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Two criteria for the continuity
of the equilibrium Riesz potentials

1. Introduction. Let |r—y| denote the distance of two points
and y in the Euclidean space R? (p > 2). Put

exp(—A(p, a)lw—y|*?) H0<a<p,

11 v, (@ =
(1.1) 0. (2, Y) w—y| if @ —p =2,

A(p, ) being a normalizing positive constant depending only on p and «
but not on |x—y|. Potentials

(1.2) = [ko(e,y)duly), @R,
with the kernel %k, given by
(1.3) k. (z,y) = — Logw,(z, ),

are called the Riesz potentials or the kL -potentials (detailed study of the
k,-potentials may be found in [3]).
Define P(x) by

(1.4) . P(a) ——Gexp( Zk xz, 2 ) "an x, ;) reR?,

where C is a positive constant and x, ..., z, are arbitrary fixed points
of R”. The number # in (1.4) will be called the degree of P and denoted
by degP.

Let E be a subset of R?. Let £ be an arbitrary family of functions
P given by (1.4) such that

K(x; FY) —sup{P(a): PeFY} < M, xcE.

ConDITION (LY,). We say that E satisfies the condition (Ly,) at aeR?,
if for every family FX and for every e > 0 there exist two positive numbers
0 and K, such that

P(x) < Kjexp(edegP), |c—a|< b, PeFM,
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Conp1TIoN (LY). We say that F satisfies the condition (LX) at a<R?,
if for every r > 0 the set B, = {wel: |x—a| < r} satisfies the condition
(Lzzznl) at a.

MaIN TEHEOREM. Let 0 << a < 2. Let B be a compact subset of R? with
positive k,-capacity, C,(E) > 0. Let a be a fixed point of E. Then the following
conditions are equivalent:

(a) For every r > 0 the equilibrium k,-potential U~ (x) of the set E,
18 continuous at a.

(b) E satisfies (L) at a.

(¢) E satisfies (L)) at a.

Remark. If a« =p =2 (logarithmic potentials) Leja [4] proved
that (a) < (¢). Bach [1] generalized the Leja’s result to the case of the
Newtonian potentials (p > 3, e = 2). It has been proved in [7] that
(a) < (b), if a =p = 2.

Let #, denote the family of all the functions P(x) = O w, (2, 2;)

(n =0,1,...), where 0 > 0,x,¢eH (¢ =1,...,n) and P(x )< for zeH.
Put

(1.5) Lo(@) = sup{P ()% PeF)}, weR?,
(1.6) Li(x) = limsupL,(y), xeR”.
y—x

One of the basic tools in the proof of the Main Theorem is the following
LevMma 4.4, If 0 < a< 2 and C,(H) > 0, then
L,x), wx<R°—E,

Li@), wck,

Il

exp(— Uy () +1/C,(B))

UX(x) being the equilibrium k,-potential of E.

In this note we also investigate some numbers sequences whicl
converge to constants related to the k,-capacity. In part'cular we show
that if 2 < a < 3, then the Cebyfev constant of the unit ball B in R3
with respeet to w, is strictly smaller than the transfinite diameter of
B with respect to w, (see Section 3). This implies that the first footnote
on p. 227 in [3] is true only under the additional assumption that 0 < a < 2.

2. Some known properties of % -potentials. For the sake of con-
venience of the reader we shall recall some statements concerning the
k,-potentials, which are to be used below. We shall follow [3].

In the rest of this paper E will always denote a compact subset of
R? (p = 2). Given any (non-negative) measure u with suppy <« ¥ we put

= -—ffLogw @, y)du(x)duly).



Equilibrium Riesz potentials 93

Let
W (B) = int{l,(p): supppu = B, u(H) =1}.

If W, (F) < oo, there exists unique minimizing measure A (suppi < B,

A(E) = 1) such that
0< W (E) = I,(4).

The namber C,(E) = 1/W, (¥F) is called the k,-capacity of E. The
potential U%(x) is called the equilibrium potential of E with respect to
the kernel %,.

Given 0 << a < p, one says that a property holds on a set 8§ «¢ RP

nearly everywhere (n.e.) if it holds everywhere in § except a subset with
interior k. -capacity zero.

(2.1) If 0 < o < p, then
U'(#) = W, n.e. in suppi,
Ulw) < W, for xesuppi ([3], p. 174).
(2.2) If 0 < a< 2, then
Ul@) =W, me. in E,
Ul(w) < W, for zeR” (Maximum principle; [3], p. 174).

(2.3) Let {F,} be a sequence of closed subsets of F such that
E,cE,,,, F=UE,. Then

limC,(E,) = C,(EB) ([3], p- 193).

(2.4) Let {c,} be a sequence of measures such that ¢, — o (weakly),
o,(H) = 1 and suppo, = B (n =1,...). If {U»(2)} converges to a lower-
semicontinuous function U (x), x<R”, then

Ux) = Ul(x), weRP.

This is a direct consequence of Theorem 3.8 and Remarks 1 and 2

on pp. 237-238 of [3].

(2.5) Let u and » be arbitrary measures. Let I, (u) < cc. Let f(x)
= U%(x)+¢,c = const > 0. If Uh(x)<f(a) u-almost everywhere, then
the same inequality holds everywhere in R” (Domination principle;
{31, p. 149). :

(2.6) If C,(E) > 0, then there exists a measure p ¥ 0 such that
suppp = E and U¥%(z) is continuous in E* ([3], p. 236).

3. k,-capacity and related eonstants. Let ™ = {z,,...,s,} denote
an arbitrary system of n-+1 points of B”. Put

V) = [ e, ).
osi<k<sn
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We define an n-tk system of extremal poinis of E,
S(ﬂ) = {‘EnO’ seey fnn}7
with respect to w, by the condition .
(3.1) V(E) = V(@™), o™cE.

We shall always assume that the points of £™ are enumerated in
such a way that
(3.2) A< dpjy §=1,..,n,

where 4,; = [] (& &) -
i
k#g
Put

7
0 = [infmaxnwa(ac, wi)]l/n, x;«R?,
;) xzeE ;7
(3.3)
~ " 1/n '
= linfmax w (z, x;) xeH.
@n [(xi) P g (2, z] ’ i
It is known [6] that
(B4) 0,0, <8 = A <0, = [V(EFOHD 0, <0,
(3.5) Qﬁi:<9z027 sy =0,1,...,
(3.6) é;’:i:< éﬁb:’ p,y =0,1,...,

whence it follows that the sequences {o,}, {¢,} and {v,} are convergent.
The corresponding limits g,, 0, and v, are called the (unconditional)
Cebysev constant, the conditional Cebysev constant and the tramsfinite
diameter (or the span) of F with respect to w,, respectively.

It follows from (3.4), (3.5) and (3.6) that

o~

(3'7) @a< 9n7 a<§n7 ’Da<vn’ n=1721"‘7

and

(8.8) 0<,< 0,< 6, = liminfs, <limsupd, < v, < M = supw,(x,y).
x,yeE

It is known ([3], p. 203) that
(3.9) v,(B) = exp(—W,(B)).

Let 7, be a fixed point of E. The sequence {z,} defined inductively
by the condition

n-1 n—-1
ma’X” . (%, 7;) = ” 0 (Nyy M)y M =1,2,...
i=0 )

zeB g

-
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was first considered by XLeja [b] (for ¢ = p = 2) and is called the
sequence of extremal points of ¥ with respect to w,. Put

n—1
(3.10) Gy = [” UM "7@')]1/”7 n=1,2,..
=0

One may easily check that
(3.11) On < @y, (@0 ...a2" <y, n=1,...

Leja [5] (see also [8]) proved that if g,(E) = v,(F), then the
sequence {a,} converges to v,(¥).

Szybiak [9] proved that if the kernel %, satisfies the maximum
principle, then ¢, (F) = v,(X). Therefore in virtue of (2.2) we have the
following:

LeMMA 3.1. If 0 < a < 2, then the sequences {6,} and {a,} are con-
vergent and o, = 0, = 0, = ¢, = V, = exp(—W,). We put 5, =lim,
and a, = lime,.

Indeed, let ¢, ..., ¢, be points of B such that

0n = [maxﬁ w, (T, ci)]lln.

zel =1

Then
Uln(2) > Log(l)e,), @eE, n>1,
where A, = (1/n) 28% and ¢, denotes the Dirae measure concentrated

=1

at the point x. Integrating both sides of the last inequality with respect
to 1 and applying the maximum principle we get

W,> [Uldh, = [Ulndh> —Loge,, n=1,...

These inequalities along with (3.8) give the result.
However, if 2 < ¢ < 3 and B = {rc<R*: || = 1}, then g,(B) < v,(B).

Indeed, taking into consideration P(x) = []w,(x,»;), where z; =0
(¢=1,...,m), we see that =1

0.(B) < max P(2)'"" < exp(—4(p, ).

zeB

Next, one can easily check (see [3], p. 166 and p. 204) that

W,(B) = A(p, a>2“‘2“"l’zf(a_1)F('po‘)/F(a_;p —1).

2

So, it p — 3, then W,(B) = A(3, @)2°*/(a—1) < A(3, a) for 2 < a
< 3. Therefore o,(B) << exp(—W,(B)).
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By the way we would like to remark that the quantity w(p, o) on
p. 166 and on p. 204 of [3] should be replaced by w(p, a)/w,, where w,
is the surface area of the unit sphere {reR”: |2| = 1}.

We shall now prove that

(3.12) limé, =v, for 0 <a<<p.

In virtue of (3.4) and (3.9) this equation holds if W, = oco. Let
W, (E) < co. Given an arbitrary system &™ of extremal points of E
with respect to w, put

n

1
(3.13) i, _—_;Ze%, n=1,...
i=

Then (see [3], p. 203) the sequence {i,} converges weakly to the
minimizing measure 2 of E. It is an easy consequence of (3.1) that

Un(x) > —Logd,, zeB,n =1,...

According to (2.6) there is a measure u such that wu(E) =1,
suppyu < suppi and U%(») is continuous in R”. Integrating both sides
of the last inequality with respect to u, we get

[U4(@)dr, (@) = [Un(@)du(z) > ~Logs,, =n=1,2,...
whence by (2.1) we get
—Logv, = W,> —liminfLogé,, i.e. liminfd,> v,.

So by (3.8) we get the result.
Given a sequence {7,} of extremal points of F with respect to w,,
we define

n—1

1 2‘.
(3.14) ,un=; E,Ii, ’)’l/=1,2,...
=0

Gorski [2] proved that the sequence of measures {u,} tends weakly
to 4, if a =2, p =3 and W, (F) < co. His proof is based only on the
maximum principle and on the uniqueness of the measure 4. So y, —> 4
(weakly) for 0 << a < 2.

4. Approximation of the equilibrium k,-potential by % -potentials
of atomic measures. We shall start with the following

LeEMMA 4.1, Let W, (E) < co. Let {4,} and {u,} be defined by (3.13)
and (3.14), respectively. Then

(a) the sequences {Un(x)} (0 < a < p) and {Ur ()} (0<a<?2)
are convergent to the equilibrium potential U’ (x) uniformly on every compact
subset of RP—E,;
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(b) liminf[liminf Uhn(y)] = Uﬁ(w),xeR” and the same holds for the

Y= n—e0
sequence {U4n}.

Indeed, the convergence of the sequences {U} and {U%"} in RP—F
is guaranteed by the weak convergence of the sequences {i,} and {u,}.
Next, the sequences {U} and {U%} are uniformly bounded and equi-
continuous on every compact subset of RP—E. So (a) follows from the
Ascoli theorem.

To get (b) it is enough to apply Remark 2 on p. 238 of [3].

LeMMA 4.2 Let 0 < a<2 and W, (E) < oco. Let {E,} be a sequence
of compact subsets of E such that B, < K, , and ! = UE,. Let o, denote
the minimizing unit measure of K, with respect to the kernel k,. Then the
sequence U (x)+W (B,) (n =1,...) is increasing ond

Lm [ U (@) — W, (E,)] = Us(@)—W,(E), =<R".

Proof. By (2.3) W (E,) N W (), so we may assume that W,(H,)
< oo. By (2.2),

U (@) < Up(@)+Wo(B,)—W.(E), ne on B,

By virtue of the domination prineiple the same inequality holds
for all 2« B”. The same reasoning shows that the sequence { U (z)— W, (E,)}
is increasing. Therefore its limit, say V(z), is lowersemicountinuous in
R?. Let {0,,} be an arbitrary subsequent of {o,} which is weakly conver-
gent to a measure o. By (2.4)

Us(x) < Ui(z) in R?.

Hence and by the uniqueness of the minimizing measure 1, we get
¢ = Ai. Consequently o, — A (weakly) and V(z) = Ui(x)— W, (E), z<RP.
The proof is .concluded.

LeEMMA 4.3. Let 0 < a < 2 and W, (E) << co. If P(x) is given by (1.4)
and P(x) < M on E, then

(%) P (2) < Mexp(—nUi(@)+nW,(E)), xeR?,

where U(x) is the equilibrium potential of B with respect to k,.

Proof. Observe that (3.3),(3.7) and Lemma 3.1 imply that
ma,X(P(:v )/C)V* = o, = exp(— W ,(B)). Hence (1/n)L0g MJC)+ W, (B)=o.

Put f(®) = (1/n) Log(M [P (@)} + W ()= 1/n)2k @, 2;)+(1/n) Log( M |C) 4

+ W, (H). Then f(z) = W, (H), v<E. Hence, by (2.2) and by the domination
principle, we get the inequality U(x) < f(z) for w<R”, which is equi-
valent to (x).

7 — Prace matematyczne XIV
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Remark 1. Observe that if ¢« = p = 2, then (%) is identical with
the Bernstein-Walsh inequality ([10], p. 77), proved in the quoted book
only for sets F such that the unbounded component of R*—F is regular
with respect to the classical Dirichlet problem.

Remark 2. Let W,(F) < oco. The necessary condition that inequality
(*) be true for every function P(x) given by (1.4) and satisfying the
inequality P(#) < M on E is that o,(H) = exp(— W, (E)).

Indeed, let ¢,, ..., ¢, be points of R® such that max[nw z, ¢ ]””

xeE i=1

= p,. Put P(z ”w (x,¢;)/or. Then P(z)<1 on E. Suppose that

P(a)" < exp(W,(B)—Us(z)), xeRP.
Then, letting |z| tend to 1nfm1ty, we get 1/, < exp W, (E), whence
> exp(—W,(B)) (n =1,...). Therefore by (3.8) and (3.9) we get
the required equa.tlon.
Remark 2 implies the following

Remark 3. If 2 < a << 3 and F is the unit ball in R? then there
exists P(») with P(z) <1 on ¥ such that () does not hold. '

LeEMMA 4.4. If 0 < a< 2 and W (&) < oo, then

(U )+ W.(E) L.(#), ®e<R°—E,
exp(— U (« A =
P L: (w)7 meRp7
where L, and L, are given by (1.5) and (1.6).

Indeed, by Lemma 4.3,

P(w)”degP<eXp(—Uf;(m)+Wa(E))7 zeR?, PeF,,.

By condition (3.1), defining the extremal points £, (¢ =0,...,n)
of B with respect to o,, we have exp(—nUw(x)—Logd,)eF,. To
conclude the proof it is enough to apply Lemmas 3.1 and 4.1.

5. Proof of the Main Theorem. The implication (b) = (¢) is obvious.
The implication. (¢) = (a) is a direct consequence of Lemma 4.4, What
remains to prove is the implication (a) = (b).

Given r > 0, let #7° be an arbitrary family of functions P defined
by (1.4) such that K(z) = K(z,#7) << oo for weE,. Put

={rek,: Kz)<n}, n=1,2,..

Since K is lowersemicontinuous and K(x) << oo in H,, the get ¥, is
closed, ¥, < F,., and E, = UF,. So by Lemma 4.2

O,

UMa)—W,(F,) o Ul(x)—W (13) for xeRP.
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Hence, the limit function being continuous and equal to zero at a,
for every &> 0 there exist d > 0 and n,(¢) such that

U @) =W, () = —e,  n=mn(e), lw—al < 0.
Therefore, in virtue of Lemma 4.3, we get '
P(x) < ngexp(edegP), |z—al<d, PeFY.

The proof is concluded.

Remark. One may easily show that if 0 << M, << oo (¢ =1,2),
then the condition (LX) is satisfied at a point a<R? if and only if the
condition (L2) is satisfied at a.
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