ROCZNIKI POLSKIEGO TOWARZYSTWA MATEMATYCZNEGO
Seria I: PRACE MATEMATYCZNE XV (1971)
ANNALES SOCIETATIS MATHEMATICAE POLONAE
Series I: COMMENTATIONES MATHEMATICAE XV (1971)

OO
j cm |)|III
1955

Norman LEVINE (Obio)

On the intersection of open sets containing the diagonal

1. Introduction. In a topological space (X,J), we shall let
E=MN{0:4 <07 xJ}, A denoting the diagonal in X x X. In par-
ticular, we will be most interested in the case in which F is an equivalence
relation; when this occurs, we will call (X,.7) an e-space and 7 will be
called an e-fopology for X. In Section 2, we introduce the concept of a sym-
metric space (written henceforth as S-space) and characterize property S
in several ways in terms of . We give four characterizations of property e
in Section 3 together with several sufficient conditions for this property.
Section 4 is concerned with subspaces of e-spaces, Section 5 is concerned
with products of e-spaces and Section 6 is devoted to relationships between
regularity and property e. In Section 7, we explore the relationships
between property ¢ and normality and finally in Section 8, we study
transfers of e-topologies.

Throughout this paper, we use ¢(x) to denote c¢({x}), ¢ being the
closure operator.

THEOREM. 1.1. In a space (X,7 ), E has the following properties:
(i) 4 ¢ B, (i) E=FE" and (ii) (x,y)eE iff ¢(x) nec(y) # 9.

Proof. (i) follows from the definition of E. (ii) follows from the
fact that if 4 < 0eI XT, then 4 < O N0 '¢«I xJ. Thus F is an
intersection of symmetric open sets and hence is symmetric. Finally
(iii), suppose that (z,y) ¢ E. Then there exists a set 0% in .7 X7 such
that (z,y) ¢ 0* and 4 < O*. Then (x,y)e%0", a closed set and hence
(@)X e(y) < €0* < €4. Since c(v)xec(y) < €4, it follows that
¢(z) Nne(y) = B. Conversely, suppose that c(z) Nne(y) =0.

Then A < @e(x)X €c(w) WEe(y) X €c(y)eT XT. But (v, y)¢€e(x) X
X Ge(w) u¥ely) X €ely) and thus (x, y)¢E.

2. S-spaces. We will call a space (X, .7) an S-space iff xce(y) implies
that yec(x).

TneoreM 2.1. In the space (X, 7), the following are equivalent:
(1) (X, 9) is an S-space, (ii) xeOec I implies that ¢(x) < O, (iii) E[F] =
=1 for each closed set F' in X and (iv) E[x] = c(x) for each x in X.



68 N.Levine

Proof. (i) implies (ii). Let <05 and suppose that ¢{x) £ 0. Take
yec(z) N €0 and observe that yec(x), but w¢c(y).

(ii) implies (iii). It suffices to show that E[F] < F for each closed
set F. Let x<H[F] and suppose that x¢F. By (i), c¢(x) = €F. Now
(x,y)el for some y in ¥ and by (iii) of Theorem 1.1, ¢(®) N c(y) # O.
But ¢(y) < F since F is closed and hence c¢(z) N ¢(y) = O, a contradiction.

(iii) implies (iv). E[x] < E[e(®)] = e¢(2) by (iii). It suffices therefore
to show that ¢(x) < E[z]. If yec(zx), then ¢(y) Ne(x) # O and by (iii)
of Theorem 1.1, (x, y)e F and y e E{x].

(iv) implies (i). Suppose xec(y), but yé¢c(r). By (iv), y¢E[x] and
hence by (iii) of Theorem 1.1, ¢(x) N ¢(y) = B. But xec(x) N c(y), a con-
tradiction. '

3. e-spaces.

TrEOREM. 3.1. In (X, ), the following are equivalent: (i) Eo B = K,
(i) F, "N F, =0, F,closed, vin X implies thatc(x) N F, = Borc(x) N F,
=9, ({i)X =0, u0,, O, open, » in X implies that c(x) < O, or
e(x) € 0y, (iv) c(x) Ne(y)#= D+ ely) N elz) implies that c(x) N c(2) # G,
(Vie(@)Nely) =0 and z in X tmplies that c(x) v c(y) £ ¢(2).

Proof. (i) implies (ii). Let ¥, and F, be disjoint closed sets and
suppose zeX. If c¢(x) NI # O and e¢(z) N F, # 0, take yeo(z) N F,
and zec(x) N F,. Then ¢(y) Ne(z)c F, NnF; = 0. But ¢(x)nely) #0
and ¢(2) 0 c(x) = O and by (iii) of Theorem 1.1, (#, y)<F and (z, 2)cE.
Thus (¥, 2)eE and c(y) ne(z) # G, a contradiction.

(ii) implies (iii). Let X = 0, U 0,, 0; being open and let x<X. Then
O = %0, N %0, and by (ii), we may assume that c(z) N €0, = @. Then
o(x) < 0,.

(iii) implies (iv). Let c{x) Nne(y) # O #e(y) Nne(z) and suppose
that ¢(®) N e(z) = O. Then X = Fe(r) v Fe(z), Fe(x) and Fe(y) being
open. However, ¢(y) & %e(r) and c(y) & ¥c(z), contrary to (iii).

(iv) implies (v). Let c¢(x) ne(y) = O and suppose that c¢(x) U ¢(y)
< ¢(#). Then c¢(x) Ne(z) # O # ¢(y) N e{z) and by (iv), e{x) N c(y) # O,
a contradiction.

(v) implies (i). Let (x,y)eFE and (y, 2)<E. By (iii) of Theorem 1.1,
c(x) Nnely) =0 #c(y) Ne(z). Take uee(x) Ne(y) and vec(y) M e(z).
Then c¢(u) N e¢(v) < c(a) N c(z). Since c(u) N ¢(v) < ¢(y), it follows by (v)
that ¢(u) 0 e(v) @ and hence ¢(x) Ne(z) # . Thus (x,z)el.

THEOREM. 3.2. The following are sufficient conditions for (X,7) to
be an e-space: (i) X is an S-space, (ii) X is Ty, (ill) X is regular, (iv) I 4s
closed and (v) X is normal.

Proof. (i) We use (iii) of Theorem 3.1. Suppose X = 0, u 0, and
xeX. Assume z¢0,. By (ii) of Theorem 2.1, we obtain ¢(z) < O,.

(i) T, implies §. .
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(iii) Regular implies S.

(iv) Suppose X = 0, v 0, and xeX. If ¢{x) £ O, and ¢(z) £ O,,
take pec(x) N €0, and gec(z) N ¥0,. Since F is closed, it follows that
(P, Qlec(x)Xe(x) € E < 0,X0,00,X0,. But (p,q) € 0;,x0; uO,X
X 0,, a contradiction.

(v) Let X = 0; u 0, and zeX. Since X is normal, there exist closed
sets ¥, and F, such that X =¥, 0 F, and F;, < 0,. Assume xeF,.
Then ¢(x) = F, < 0, and X is an e-space by (iii) of Theorem 3.1.

Whenever (X, .7) is an e-spaece, (X/E, 7 [E) will denote the quotient
space with the quotient topology. P: X — X/F is the canonical map
P(x) = Elx].

COROLLARY 3.3. If (X, .7) is an S-space, then P : X — X/E is a closed
map.

Proof. By (i) of Theorem 3.2, X is an e-space and (iii) of Theorem
2.1, P is a closed map.

ExampLE 3.4. Let X = {a,b} and J = |0, {a}, X}. Then (X,7)
is an e-space which is not an S-space (and hence neither T, nor regular).
See Theorem 3.2.

ExAMPLE 3.5. Let (X,.7) be an infinite space with the cofinite to-
pology. Then X is an e-space sinee it iz 7,. However, F = 4 and E is
not closed. Furthermore, X is not normal. See Theorem 3.2.

4. Subspaces.

ToHEOREM 4.1. Let (X,.7) be an e-space and suppose that (Y, %) is
a closed subspace. Then (Y, %) is an e-space.

Proof. If yeY and ¢* denotes the closure operator in the Y-space,
then ¢(y) = ¢"(y). Apply (iv) of Theorem 3.1.

THEOREM 4.2. Let X = {J {E,: yel'}, where B, is a closed subset
of X. Then X is an e-space iff E, is an e-space for each y in I

Proof. The necessity follows from Theorem 4.1. We employ (iii)
of Theorem 3.1 to show the sufficiency. Let X = 0, u 0,, O, being open
and #eX. Then ze¥, for some y in I and E, = (B, N 0,) u (B, N 0,).
Since F, is an e-space, ¢,(x) < B, N O, or ¢,(x) = B, 0 0,. But ¢, (x)
= ¢(2) and hence ¢(x) < O, or c¢(z) < O,.

5. Product spaces.

THEOREM 5.1. Let (X,7)= X {(X,,7,): yel}. Then (X,T) is an
e-space iff (X,,7,) is an e-space for each yel.

Proof. Suppose (X,7) is an e-space and let yeI. We use (iii) of
Theorem 3.1. Let X, =0, v U,, 0, and U, being open in X, and let
®,eX,. Then X = P,'[0,]u P;'[U,] and P, (x) = =, for some z in X. We
may assume that ¢() < P;*[0,]. Then ¢, (2,) =P, [e(x)]< P,P;'[0,]=0,.
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Conversely, suppose that (X,,7,) is an e-space for each y in [I.
We use (iv) of Theorem 3.1. Let c¢(z) Nec(y) £« O = ¢(y) ne¢{z). Then
for each y in T, ¢, (z(y) Ne,(y(y) # 0O #e¢,(y(»)) Ne(z(y). It follows
then that ¢, (#(y)) 0 e,(2(y)) # @ for each y in I" and hence ¢(x) N ¢(2) # 9.

6. Regular spaces.

TaeorREM 6.1. If (X,7) is regqular, then E is closed.

Proof. Suppose (z,y)¢E. By (iii) of Theorem 1.1, ¢(z) Nne(y)=9
and hence z¢c(y). Since (X, J) is regular, there exist open sets O, and
0, for which z0,, e¢(y) < 0, and ¢(0;) N ¢(0,) = O. Hence (x, y)0, X
X 0, = ¥E by (iii) of Theorem 1.1, and hence F is closed.

THEOREM. 6.2. If (X,7) is reqular, then P: X — X/E is an open
map.

Proof. By (iii) of Theorem 3.2, (X, 7 ) is an e-space. It suffices to
show that E[O] is open whenever O ig open. We will show in fact that
E[0] = O. Let ©<E{0O]. Then by (iii) of Theorem 1.1, ¢(x) Ne(y) # O
for some ye0. Since (X, 7)) is regular, there exists an open set 0* for
which ye0* < ¢(0*) = 0. 1f z¢c(0%), there exists an open set O* such
that 2¢0% < ¢(0%®) < %c(0%). But then c¢(x) < ¥cO0* < %e(y) and
e(x) ne(y) =0, a contradiction. Thus zec(0*) € 0 and E[0] < O.

COROLLARY 6.3. If (X, J) is regular, then (X/E, T [E) is T,.

Proof. Use Theorem 6.1, Theorem 6.2 and the fact that ¥ closed,
P: X - X/E open implies that (X/H,J[E) is T, (see 3], p. 98).
CorOLLARY 6.4. If (X,T7) is regular, then (X/H, T |E) is regular.

Proof. Let F* be closed in X/E and suppose y*eX|E— F*. Take
zeX such that P(x) = y*. Then x¢P~'[F*] and since (X, .7) is regular,
there exist open sets O, and O, for which z<0,, P7'[F*] = 0, and ¢(0,) N
N ¢(0,) = @. Then y*eP[0,] and F* < P[0,] and P[0;] is open by
Theorem 6.2. It suffices to show that P[0O,] " P[0,] = 9. Let x,¢0,
and #,€¢0,. Then c(x;) Ne(x,) = B and (x,, @,) ¢H. Then P(w,) = F{z,]
# Blx,] = P(x,) and P(z,) = P(w,).

COROLLARY 6.5. (X, 7)) is reqular iff (X,7) is an S-space and (X/F,
J|E) is regular.

Proof. The necessity follows from Corollary 6.4 and the fact that
regularity implies property S. To show the sufficiency, let ¢ ¥, ¥ being
a closed set in X. Since (X, ) is an S-space, ¢(x) N F =@ by (ii) of
Theorem 2.1. It follows then that P(x) N P[F] = @ and that P[F'] is
a closed set by Corollary 3.3. Since (X/E,J/E) is regular, there
exist disjoint open sets O and O in X/E such that P(®)e0] and
P[F] < 0. Then zeP~'{0}] and F < P7*[0;] and P7'[0]] nP'[0;]
= 0. :
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7. Normal spaces.

LEMMA 7.1, Let (X,7) be an e-space and suppose that (X/E, T |E)
is Ty. If ¢(2) N c(y) = O, there ewist disjoint open sets O, and O, in X such
that ¢(z) < O, c(y) < O,.

Proof. ¢(2) N e(y)= @ implies by (iii) of Theorem 1.1 that (z, y)¢F
and hence E[z] % E[y] in X/E. Since X/F iz T,, there exist disjoint
open sets O} and O; in X/E such that E[z]eO] and E[y]<O;. But
c(@) < B[»] < P7'[0]] and c(y) < P7'[0;]. Let O, =P7'[0]] and
0, = P7'[0;].

LevmMaA 7.2. Let (X, 7)) be a compact e-space and suppose that (X/H,
TIE)isTy. If c(w) 0 F = O, F being a closed set, there exist disjoint open
sets O, and O, im X such that ¢(x) < O, and F < O,.

Proof. y<F implies that ¢(») N ¢(y) = O and by the previous lemma,
there exist disjoint open sets O, and 0, such that ¢(2) = 0, and ¢(y) < O,,.
Since F is compact, F < U{O;i: i =1,...,n} =0,and ¢®) < ({0,,:
t=1,...,n} = 0.

THEOREM 7.3. Let (X,J) be a compact e-space and suppose that
(X/E,T|E) is Ty,. Then (X,7) is normal.

Proof. Let ¥, nF, = O, F; being closed sets. Then xzeF, implies
that ¢(x) N F, = @. Applying Lemma 7.2, there exist disjoint open sets
0, and O, such that ¢(z) = 0, and F, < 0,. Since F, is compact,
Py cU{0y:i=1,...,n} and F, = N{04:1 =1,...,n}

THEOREM. (X, 7) is normal iff (i) (X, T) is an e-space, (i) P : X - X|E
s a closed map and (iil) (X/E, T [E) is normal.

Proof. Necessity. (i) follows from (v) of Theorem 3.2. To show (ii),
it suffices to show that E[F] is closed whenever F is closed. Let ¢ H[F].
Then by (iii) of Theorem 1.1, ¢(z) Ne(y) = O for all yeF and thus
¢(x) N F = 0. Since (X, 7 ) is normal, there exist disjoint sets 0, and O,
such that ¢(x) € 0, and F < 0,. It follows then that x¢0, < €E[F]
and E[F] is closed. (iii) follows from the fact that normality is invariant
under closed, continuous surjections (see [3], p. 134, M).

Sufficiency. Let Iy N F, =@, F, being closed in X. Then x<F,
and y ¢ F,implies that e(x) N ¢(y)= O and by (iii) of Theorem 1.1, (z, y) ¢ K.
Thus H(x) #* E(y) and P(x) # P(y). Hence P[F,] nP[F,} = @. Since
P:X — X|E is presumed to be a closed map, P[F,] is a closed set
for each ¢. By the normality of X/E, there exist disjoint open sets O}
and 0 in X/E for which P[F,] < O] and P[F,] < O;. Then F, < P~'[0}]
and F, < P7'[0;].

LeEMMA 7.5. Let (X, 7) be an e-space. Then E[x] = (U {c(y) : e(y)N ¢(x)
#* O} for each v in X.

Proof. If zeE[x], then ¢(2) Nne(x) # O by (iii) Theorem 1.1 and
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zel J {e(y) : e(y) N e(x) # O}. Conversely, let zec(y), where ¢(y) N e(x) # 9.
But ¢(z) Ne(y) # D and by (iv) of Theorem 3.1, ¢(2) N ¢(x) = O@. Hence
zeB[x] by (iii) of Theorem 1.1.

THEOREM 7.6. Let (X,.7) be a finite topological space. Then (X, T)
is an e-space iff (X, 7) is normal.

Proof. The sufficiency follows from (v) of Theorem 3.2. To show the
necesgity, by Theorem 7.3, it suffices to show that (X/E, 7 /E) is T,.
Since X/FE is finite, it suffices to show that (X/F,.7|E) is T, or that
{B{x]} is a closed set in X/F. But E{z] by Lemma 7.5 is a finite union
of closed sets in X and the theorem follows.

8. Transfers of e-spaces.

ToroREM 8.1. Let f:(X,7) > (Y,%) be a continuous, closed,
surjection. If (X, ) is an e-space, then (Y, %) is an e-space.

Proof. We employ (iii) of Theorem 3.1. LetyeY and ¥ = U, v U,,
U, being open in Y. Then y = f(z) for some zeX and X = f'[U;] v

f’l[Uz] Since X is an_ e-space, we may assume that e(r) < f U]

Then ¢(y) = ¢(f(#)) < c( (¢ (x) )) = fle(x)) = ff'[U,] =

ExAmpLE 8.2. In Theorem 8.1, closed cannot be replaced by open.
For let X = [0, 1] the closed unit interval with the usual topology and let
Y ={a,b,c} with % = {Qy {a}, {a, b}, {a, ¢}, Y}- If f(0) =0b,f(1) =¢
and f(x) = a, when 0 <z <1, then f: X - Y is a continuous, open
surjection and X is an e-space. But Y is a finite, non-normal space, and
by Theorem 7.6, Y is not an e-space.

Since continuous open surjections are identifications, it follows
that property e is not invariant under identifications. However,

THEOREM 8.3. Let f: (X J 7Y (X, %) be a surjection. Suppose that
T ={f'[U]: Ueu}, that is, T is the weak topology for X determined by
f and %. Then (X, 7) is an e-space iff (Y, %) is an e-space.

Proof. Necessity. Let ye¢Y, Y = U, u U,, U, being open. By (iii)
of Theorem 3.1, it suffices to show that c¢(y) = U, or ¢(y) = U,. Now

= f(x) for some » in X and X = f‘ [Ul] v f[U,). Since (X, T)
1s an e-space, we may assume that ¢(z) < f~'[U,]. Thus X = f'[U,] v
U €c(x). But e(x) is open in X and hence %c(x) = f'[U*] for some
U*e%. Thus

X =fUJuf U]
Y =—f[X]=U,u U
But y¢U*; for if y<U", then f(x)eU* and
wef ' [U*] = €elw),
a contradiction. Thus y<#U" and hence ¢(y) < % U* < U,.

and
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Sufficiency. Let X = 0, u 0, and ze¢X. But O, = f'[U,] for some
open U; in Y. Hence ¥ = f(X) =f|f'[U] vf'[U,]] = U,u U, and
f(#)eY. We may assume that ¢(f(2)) = U, since Y is an e-space. But
fle@) = e(f(#)) = U, and hence ¢(x) < f1{U,] = 0,.
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