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On the intersection oî open sets containing the diagonal

1. Introduction. In a topological space (X,S),  we shall let 
E =  p) {0 : A £  O eJ  x ^ } ,  A denoting the diagonal in X  x X. In par­
ticular, we will be most interested in the case in which E is an equivalence 
relation; when this occurs, we will call (X , S )  an e-space and S  will be 
called an e-topology for X. In Section 2, we introduce the concept of a sym­
metric space (written henceforth as $-space) and characterize property 8  

in several ways in terms of E. We give four characterizations of property e 
in Section 3 together with several sufficient conditions for this property. 
Section 4 is concerned with subspaces of e-spaces, Section 5 is concerned 
with products of e-spaces and Section 6 is devoted to relationships between 
regularity and property e. In Section 7, we explore the relationships 
between property e and normality and finally in Section 8, we study 
transfers of e-topologies.

Throughout this paper, we use ç(x) to denote c({x}), c being the 
closure operator.

Th eo r em . 1.1. In a space ( X , S ) ,  E has the following properties:
(i) A £  E, (ii) E  =  E~l and (iii) (x, y)eE iff c(x) n c(y) Ф0.

Proof, (i) follows from the definition of E.  (ii) follows from the
fact that if А £  O c S x S ,  then A £ 0 n O-1 e S  x S .  Thus E  is an
intersection of symmetric open sets and hence is symmetric. Finally 
(iii), suppose that [x,y) 4 E. Then there exists a set 0* i n S x S  such
that (x,y) 4 0* and A £  O*. Then {x, y)ee£0*, a closed set and hence
ф ) х ф )  ç  tfO* £  ^A. Since c(x)xc{y)  £  ^ A, it follows that 
c(x) n c(y) — 0 . Conversely, suppose that c(x) n c(y) =  0 .

Then А я &c(x) X &c(x) utfcty) X &c(y)eS xS.  But ( ж ,  y) 4 cêc{x) x 
Х^с(ж) \ j<€c(yj)x<éc{y) and thus (x , y ) 4 E .

2. ^-spaces. We will call a space (X,  S )  an 8 -space iff xec{y) implies 
that yec(x).

Th eo rem  2.1. In the space (X, S'), the following are equivalent: 
(i) {X, S') is an 8 -space, (ii) xeOe S  implies that c(x) £ 0, (iii) E[F~\ =  
— F for each closed set F in X  and (iv) E[x]  =  c{x) for each x in X.
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Proof, (i) implies (ii). Let and suppose that c{x) ф 0. Take
yec(x) n 0  and observe that yec[x), but x4c{y).

(ii) implies (iii). It suffices to show that E [E] я F for each closed 
set F. Let xeE[F]  and suppose that xjF.  By (ii), c(x) я F . Now 
{х,у)^Е  for some у in F and by (iii) of Theorem 1.1, c(x) n c(y) Ф0.  
But c(y) я F since F is closed and hence c{x) n c{y) =  0,  a contradiction.

(iii) implies (iv). E\_x] я E[c(x)] — c(x) by (iii). It suffices therefore 
to show that c{x) я Е[х]. If yec(x), then c(y) n c(x) Ф 0  and by (iii) 
of Theorem 1.1, (x, y) eF and 2/ eE[x].

(iv) implies (i). Suppose xec(y), but yic(x). By (iv), y^E[x] and 
hence by (iii) of Theorem 1.1, c(x) n c{y) =  0 . But xec(x) n c(y), a con­
tradiction.

3. e spaces.
Th e o r e m . 3.1. In (X , X ) ,  the following are equivalent: (i) E oE  — E,

(ii) Fx n F2 =  0 , Fi closed, xin X  implies that c(x) n Fx = 0  or e(x) n F2 
=  0 , (iii) X  =  0 X u 0 2, 0i open, x in X  implies that c{x) я 0 X or 
e{x) я 0 2, (iv) c(x) n с(у)Ф 0 Ф  c(y) n c(z) implies that c(x) n с(г)Ф 0 ,
(v)c(x) n c(y) — 0  and z in X  implies that e(x) u c(y) ф c{z).

Proof, (i) implies (ii). Let Fx and F2 be disjoint closed sets and 
suppose xeX.  If c(x) r\ Е ХФ 0  and c{x) n F2 Ф 0,  take y€c(x)r \Fx 
and Z€c(x) n F2. Then c(y) n e(z) я Fx n F2 =  0 . But c{x) n c(y) Ф 0  
and c{z) n c{x) Ф 0  and by (iii) of Theorem 1.1, (x, y)eE and (x, z)eE. 
Thus (у , z)eE and c(y) n c{z) Ф 0,  a contradiction.

(ii) implies (iii). Let X  =  0 X u 0 2, Oi being open and let xeX.  Then 
0  =  <jfOx n cê 0 2 and by (ii), we may assume that c(x) n  tfOx =  0 . Then 
c(x) я 0 2.

(iii) implies (iv). Let c{x) n c(y) ф 0  ф с (y) n c{z) and suppose 
that c(x) n e(z) =  0 . Then X  =  <€c{x) u ^c(z), (iê’c(x) and ^c(y) being 
open. However, с (y) ф <€с{х) and с {у) ф Wc(z), contrary to (iii).

(iv) implies (v). Let c{x) n c(y) — 0  and suppose that c(x) и c{y) 
я c(z). Then c(x) n c{z) Ф 0  Ф c(y) n c{z) and by (iv), c(x) n c(y) Ф 0, 
a contradiction.

(v) implies (i). Let {x, y)eE and (y, z)eE. By (iii) of Theorem 1.1, 
c(x) n c(y) Ф 0  Ф c(y) n c(z). Take U€c{x) n c{y) and vec(y) n c(z). 
Then e(u) n c(v) я c(x) n c(z). Since e(u) n e(v) я c(y), it follows by (v) 
that e(u) n c(v) Ф 0  and hence c(x) n c(z) Ф 0.  Thus {x,z)<=E.

Th e o r e m . 3.2. The following are sufficient conditions for ( X , X) to 
be an espace: (i) X  is an 8-space, (ii) X  is Tx, (iii) X  is regular, (iv) E is 
closed and (v) X  is normal.

Proof, (i) We use (iii) of Theorem 3.1. Suppose X  — 0 X и 0 2 and 
xeX.  Assume xeOx. By (ii) of Theorem 2.1, we obtain c(x) я 0 X.

(ii) Tx implies 8.
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(iii) Regular implies $.
(iv) Suppose X  =  Ox и 0 2 and xeX.  If c(x) ф Ox and с(x) $ 0 2, 

take pec{x) n tfOx and qecfx) n ^ 0 2. Since E is closed, it follows that 
(p, q)ec(x) X c(x) я E я OxX Ox и 0 2x 02. But (p, q) $ Ox X Ox u 0 2 X 
X 0 2, a contradiction.

(v) Let I  =  Oj и 0 2 and xeX.  Since X  is normal, there exist closed 
sets Fx and E 2 such that X  =  Fx и F2 and Fi g  0{. Assume xeFx. 
Then e(x) я Fx я Ox and X  is an e-space by (iii) of Theorem 3.1.

Whenever (X,  S )  is an e-space, (XJE, S'JE) will denote the quotient 
space with the quotient topology. P: X  -> XJE is the canonical map 
P(x) =  E[x],

Corollary  3.3. If  (X,  S') is an 8 -space, then P : X  XJE is a closed
map.

Proof. By (i) of Theorem 3.2, X  is an e-space and (iii) of Theorem 
2.1, P  is a closed map.

E x am ple  3.4. Let X  =  {a, b} and S  =  { 0 , { a } , X j. Then (X,S-)  
is an e-space which is not an $-space (and hence neither Tx nor regular). 
See Theorem 3.2.

E xam ple  3.5. Let (X , S ') be an infinite space with the cofinite to­
pology. Then X  is an e-space since it is Tx. However, E — A and E is 
not closed. Furthermore, X  is not normal. See Theorem 3.2.

4. Subspaces.
Th eo rem  4.1. Let ( X , S )  be an e-space and suppose that (Y,&)  is 

a closed subspace. Then {Y,%)  is an e-space.
Proof. If y e Y  and c* denotes the closure operator in the P-space, 

then c(y) =  c*(y). Apply (iv) of Theorem 3.1.
Th eo rem  4.2. Let X  =  U  {Ey: уеГ], where Ey is a closed subset 

of X. Then X  is an e-space iff Ey is an e-space for each у in Г.
Proof. The necessity follows from Theorem 4.1. We employ (iii) 

of Theorem 3.1 to show the sufficiency. Let X  =  Ox и 0 2, 0* being open 
and xeX.  Then xeEy for some у in Г  and Ey =  (Ey n Ox) u (Ey n 02). 
Since Ey is an e-space, cy(x) я  Ey n Ox or cy{x) я Ey n 0 2. But cy{x) 
=  c{x) and hence c{x) я Ox or c(x) я  0 2.

5. Product spaces.
T h eo rem  5.1. Let (X,  S )  =  y '  {{Xy, S y) : у eP}. Then (X, S )  is an 

e-space iff (Xy, S y) is an e-space for each yeP.
Proof. Suppose (A, S )  is an e-space and let yeP. We use (iii) of 

Theorem 3.1. Let X y =  0V u Uy, 0y and TJV being open in X y and let 
xyeXy. Then X  =  P~1[Oy] u P^^Ufl  and P y(x) — xy for some x in X.  We 
may assume that c(x) я  P"1 [Oy]. Then cy{xy) =  P y [c(æ)] я  PyPÿ1 [0y] =  0y.
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Conversely, suppose that (Xv,J~y) is an e-space for each y in Г. 
We use (iv) of Theorem 3.1. Let c(x) n c (f)  Ф 0  Ф c(y) n c{z). Then 
for each y in Г, cv[x{y)) глсу(у{у)) Ф 0  ф с у(у{у)) n cy(z{y)). It follows 
then that cy[x{y)) n cY{z{y)) Ф 0  for each y in P and hence e(x) n c(z) Ф 0.

6. Regular spaces.
T h eo rem  6.1. If  (X ,&") is regular, then E is closed.
Proof. Suppose (x ,y ) 4 E. By (iii) of Theorem 1.1, c(x) r \ c { y ) = 0  

and hence x 4 c{y). Since (X,$~) is regular, there exist open sets Ox and 
0 2 for which xeOx, c{y) я 0 2 and c{0x) n c{02) =  0. Hence (x, y)eOxx 
x 0 2 £  *£Е by (iii) of Theorem 1.1, and hence E is closed.

Th e o r e m . 6 .2 . If (X,!X) is regular, then P  : X  -> XjE is an open
map.

Proof. By (iii) of Theorem 3.2, ( X , 3T) is an e-space. It suffices to 
show that E [ 0 ] is open whenever 0  is open. We will show in fact that 
JE7 [0] =  0. Let xeE[0].  Then by (iii) of Theorem 1.1, c{x) n c(y) Ф 0  
for some yeO. Since (X, 3~) is regular, there exists an open set O* for 
which yeO* я  c(0*) я  0. If x 4 c(0*), there exists an open set 0 # such 
that xeO# я c(0#) я  ^c(0*). But then c{x) я tfcO* я ^c(y) and 
c(x) n c(y) =  0,  a contradiction. Thus хес(0*) я 0  and E [ 0 J £ 0.

Corollary  6.3. If  (X, X) is regular, then {XjE, XjE) is T2.
Proof. Use Theorem 6.1, Theorem 6.2 and the fact that E  closed, 

P  : X  -> XjE  open implies that (X/E, $~JE) is T2 (see [3], p. 98).
Corollary  6.4. If (X,^~) is regular, then {X/E, J~/E) is regular.
Proof. Let F* be closed in XjE and suppose y* eX/E— F*. Take 

xeX  such that P{x) =  у*. Then x 4 P~x[F*] and since (X ,X )  is regular, 
there exist open sets 0 X and 0 2 for which x e 0 X, P  X[P*] £ 0 2 and c(0 x) n 
n c(02) =  0 . Then y*eP[Ox] and F* я P [ 0 2] and P[0f\  is open by 
Theorem 6.2. It suffices to show that P [ 0 X] n P [ 0 2] = 0 .  Let xxeOx 
and x2 c02. Then c(xx) n c(x2) = 0  and (xx, x 2) 4 E. ThenP(^) =  E[xx] 
Ф E[x2] = P ( x2) and P(xx) Ф P  (x2).

Corollary  6.5. (X, IX) is regular iff (X, !X) is an 8 -space and {X/E, 
X'/E) is regular.

Proof. The necessity follows from Corollary 6.4 and the fact that 
regularity implies property S. To show the sufficiency, let x 4 F, F being 
a closed set in X. Since (X, X)  is an $-space, c(x) n F =  0  by (ii) of 
Theorem 2.1. It follows then that P{x) n P [P ] =  0  and that P [P] is 
a closed set by Corollary 3.3. Since (X /E , XJE) is regular, there 
exist disjoint open sets 0* and 0* in XjE  such that P(x)eO* and 
P[F] я 0*. Then &eP-1[0*] and P £ P ~ 1[02] and P~l [0*] n P -1 [0*] 
=  0.
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7. Normal spaces.
L emma  7.1. Let (X,  IF) be an espace and suppose that (X/E,  T j E ) 

is T2. If  c(x) n c(y) =  0 , there exist disjoint open sets Ox and 0 2 in X  such 
that c(x) £ Ox, c(y) £ 0 2.

Proof. c(x) n c(y) =  0  implies by (iii) of Theorem 1.1 that (x, y ) i E  
and hence E[x] Ф E[y]  in XjE.  Since X/E is T2, there exist disjoint 
open sets О* and 0 2 in X/ E  snch that Е\х~\еО* and E[y]e02. But 
c(x) £ E[x]  £  P _1[0*] and c(y) £ P - 1[02]. Let Ox =  P~ 1 [0*] and
o 2 = p - xi o t i

Lemma 7.2. Let (X,N~) be a compact espace and suppose that (X /E , 
fXJE) is T2. If c(x) n F =  0,  F being a closed set, there exist disjoint open 
sets Ox and 0 2 in X  such that c(x) £  Ox and F  £  0 2.

Proof, у eF implies that c(x) n c(y) — 0  and by the previous lemma, 
there exist disjoint open sets 0 y and 0 'y such that c(x) £ Oy and c(y) £  Oy. 
Since F is compact, F £  (J {Oy.: i =  1, . . . ,  n} =  0 2 and c(x) £  П  {0Щ : 
г =  1, . . . ,n}  =  Ox.

T h eo rem  7.3. Let (X,  N~) be a compact espace and suppose that 
(X/ E , 3TjE) is T2. Then (X ,^ )  is normal.

Proof. Let Fx n F 2 =  0 , Ft being closed sets. Then xeFx implies 
that c(x) n F2 = 0 .  Applying Lemma 7.2, there exist disjoint open sets 
Ox and 0'x such that c(x) £ 0X and F 2 s O ' .  Since Fx is compact,

and F 2 £  C]{Ox. : i  =  l , . . . , n } .
Th eo r em . (X,  ST) is normal iff (i) (X, N~) is an espace, (ii)P : X  -» X/E  

is a closed map and (iii) (X/E,  ^/E)  is normal.
Proof. Necessity, (i) follows from (v) of Theorem 3.2. To show (ii), 

it suffices to show that E[F]  is closed whenever F is closed. Let x<fE[F]. 
Then by (iii) of Theorem 1.1, c(x) n c(y) = 0  for all yeF  and thus 
c(x) n F =  0.  Since (X,  N') is normal, there exist disjoint sets 0 X and 0 2 
such that c(x) £  0 X and F £ 0 2. It follows then that xeOx £  &E[F]  
and E[F]  is closed, (iii) follows from the fact that normality is invariant 
under closed, continuous surjections (see [3], p. 134, M).

Sufficiency. Let Fx n F 2 =  0 , F,L being closed in X. Then xeFx 
and y eP2 implies that c(x) n c(y)= 0  and by (iii) of Theorem 1.1, (x, y) 4 E. 
Thus E(x) фЕ(у)  and P(x) ФР(у).  Hence P[Pj] n P [P 2] =  0 . Since 
P : X  X/E is presumed to be a closed map, P[Pl] is a closed set 
for each i. By the normality of X/ E , there exist disjoint open sets 0* 
and 0 2 in X/E for which P  [Px] £ 0*andP[P2] £ 02*. Then Fx £ Р " 1[0?] 
and F 2 £  P-^O?].

Lem m a  7.6. Let (X,  N~) be an espace. Then E[x] =  (J {c(y) : c(y)n c(x) 
Ф 0}  for each x in X.

Proof. If zeE[x],  then c(z) r\c(x) Ф 0  by (iii) Theorem 1.1 and
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Z e \ j  (e(y) : c(y) n c(x) Ф 0}. Conversely, let zec(y), where c(y) n c(x) Ф 0.  
But c(z) n c(y) Ф 0  and by (iv) of Theorem 3.1, c(z) n c(x) Ф 0 . Hence 
zeE[x] by (iii) of Theorem 1.1.

Th eo r em  7.6. Let (X, -T) be a finite topological space. Then (X, X )  
is an e-space iff (X, ZT) is normal.

Proof. The sufficiency follows from (v) of Theorem 3.2. To show the 
necessity, by Theorem 7.3, it suffices to show that {XjE, X'jE) is T2. 
Since X/E  is finite, it suffices to show that (X jE , 2Г\E ) is Tx or that 
{E[x]} is a closed set in XfE. But E[x] by Lemma 7.5 is a finite union 
of closed sets in X and the theorem follows.

8. Transfers of e-spaces.
Th eo r em  8.1. Let f :  (X, *X) -> (X, %) be a continuous, closed, 

surjection. If  (X,<X) is an e-space, then (Y,%) is an e-space.
Proof. We employ (iii) of Theorem 3.1. Let ye Y and Y =  JJX и Z72, 

TJi being open in Y. Then у =  f(x) for some xeX  and X = / _1[^i] u 
'uf~1[U2]- Since X  is an.e-space, we may assume that c(x) <^f~l [TJx]. 
Then c(y) =  c(f{x)) £  c(f(c{x))) =f(c{x)) =  Ux.

E x a m ple  8.2. In Theorem 8.1, closed cannot be replaced by open. 
For let X =  [0 ,1] the closed unit interval with the usual topology and let 
Y =  {a, b, c} with °U =  {0, {a}, {a, b}, {a, c}, Y}. If /(0) =  b,f{  1) =  c 
and f(x) =  a, when 0 <  x <  1, then /  : X  Y is a continuous, open 
surjection and X is an e-space. But Y is a finite, non-normal space, and 
by Theorem 7.6, Y is not an e-space.

Since continuous open surjections are identifications, it follows 
that property e is not invariant under identifications. However,

Th eo r em  8.3. Let f :  (X, X)  -> ( Y , f/) be a surjection. Suppose that 
F  =  {/_1[t7] : TJеЩ, that is, is the weak topology for X  determined by 
f  and <%. Then ( X , ^ )  is an e-space iff (Y,%) is an e-space.

Proof. Necessity. Let yeY, Y =  Ux и t/2, TJi being open. By (iii) 
of Theorem 3.1, it suffices to show that c(y) £ TJX or c(y) £  tJ2. Now 
у =f (x )  for some » in X  and X = f ~ 1[U1] u / _1[t72]. Since (X, 
is an e-space, we may assume that c(x) £ / _1[Z71]. Thus X = / ~ 1[P i] u 
\ j <€c{x). But (€c{x) is open in X  and hence ^e(x) = / -1[^*] f°r some 
TJ*€C%. Thus

x  = r X[^x]
and

Y  = / [ X ]  =  Ux u U*.

But yiTJ*', for if yet/*, then f{x)eTJ* and
Xet ' lU *]  =  <#C\x),

a contradiction. Thus yetfU* and hence c(y) £ ^t7* £ TJX.
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Sufficiency. Let X  =  Ог и 0 2 and xeX.  But Ог =  f  1 [Ui] for 
open Ut in Y. Hence Y =  f{X)  = / [ ^ x[l7x] o f ^ U ,] ]  =  U ^ U ,  
f(æ)€Y.  We may assume that c(f(x)j я и х since T is an e-space. 
f(c(x)) я c[f(x)) я TJX and hence c{x) =  0 X.
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