point of h(F) is a point of density
of h(H) it now follows from Lemmas 8 and 12 that we may arrange to
have x; a point such that A'(x;) >0, h'(x) is either right continuous or
left continuous at x;, g,(z;) # 0 for § = 0,1, ..., m and g,(x) is either
right continuous or left continuous at x; (8 = 0,1, ..., m) with this of
the same type as A'(x) has there. Furthermore, by taking subsequences
we may arrange to have the sequences {4,,} (6 =0,1,...,m) tending
to limits, at least one of which is infinite, and by a further choice of
subsequences we may for some f, arrange to have lim|,,[/As .| = 49
n

finite for 0 =0,1, ..., n.

Let 2 = Max{1,: 0 =0,1,...,m} and note that 2, = 1.

If b’ (o) is right continuous at x4 let J, = [y, yz-+ %], but if »'(x)
is left continuous at z, let J, = [y;— k™', y4]. For the sake of the argument
let us assume the former. Then 2" being strictly increasing and continuous
at w5, we have I, =h7'(J) = [wg, x] with x,<wx,, <w,, for

F=1,2,3,...,
and
limz, = ;.
k

Furthermore since z;eD, there exists an integer K, such that I, = D
whenever k> K,. Now choose an integer N, such that 2,/2 < |2, /6., <24
for 0 =0,1,...,m and n> N,.

Let @, () = Ao (dmn* O (@) -+ o go(®)) for m =1,2,3,...; then
}’ (@) and ¢, (z) being right continuous at x,;; we may choose K, > K, &,
and d; so that A(x) and ¢,(z) for » =1, 2, 3, ... are differentiable in 7,
with ‘

(@) (@)] < e @ (@) 01 ()]

uniformly for » =1,2,3,... and every x<l, (k> K,), and where line,
P
=limé, = 1. Thus letting M, , = &, (@), k' (2g), it follows from

k
Lemma 3 that

0 (2) — @ (@")| < M |l (2')— R(x")]  for every @', &" elg .
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Now let
Pn(@p) —@u(@a) O 1 () [y (01) — @u(24)]
Tk M () — (@] et (@) B (@) — R(a0)]
then lim, , = 1 (uniformly with respect to n > N,). Furthermore, using
k

the Cauchy Mean Value Theorem we obtain formula

— OA B2 g (£ )~ £ G B B (§04)
6 ¢ (@a) (&, )

Vo, 1" g tal 105 b () Inlbni) — e B (6,00 T (@D oA Lo al Woginl 185 B (24}~ 9o(én, k)—sk LRCIRFAEA]
< leg B (&, 1 (1A 0l l)‘ll-ln]lgl (@l 1Al 1Ag ig0()]

42 [ 10 B (Xa)* G En k) = 80 2" (80 k) GBI 1 0 R (0) 9ol £, ) — & B (80 1) G ()] ]
lﬂ‘\h (&, 001 o lgn @+ 4 Ao fgo ()

84

< ——‘*—“Uok"l'(«F,r)'!};,,(f,,,;—J— 1 (6, ) Gt Bl o 10 B g€, ) — 4 B (5, ) 9ol @a)]]
(&, )1 'Jun(-l al

whenever n > N, and k> K, > K,, where K, is choosen large enough
so that |g| > 1 whenever £ > K,. Thus we may choose K;> K, such
that |5, ,—1] < } whenever n > N, and k> K,.

Since @, («) is econtinuous on D and I, is a compact connected subset
of D for k > K,; then ¢,(I;) is a compact connected set for k > K,, that
is a closed interval. Let » be the r of P(d,1, r) for f(x) with respect to p;
then if B is a Borel subset of I, (k> K,) such that u,(B) > (1— 1, ") us (L)
it follows from Lemmas 5 and 7 that

#(@n(B)) = py (B) > (1—=1)py (Ii) = (1—7) p(@n (L))
Since 1#,; >4 whenever n> N, and k> K,;; then u,(B)>
> (L—4r)p(h(I;)) implies that g, (B) > (L—n,,7)us(I;) whenever n > N,
and k> K,.
Since ¥, is a point of density of A(FE); then

lim ;@LE) n Jk) =
k #(Jx)

But () =J, for k =1,2,3,..., hence it follows from Lemma 5
that
MENT
lim ———‘u'h(E n I£)~ = limv———u'u( ( m—k)l
k wn (L) k& l‘(h(Ik))
_ lim p(h(E N J2) -
k A(Jk)
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Choose K > Kj such that u,(E N Ig) >(1—3r)u,(Ig); then B N I
being a Borel subset of Ix such that u,(E N 1Ig)>(1—7n, x7)pu(lx)
whenever # > N,, it follows that u(p,(E N Ix)) > (1—r)u(P,(Ix)) whene-
ver n > N,. Letting 4, I be the o, I of P(4,1,r) choose N > N, such that

Ao [ (Xr) — G (@) 1 - - - +;“0,N [g0(@g)— gy (@g)] > 1
and on E.

S (v G () A+ o+ 2 e go () — P < 6

Let @,(2) = Ag,n@u(®) for every n,J = Opn(Ig), and 8 = Dy (E);
then S NdJ = Oy (H N Ig).
Since [f(y)—pl < d on §; then J,, & J—(8 N J), hence from

w8 N T) = u(@y(E 0 Ig) > (1— 1) 4@y () = (L—1) u(d)
it follows that u(J;,) <7 -u(J). But J is an interval of length

p( ) = p(@yUg) = 1(Py@ay @x]) = Ao n [ i) — G (@2) ]+
+... +20,N [90(wx) — go(2g)] > 1,

hence we have the desired contradiction of (vi).

Note 1. The theorem also remains valid if some or all of the se-
quences {4,,} are sequences of negative numbers, provided that the
corresponding functions (—ge(#)) have properties (a) and (b). In view
of Note 1 of Lemma 7 of the sequences {y,,} could all be sequences of
negative numbers, and the theorem also remains valid if some of the
sequences {1,,} are sequences of positive numbers, provided the cor-
responding functions (—ge(m)) have properties (a) and (b). It is for this
reason that certain seemingly unnecessary absolute value signs oceur
in the proof above.

Note 2. If the class % is further restricted so that for some 6, the se-
quences {Zy,/4, .} converge to zero for every 6 = 6,, then conditions
(vi) may be replaced by condition.

(vil) f(x) has the property Q(r, 0, é,1) with respect to p.

For then we have:

Dy (@) — Lo (82) A [ (B) — I ()] 4 -+ A 0 [90 (1) — o (%) ]

q)n(md) }“m,n : gm(wd) +...+ lo,n *Go (wd)

;"m,n : Zt;;,ln ' gm(.md) + e _I_ lo,n ' )‘(i),ln go (md)
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tending to

Tr)— g, (@
,g‘i‘L( i‘g ,,;Q?OL‘?Z as n —> oco.

9o, (@)
Thus as in the proof of Theorem 2 of [1], if we let

whenever n > N.

Note 3. Condition (a) may be replaced by conditions (¢) gy(z) > 0
for zeD and 6 =0,1,...,m; and (d) g;(#) >0 for <D and at least
one value of j, if we further restrict the class € so that for one of these j,
the sequence {4;,} is unbounded and the sequences {4y,/4;,}, 8 =0, 1,...
..., m, are bounded. For then we may let 6, be one of the j’s such that
g; (#;) > 0. Furthermore @, (x) is strictly increasing on D and we may
choose N = N, so that

u(d) = M(¢N(IK)) = L,z [ (@) — G (@) 1 - o Ao v [0 (Z5) — 9o (%) ]

= Jon[96(%x)— go(s0)] > 1
just as before. ‘

Note 4. In view of Note 1 of Lemma 7 it follows that the theorem
remaing valid if condition (a) is replaced by condition (a’) g, (#) <0 in
D for 0 =0,1,...,m.

THEOREM 32. Let f be a Baive function, p be any real or complexr number,
and € be the class of all pairs ({A,}, {t,.}) of sequences of real numbers with
{4} positive and unbounded. Let h(z) be strictly increasing on I, contin-
uous on B, differentiable except on a set of u-measurez eros in R,, h'(x)
be either right continuous or left continuous(?) except possibly on a set of
u-measure zero in Ry, and h'(x) >0 except possibly on a set of p-measure
zeros in R,. Let D be an open interval finite or infinite; g(x) be a function
defined on D, differentiable in D, and satisfying the following conditions:
(a)  ¢'(z) >0 for zeD.

(b) g’ (x) is (right) left continuous wherever h'(x) is right (left) continuous
in D (excepting, of course, sets of u-measure zero).

(3) When we refer to the continuity of a derivative from the right (left) we
tacitly assume that the derivative exists at the point and in an interval to the right
(left) of the point in question.



Cantor—Lebesgue theorem, 11 179

Then a sufficient condition that the sequence |{f(, g(x)+1,)} does
not converge 1o p on & subset of D having positive u,-measure for any ({2,},
{t,}) in % is:

(vi)  f(@) has the property P(45,1, r) with respect to p.

Proof. This follows from Theorem 31 with m =1, ¢,(x) = ¢g(=x),
Go(®) =1, 4, = 4,, and A,, =1, for n =1,2,3,... despite the fact
that the function g,(x) does not satisfy (a) and the sequential restrictions
of Note 3, Theorem 31 are not satisfied either. For @, (x) = 1,-g(®)+1,
for n =1,2,3, ..., and consequently

Oy h' () - g (Eup)— & W (fnk) "(24)
l’?n,k‘l‘ T h;i—\‘A#iﬁm
&g (En,k) (%4)
whenever k> K, and » > N,. Thus we may choose K, > K, such that
a1 —1] < } whenever n > N, and k > K,. Furthermore ®,(x) is strictly
increasing in D and we may choose N > N, so that u(J) = uf N(IB)
= inlg(og) —glxg)] > 1.

Note 1. We may alter the class ¢ by having {,} negative and un-
bounded if we require that the function —g(x) have properties (a) and (b).

Note 2. If the class ¥ is further restricted so that the sequence {4,/t,}
converges to zero condition (vi) may be replaced by condition:

(vii)  f(x) has the property @(», 0, , 1) with respect to p.
For then we have
1) — @D — rx)—g (@
n(0x) — Pul@a) _ 9(@k) gﬁ(iagd), tends to  JWE)— g( a)
q)n(wd) g(md)+}“n 'tn g(md)
as n — oo. Thus as in the proof of Theorem 2 of [3], if we let

26 — g(@x)— g(w,) .
g(xg)

we may choose N so that
D, (wg)— Py, (w4)
D, ()
Note 3. In view of Note 1 of Lemma 7 it follows that the theorem
remain valid if condition:
(a) g'(x) >0 for zeD is replaced by econdition
() g () <0 for zeD.
THEOREM 33. Under the condition given in Theorem 31 a sufficient

condition that the sequence |f(A, . 0n(®)+ ...+ Ay, go(2))] does mot con-
verge to a finite limit function on a subset of D having positive w,-measure

for any (o,)s vy o)) € is:
(ix)  f(x) has the property P (5,1, r) with respect to every real or complexr p.

=0 whenever #n > N.
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Proof. Suppose that there exists a subset F of D having positive
fp-easure, & ({Ay, )y -5 {4o,}) €%, and a function y(x) defined and finite
valued on E such that

B f (25" G (@) + - -+ o go(@)) = x(2)  on B.

In fact we can arrange to have F as a subset of a finite closed subinter-
val of D. By using Egoroff’s Theorem, recalling that sets of positive
uy-measure have bounded Borel subsets of positive u,-measure, we may
obtain the above limit uniformly on F and F as a bounded Borel set of
positive u,-measure. Furthermore by using Lusin’s Theorem we may
arrange to have E a closed set and y(#) continuous on . From Lemma 5
it follows that u(k(H)) = p,(E) >0, and consequently the set h(H) has
a point of density ¥;, let #; = h™'(y,). Since almost every point of i (E)
is a point of density of & (F); then it follows from Lemmas 8 and 12 that
we may arrange to have x; a point such that &' (x;) > 0, 2’ (x) either right
or left continuous at 2, g,(x;) # 0 for 6 = 0,1, ..., m and g,(x) is either
right continuous or left continuous at z; (0 = 0,1, ..., m) with this of
the same type as »'(x) has there. Now define 4q, A9, 4, J, 11, T4y Koy Ny @, (%),
K, D,(x), 6y M, 1y Npx) Ko and proceed with them exactly as in The-
orem 31. Then we will have from Lemma 3 that |¢,(®)—e,(z")|
< M, |h(x')—h(2")] fore very &', " eI;, (k> K,), |, —1| < 4 whenever
n>= N, and k> K,, and if B is a Borel subset of I, (¥ > K,) such that
pn(B) > (1 —m, 1) up(I,) it follows from Lemmas 5 and 7 that

(@ (B)) = g (B) > (1—1)p, (I;) = (L—7) (g, (I1)-

Let p = x(xy) and 6,1, (r < 1) be the 6, I, »r of P(4,1,r) for f(»)
with respect to p. Since y(w) is continuous on F there exists 5(d) >0
such that |y (x)—p| < /2 whenever xed = E N (v;—n, v4-+ 7). Since ¥y,
is a point of density of A(F) and h(I,) =J; for k =1,2,3,...; then
it follows from Lemma 5 that

i B0 L) L pEAT)) L sE)0T)
k pn(Iy) k H(h(lk)) k pu(dy)

Choose K > K, such that u,(E N I,) >(1—1r)u,(Ix) and K* <9,
then B NI, is a Borel subset of I, such that u,(F NnlIg)>(1—
— 57 pr, (I ) whenever » > N, hence it follows from Lemmas 5 and 7
that u(g,(En Ig)) > (1—7r)u(p,(Ix)) whenever n> N,. Choose n> N,
such  that 4, v[9n(@x)— g (@a) ]+ ...+ 4o 5 [90 (2x) — g (25)] >1 and
(@ (@) — 2(@)] <82 on B. Then |f(®y(@)—p| <|f(®y(@)— 1)+
+lx@)—pl < on Enlyc A Let J =@y(Ig) and S = Dy(H);
then § NndJ = @y(E N Ig). Since |f(y)—p| < don 8§ N J; then J;s, = J—
—(8 nd), hence from u(8 NJ) = pu(Py(E nIg))>1—7u(PyIx)
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= (1—7)u(J) it follows that wu(J;,) <ru(Jd). But J = Dy(Iy) is an
interval of length A, y[¢m(Zx)~— gun @]+ ...+ Ao x[90(@x) — go(a)] >1,
hence we have the desired contradiction of (ix).

Note 1. If the clags ¥ is further restricted by requiring that for
some @, the sequences {Ze,n/ﬂ%n} converge to zero for every 0 £ 0,
then condition (ix) may be replaced by the condition

(x) f(x) has the property Q(r, 9, §,1) with respect to every real or
complex p.

This follows exactly as in Note 2 of Theorem 31.
Note 2. Notes 1, 3, and 4 of Theorem 31 also apply here.

THEOREM 34. Under the conditions given in Theorem 32 a sufficient
condition that the sequence { f(ﬂn- g(m)+tn)} does mot converge to a finite
limit function on a subset of D having positive w,-measure for any ({1,},
{t,}) ¥ is:

(ix)  f(x) has the property P (6,1, r) with respect to every veal or complex p.

Proof. This follows from Theorem 33 with m =1, ¢,(2) = g(@),
gol2) =1, A4, = 4,, and 4, =1, for n =1,2,3,..., despite the fact
that the function g,(x) does not satisfy (a) and the sequential restrictions
of Note 3, Theorem 31 are not satisfied either. The proof follows from
the proof of Theorem 33 exactly as the proof of Theorem 32 followed
from the proof of Theorem 31.

Note 1. If the class ¢ is further restricted by requiring that the
sequence {4,/t,} converges to zero, then condition (ix) may be replaced
by condition
(x) f(x) has the property Q(r, 8, d,1) with respect to every real or

complex p. '

This follows exactly as in Note 2 of Theorem 32.

Note 2. Note 1 and 3 of Theorem 32 apply here.

THEOREM 35. Let f be a Baire function, p be any real or complex,
number, m be a positive integer, and € be the class of all (m-1)-tuples
({Amu}s -2 {Aon)) of sequences of positive nwmbers, at least one of which
s unbounded, and such that for some 0, the sequences {Ay, uf/Royn}ys -5 {Ronlbopnt
are all bounded. Let h(x) be strictly increasing, continuous, and of type T,
with respect to x on an open interval D, finite or infinite, differentiable
with k' (x) > 0 except possibly on a set of u-measure zero in D; and k' (x)
either right continuous (*) or left continuous except possibly on a set of u-meas-
ure zero in D. Let {g,,(x)} (0 =0,1,...,m) be sequences of functions

(®) When we refer to the continuity of a derivative from the right (left) we
tacitly assume that the derivative exists at the point and in an interval to the right
(left) of the point in question.
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defined and differentiable, on D, and satisfying the following conditions:
(a)  Corresponding to every x in D there exists a g, > 0 and an integer N,
such that gy, (¥) = o, for every w>= N, and Jon(®) =0 in D for
every (0, n).
(b)  The set of functions {g,,(x):m =1,2,3,...} is equiconiinuous on
D for § =0,1,...,m.
Then a sufficient condition that the sequence |f{2, " gpmn(®)+
+ oot Ao Gon (w))} does not converge to p on a subset of D having positive
up-measure for any ({Ay o}y s {hony) 0 € is:
(vi)  f(x) has the property P (6,1, r) with respect to p.
Proof. Suppose that there exists a subset F of D having positive
wrmeasure and a ({Ay,}s .-y {4,}) In € such that

limf(ﬂm,n. gm,n(m) +...F }‘O,n' go,n(w)) =P on &

then since sets of positive u,-measure have compact subsets of positive
p-measure, we may assume that F is a compact subset of D. Thus it
now follows from Egoroff’s Theorem that :

lim.ﬂ}'mm “Omn (w) +..oF Zo,n “Yo,n (Z’)) =P

uniformly on a subset K, of ¥ having positive u,-measure. For simplicity
of notation denote ¥, by E. Since sets of positive u,-measure have compact
subsets of positive y,-measure we may assume that F/ is a compact set.
From Lemma 5 it follows that y(h(E)) = u,(E) >0, and consequently
the set h(F) has a point of density w,, let z; = A7 (y,). Since almost
every point of h(F) is a point of density of h(F) it now follows from Lem-
mas 8 and 12 that we may arrange to have z,; such that #'(2;) > 0 and
k' (x) is either right continuous or left continuous at x;. Furthermore,
by taking subsequences we may arrange to have the sequences {i,,}
(6 =0,1,...,m) tending to limits, at least one of which is infinite, and
by a further choice of subsequences we may for some 0, arrange to have
Him|2,/Agyn| = 4 finite for § = 0,1,..., m. Let A-Sup{i, : 0 =0, 1, ...
n

..., m} and note that 4, = 1.

If 1 () is right continuous at z; let Jy = [y, ya+ k'], but if A’ (z)
is left continuous at x, let J, = [y;— k™', y,]. For the sake of the argumerit
let us assume the former. Then A~! being strictly increasing and conti-
nuous at at xz; we have I, = 71(J,) = (@4, ] With o, <., <z, for
k=1,2,3,..., and limz, = x,. Furthermore since xzeD there exists

P’
an integer K, such that I, < D whenever k = K. Now choose an integer
N, such that
A
26 <

Za,n

<24 for 0 =0,1,...,m and n = N,.

(780
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Let Pp (@) = )“O_G,ln(j'm,n “Imn (@) +...+ ﬂ'(),n “Go,n (x)) and D, (x) =
= dgyn Pn(®) for m =1,2,3,... Since the.set of functions {gon(®) :
n=1,2,3,...} is equicontinuous on D for 6§ =0,1,...,m, then given
&£ >0 there exists a 6 >0 such that [z4, @3+ 6] < D and |g,,(2)—
mg,',,n (wd)| < ¢ for every (0, n) whenever we[wy, v;+ 6]. Thus

/ / Ao,
|n (4) — @y (#2)| < 'Igmn(m) I (@) -

;Bon\

— ol < 2A(m—41)e

/1607:, H

() —

whenever we[%g, #;+0] and #» > N,. Furthermore letting ¢ = ¢,, we have
Pn(@2) = 3 G @)+ oo Ao o (@)1 > %ﬂoo‘gglo,n(%) > 30
Whenever n > N, = Sup{Ny, N, }. Therefore
—22(m+-1) e+, (0g) < 90 (@) < 9, (w2) + 24 (mA+1) e,

and consequently

1 4A(m+1)e <1— ‘2l(m—»k1)s < @ (%) <1s 21(@—}—1)5
4 P (Tg) P (2g) P {®q)
42 e

whenever e[z, v;4 6] and » > N,. From this and the fact that A'(x)
is right continuous at #, it follows that we may choose K, > K, ¢,, and
d; 80 that A(x) and ¢,(») are differentiable in I, and

’ ’ gk.(p;b(.xd)
lpn (@)1 (@)] < m

whenever zel; for k> K, and n > N,, where lim ¢, = limd, = 1. Thus
K k

~

letting

_ & ‘P;z (3)
M S b (@)

it follows from Lemma 3 that l|g,(a')—¢, (@) < M, |h(2)—h(z")|
for every ', 2" <I, (k> K,). Now let

(pn(xk)—(Pn(md) .
M, . [ () — h(xg)] ’

Mk =
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then limy,, = 1 and it follows as in the proof of Theorem 31 that we

may c}}ioose K, > K, so that |n,;—1] <4 whenever n > N, and k > K,.
The remainder of the proof now follows exactly as in Theorem 31.
Note 1. Notes 1 and 2 of Theorem 31 apply here as well.
Note 2. Analogues of Theorem 32, 33, and 34 may be proved.
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