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On the radius of starlikeness of some families
of regular functions

1. Definitions and denotations. Preliminaries. Let a, 8, M, § and »
be arbitrary fixed numbers: ae{0,1), fe{0,1), Me[1, o), de[0, oo),
n>1 — a mnatural number.

Denote by @ the family of all functions of the form

(1) w = g(z) = 2+ a2+ a5+ ...

regular in the circle K = {2: |2/ << 1} and by § one of its subclasses,
the class of schlicht functions and let S*(a) be the family of functions
of form (1) starlike of order q,i.e. of functions satisfying the condition

29’ (2)
e g(2)

Obviously, 8*(a) = 8, 8%(0) = 8%, where 8" is the family of all
starlike funections of form (1), i.e. all functions mapping the circle K
into domains starlike with respect to the point w = 0. The notion of
“gtarlikeness of order o’’ has been introduced by Robertson [4], who
has associated it with a class of funetions smaller than the class defined
here as well as in some other papers (comp. e.g. [5]) by condition (2).
Moreover, denote by H, the family of all functions of the form

> a for every zeK.

(2)

(3) hz) = b,2"+b, 2" ' +..., b, #0,

regular in the circle K.
Let ¢(2) be a function of the form

(4) p(2) = f(2)+h(2),

where f(2) and h(z) are functions of the families 8*(a) and H, respectively
such that

(5) -@—(i)i/——]zzﬂl:@— ~M|< M for every zeK.



138 W. Janowski

The family of all functions ¢(2) satisfying conditions (4) and (5)
will be denoted by L, (8, ), while H, (8, a) stands for the family
of functions h(z) satisfying the condition

1 h(z)
1—8 fz)
for some function f(z)eS8”(a) and every zeK.

Finally, let for an integer §, g(2) be a function of the family G such
that

(6)

+1—M\< M

(y(z)
f(2)
for some function f(z)eS8*(«) and every z<K; if, on the other hand, ¢
is not an integer, let g(z) denote a function of the family G which takes
the value 0 only at the point z = 0 and satisfies condition (6) for some
function f(2) e8¥(a) and every z<K. In this case we mean by (g(2)/f(2))'*
this single-valued branche L(2) of a multi-valued function F(z)
= (9(2)/f(2))'*°, for which L(0) = 1.

The family of all functions ¢g(z) defined above will be denoted by
éSfl) (0, a).

In the limit case M = oc condition (5) takes the form

9(2)
{7) re ) > p
for some function f(z)eS*(a) and every zeK.

A function ¢(2) of form (1) regular in the circle K and satisfying
condition (7) will be called close-to-starlike of order « and of type g in
that circle. The notion of an close-to-starlike function has been introduced
in the case a = f = 0 by Reade [3]. Thus the family L, (8, «) is a sub-
class of the family G(8, a) of all functions close-to-starlike of order a
and of type § in the circle K. Since Ly (8, a) © L (8, a), Ly (8, a)
< G(p, a). In the limit case M = oo condition (6) takes the form

146
re(g(z’) > 0.
f(z)

Obviously G9(0, a) = G9(0,d) and G©(0,q) = G(0,a). By the
radius of starlikeness of an arbitrary subclass 7' of the family G we mean
the upper bound ¢ of the radii of the cireles |2{ < 7,0 < r < 1, in which
every function of this family is schlicht and starlike.

Since a function of form (1) regular in a cirele |2| < r is schlicht and
starlike in that circle if and only if

29’ (2)
g(2)

140
) ——MK<M
|

re >0 for every zeK,,
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K, = {z: |3| <r},0<r<1,[4], the problem of finding the radius of
starlikeness of the family T, if T is compact, is reduced to finding the
greatest value of r, 0 << r <1, for which

2g' ()

9(2)
for every [2| < » and every function g(2)eZ.

In this paper the radins of starlikeness of the family L, (8, «)
for § # 0 is estimated and its exact value is given for § = 0. An analogous

problem for the family éﬁ‘f}(o, a) has also been solved.

re =0

2. Auxiliary lemmas. Denote by £ the family of all functions of the
form .

(8) P(e) =1+4pi2+p2°+...
regular in the cirele K, satisfying the condition
reP(z) > 0 for every zeK

and let 2, be the set of function of the family & of the form

9) P(z) = 14+ ppd 4 pp @, kB> 1.
A funetion f(2) belongs to the family 8* if and only if
zf' (2)

2, f(0)=1

f(2)

(cf. [2]). Then let Z(M) and £, (M) Be families of functions of form (8)
or (9) respectively, regular in the circle K and satisfying the condition

(10) [P(z) —M| < M for every ze¢K.

Condition (10) means that the values of the function P(z) for every
ze K belong to the circle with the centre M and the radius M. The family
Z,.(M) is a subelags of the family £,. In the limit case M = oo we have
Pr(c0) = P,

In the sequel we will need lemmas conecerning funetions of the family
Z.(M).

LeEMMA 1. If a function P(z) belongs to the family 2, (M), then it can
be represented in the form

1 1
(11) P(z) = 11;:;;%, m = 1— i

where w(z), w(0) = 0, is a function reqular in the circle K satisfying the
condition »
(12) lw(2)] < |2¥  for every z¢K.
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Proof. Let -
P
(13) 00 =D 4
and
0(2)—Q(0)
i4 v\ vAN
(4} Y =1 000

for every ze K. Thus w(0) = 0. From (10) follows that |¢}(¢)] < 1, and the
homograph funection

where a is an arbitrary point of the circle [&] < 1, maps this circle onto
the circle |p| << 1, by which the function w(z) is regular for ze¢K and
satisfies the condition |w(2)| < 1 in the circle K. The function w(z) can
be expanded in the circle K in a power series of the form

w(2) = c# 4 @, 6 #0,
thus the function

v =22, w0 =

is regular in the circle K and consequently bounded in the circle |z| <
0 < r < 1. Similarly, as in the proof of the lemma of Schwarz, we prove
that |p(2)| < 1. Hence we obtain inequality (12). From formulas (13)
and (14) formula (11) follows immediately. Thus the lemma has been
proved.

LEMMA 2. If a function P(z) belongs to the family P, (M), then

— Lol 1+ of*
15 < < —7 =1—-1/M >0
15) e <PEI< T /
Estimations (15) are sharp and equalities in (15) hold for functions
of the form
14 &2*
16 P) = ——— =1,
(16) O e S
Proof. By Lemma 1 and elementary properties of modulus inequal-
ities we have
1+ |w(2)]
[P(e)] € ———————.
1—mjw(2)|
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Hence in view of (12) we obtain the second of inequalities (15).
Similarly we prove the first inequality. Estimations (15) are sharp, as
for functions

1— & 14 &2

Pe) = —— 7%, P =

T e e = exp(— kargz,)

,
1— me*

of the family &, (M) for every |z, << 1 we have
[P(a)] = ———%  and  [P™(z)| =

LeMMA 3. If a function P(z) belongs to the family Z,(M), then

2P’ (2)
P(z)|

k(L+m)l=|*
1—(1—m)lzf*—mlz

(17)

=

EX m=1—1/M.

Bstimation (17) is sharp and equality takes place in (17) for functions
of form (16).
Proof. Differentiating function (11) with respect to 2, we obtain

Py = LEmwE)
[1—m w(2)]?
whence
2P’ (2) _ (1+m)z-w'(z)
PR)  [14+w@]1[1—mw()]’
Thus
2P’ (2) (1-+m) 2 v’ (2)|
(49) P(z) —(1—m) |w(z)| —m|w(z)>

For functions of the form
F(z) = Ag+ A" ..., k=1

regular in the circle K and satisfying the condition |F(2)} < 1 for zeK
the following sharp estimation of the modulus of the derivative holds [1]:

(19) Pel< i ma
= 1— lz[2k *
Applying estimations (19) to the derivative w’(z) in inequality (18)
we obtain
2P’ (z I 1+m le* 1— |w(z)]?
P(z) — [o|™* 1—(1—m)|w(@)|—mlw(z)®

i
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whence in view of
— w(2)? 1— g
1—(@—m) @) —mw@)  1—(1—m) Rl —m[el
(17) follows.
Sinee for the function

P (z) = ERPW L E = -exp(—_ka,rgzo)

of the family &, (M) for every |zo| << 1 we have
2,P" (2,) E(L+m)|z)"
P*(2,) 1— (1 —m) || — m |z [*’
estimation (17) is sharp.
3. Theorems on the radius of starlikeness of the families L, (8, a)

and éﬁ’}(o, a). From the considerations represented at the end of Section 1
of this paper it follows immediately, that the radius of starlikeness of an
arbitrary subeclass T of the family G equals to the smallest root, 7y, 0 < 7,
< 1 of the equation

L(r) =0,
where
£(r) = minre % (2) .
l=r g (2)

H(Z)e
Hence the radii of starlikeness of the families L un(f, @) and G¢)(0, a)
may be found by evaluating

o 29’ (2)

min y 0<<r<1
lzi=r ?(?)
w(eYeLpr (8,9
and
29’ (2
min re g()’ 0<r<1
el=r g(2)
g(z)eé’gfd)(o,a)
Assumé€
1 B
m=1——- A= .
o’ 1—8

THEOREM 1. The radius of starlikeness o of the family Ly (8, a
greater than or equal to the smallest positive root v, of the equation

(20)  q(r) = 1—2a)(m—2)- 7" '— (m—A)r*" *— [(1—2a)(m—1—24)+
+(n—1) (1 +m)]r" 4 [m—1— 24— (n—1) (1 +m)]r" 7" —
—(1—=2a)(L+A)r+14+4 =0,

If p =0, then ¢ = r,.
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Proof. (a) If ¢(2)eLy (8, a), then
(p(2)/f(2)—8

1—5 = P(2)
for some function f(z)e8*(a) and P(2)eZ,_,(M), thus
(21) @(2) = f(2)[B+(1—B)YP(2)].

Differentiating (21) we obtain
¢'(2) = (&) [B-+ (1 —B)P(2)]+ (1~ B)f(2) P (2),
in view of which

(22) 29’ (2)  &f'(2) | &P'(2)

?(2) fey = PR+
Thus

ro 2’ (2) . g
?() ~ s@es@  S(2)  Perednyan
Since f(2)eS*(a), then

2P’ (z)
P(2)+2

zf'(2) —(1—2a)r
(23) re ) = 117 ,
(cf. [2]). Next, we have

2l =7, 0<r<1

2P’ (z) 2P’ (2)
zP’(z P(z) P(z)
Plz | 14 ——A—— h 14 4re 1
P(2) P(z)
By Lemmas 2 and 3 we obtain for k¥ = n-—1 the inequality
2P’ (2)
(24) P(2) (n—1)(14m)le* 1 .
1tve L ST (—m) R m - - — "
P(z) 1+m|z1" !

By (23) and (24) we have

. 2p'(2) _ 1—(1—2a)r (n—1)(A+m)r™ ! .
— . =7,
@) re ey T iy Uit m-nrla—ry
After performing some transformations we obtain
(26) re 79 o a(7) el = 7

e = @A+r)Q—r"")R+ 24 (m— )] ’
where ¢(r) is the polynomial appearing in (20).
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The denominator of the right-hand side expression of inequality
(26) is positive for 0 <<r << 1,49(0) =14+2>0 and ¢(1) = —2(n—1) X
X(1+4+m) < 0, thus the smallest positive root of equation (20) r, lies
between 0 and 1. Therefore inequality (26) takes place for » = |2| < 7,.
Thus the radius od stralikeness of the family L, ,(f8, a) is greater or
equal to ry, which was to be proved.

(b) “Let f = 0. The functions

—(1+m)e"
(14me" ") (14-2)*0-

k4

o "=

) =
as it can be easily verified, belong to the families §*(a) and H,, (0, a)
respectively, and therefore the function

2 1—gnt

(1_{_2)2(1—:1) ‘ 1+mzn—l

9 (@) =f"(2)+ 2" (2) =

belongs to the family L, ,(0, a). Since

¥ (2)  1—(1—2a)2 (n—1)A-Fm)z""t

P*(?) B 142 (14+ma" ) (1—2""") ’

we obtain by (26)
2p*' (2)

e @*(2)

=0

for z = r,. Thus the function ¢*(2) is not starlike in the circle |2| < r
for » > r,. Hence in view of ¢ > r,, we obtain ¢ = r,, which ends the
proof of the theorem.

CorOLLARY 1. The radius of starlikeness of the family of functions
@ (2) of the form z-+ h(z), h(2)eH,, satisfying the condition

‘ ?(2)

" —M‘ < M  for every zeK

is given by the formula

{2m-—n-(1+m)+l/[n(1+m)—-2m]2+ 4””_}%
2m ’

27y o= if 'm;é()(m:l——l—),

ek , _ .
B o e
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To prove this observe that the function f(2) = z is starlike in the
circle K of an arbitrary order, in view of which ¢(2)eLy,, (0, ) for every
ae{0, 1). Since the function ¢(2) is of the form 2z k(z), h(2)eH ., (0, a),
the first term in sum (22) is to be replaced by 1 and in the second 4 = 0.
Thus inequality (25) takes in the considered case the form

eg'e) __ (n—1)Atm)r

p(@) = A+mmT)(L—rY) T

Hence the radius of starlikeness R of the function family in question
is greater or equal to the (positive) root ¢ of the equation

re

(28) mr** 2+ [n(l+m)—2m]lr"'—1 =0,
expressed by formula (27). Thus R > o. The funetion

(1+m)z"

h*2) = —
(Z) 1+mzn—1

belongs to the family Hy, (0, @) (¢ — is arbitrary) and the logarithmic
derivative of the function ¢*(2) = 2+ h*(2)

2 g*'(2) —m P —[n(l4+m)—2m]" 1
g*(e) (1—2""1) (1 +me") ’
thus in view of (28)
‘e v () _
P*(2)

for z = p. Thus the function ¢*(z) is not starlike in the circle 2| << r for
r > p. Since R > ¢ we obtain R = p, which ends the proof.

COROLLARY 2. The function z-h(z), where
h(2) = b,2"+b, 2" +..., b, #0,n>1,
8 regular in the circle K and satisfying the condition

|h(2)] < |2| for every zeK,

1\
o< (2
n
COROLLARY 3. The radius of starlikeness of the family of functions

of the form
{29) p(2) =f(@)+h(2), [(2)e8(a), Kl2)eH,,

18 starlike in the circle

10 — Prace matematyczne XIV



146 W. Janowski

clase-to-starlike in the circle K is equal to the smallest positive root of the
equation
(30) (1—2a)r" '—y" i _2(n—1)r"—2(n—1)r""'—(1—2a)r+1 = 0.
In fact, if a function ¢(2) satisfies the above assumptions, then
M = oco. Pagsing to the limit in (20) as m tends to 1, we obtain equa-
tion (30).
COROLLARY 4. The radius of starlikeness of a family of form (29), for

which
R(2)] < |[f(2)] for every zeK,

equals the smallest positive root of the equation
(31) 20—a)—a]r"—mw" ' —(1—2a)r+1 = 0.

Indeed, if a function @(2) satisfies the given assumptions, then
M =1, thus m = 0. Substituting in (20) m =0 and 2 = 0, we obtain
equation (31). In particular if « = 0 and n = 2 the radius of starlikeness

e =3

THEOREM 2. The radius of starlikeness o of the family ég‘f}((), a) equals
the smallest positive root ry of the equation

(32)  s(r) =m(L+6)(1—2a)r3—[3m+ 6(2m—1)+ 2a(L+ 8) (1 —m)]ri4
+[2a—3+d(m—2+2a)lr+1+8 = 0.
Proof. If g(z) eG4} (0, a), then

146
(_9_@_) " P

f(z)
for some function f(z)eS8*(a) and P(2)e# (M), thus
(33) : 9(2) = f(2)(P @)+,

By (P(2))"/**? we mean here this single-valued branch L(z) of the
multi-valued function F(2) = (P(2))/**?, which takes the value 1 at
the point z = 0. Differentiating (33) we obtain

f(2) —8)(1-
' I ) 1/(1+9) 6/(1-+8) pr
9@ = @PE@M+ T (PE)OP @),
by which
zg'(2)  2f'(2) 2P’ (z)

34 = .
54 0@ T AT oP®

Thus

re %' (2) > min re—zfl(z)-—— max ZP,(Z), 2] = 7.

9(2) ~ taesr@  f(2)  reeson P(2)
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By (23) and Lemma 3 we obtain for £ = 1 the inequality

(35) re 29’ () >l——(1——2(2£ o (1-+m)r ,
9(2) 147 A+ 8)(A—r)(1A+mr)

2l =r, 0 r<1.

After some transformations we obtain

(@) $(r)
g(z) = L+ 0)(A—r) (L) (Ltmr)’
where s(r) is the polynomials appearing in (32).
The denominator of the right-hand side expression of inequality
(36) is positivefor 0 <r < 1,5(0) =146 >0ands(l) = —2(1+m) < 0,
thus the smallest positive root #, of equation (32) lies between 0 and 1.
Thus inequality (36) holds for r = |2| < 7,. Thereby, the radius of starlike-

ness ¢ of the family ég‘f}(o, a) is greater than or equal to »,. The functions
2 z 1—z \VO+9
* = e ——e———— *® =
IO = e 7O = s (1+mz)
belong to the families S*(«) and éﬁf}(o, a) respectively. Since

(36) re

|zl =1,

2g*'(2) 1—(1—2a)z . 14-m)z
g*(z) 14z (14 8)(1—2)(1+m2)’
thus by (36) we have
20*'(2)
e

for 2 = r,. Therefore the function g*(2) is not starlike in the eircle [z| < r
for » > r,. Hence in view of o > r, we obtain ¢ = r,, which ends the proof
of the theorem.

COROLLARY 1. The radius of starlikeness of the family of functions
g(2), g(2)eG, satisfying the condition

( 9(2) )”6 oy

2

< M  for every zeK,

is given by the formula

d(m—1)—2+V[0(m—1)— 22+ 4m(1+ 8)?

T i - ’

2m

1
37) o= if m #0 (m :]_T{)’
146

s if m=0.
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Similarly as in the proof of Corollary 1 from Theorem 1, we find that
in the considered case the first term in sum (34) is to be replaced by 1,
basing on which we conclude that the radius of starlikeness R of the
family in question is greater than or equal to the (positive) root ¢ of the
equation
(38) m(l4+8)r*—(d(m—1)—2]r—1—48 =0,

given by formula (37). Thus R > g. The function

1—z \YO+9)
* =
7@ = ()
belongs to the considered family and its logarithmic derivative
29*' (2) (1+m)z
g*(2) 14+é(1—2)(1+me)’
thus in view of (38)
Y
R
g*(2)

for 2 = p. Thus the function g*(z) is not starlike in the circle |2| < r for
r > o. Hence in view of R > ¢ we obtain that R = g, which ends the proof.

COROLLARY 2. The radius of starlikeness of the family of functions
of the form

g(2) = 2+ bye%+by2%4-...

regular in the circle and satisfying the condition

146
re (?—((:)l) ! >0 for every ze¢K,

where f(z)eS8*(a), is given by the formula

24+ 0—(1+8)a—V(1+0)2a®+2(1+0)(1—a)+1 if ol
(1 8)(1—2a) ’ !
39) o=
146 if @ =1}
346’ 2

In fact, if the function g(z) satisfies the above given assumptions,
then M = oo. In this case we obtain from condition (35) the equation

A+ 0)(1—2a)r"—2[(1+6)(1—a)+1]r+1+6 =0,
the smallest positive root of which is given by formula (39).
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COROLLARY 3. The radius of starlikeness of the family é({s)((), a) 18

given by the formula !

(1]

{2]
[3]

[4]
{5]

14214+ 8)(1—a)—VA{@A+ 0)2at-4(1+ 8)(2—a)+ 1
2[(1+0)(1—20)—1] ’
if (140)(1—2a) #1,

if (L4 0)(1—2a) =1.

146
346"

We obtain this corollary from Theorem 2 pufting in it m = 0.
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