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On the existence of solutions of differential-integral 
equations with a lagging argument

§ 1. Introduction. In the paper [2] Bielecki and Maksym deal with 
a system of differential equations with continuous “memory” extended 
to — oo, written in an integro-differential form

Vk(t) =  qk{t) for t€(— oo, t0], h =  1, 2, . . . ,  n,
n  OO

y'k(t) =  9k(t)+ £  j  fki(t,yi(t — s ) , . . . , y n(t—s))dsrki{ t , s )
i=l 0

for t e [tQ, T) , h =  1, 2, . .. ,  n .

The existence of solutions was proved under certain continuity and 
Lipschitz type conditions. Latter on, Błaż [3] dropped the Lipschitz 
condition. This paper pushnes this program. We prove a Caratheodory 
type theorem concerning this equation, in which case the continuity con­
dition may be weakened at the expense that the equation is to be satis­
fied almost everywhere. Further on, in § 4, we give a theorem concerning 
the continuation of the solution. In this paper we shall consider the 
differential-integral equation

(1 )

y ( t ) = q ( t )  for t  <  t0 ,

00

y'(t) =  j f ( t ,  y{t — s))dsr(t, s)-{-g(t) for almost every t e [t„, T ] , 
о

where f , r , q  and g are given functions satisfying the following assump­
tions H :

A s s u m p t io n s  H.
I. The function / :  P  -> E, where P  =  {(t, y): t0 <  £ <  T , a <  у <  &}, 

is continuous for fixed t and measurable for fixed y*S, where the set 8 
is dense in [a, 6].
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IT. There exist a Lebesgue-integrable function m: [t0, T] -> U such
that

\f(t,y)\^m{t) for {t,y)€P.

III. The function r : Q -> E, where Q =  {(t, s): t0 <  t <  T, s >  0}, 
satisfies the following conditions:

(i) r(t, 0) =  0 for every te[t0, Т].
(ii) There is a finite number V such that

00

T r(f, « )<  F for te[t0,T ] .
s= о

(iii) For every у >  0 there is a finite number К  >  0 such that
00

rp r ( t , s ) < y  fox te[t0f T].
s=K

(iv) For every & > 0  and ue[tQ, T]
к

lim Г Ir(t, s) — r(u , s)\ds =  0, where te[t0, Т].
t -+ u  о

IV. The function g : [t0, T ] - + R  is continuous on [t0, T] and the 
function q: (— oo, £0] -> R  — continuous on its domain — satisfies the 
conditions:

inf q(t) ^  a, sup q(t) ^  b, q(t0)e(a,b).

By a solution of (1) we mean a function y(t) which is continuous 
for t j absolutely continuous for Iq t T and satisfies coditions (T)« 
It is understood that integral (1) is the Stieltjes-Biemann integral.

Let us observe that assumption (I) implies measurability in t of /  
for every fixed у e[«, &]. Indeed, given any ye [я, b] there exists a sequence 
{yn} such that yn -> y. By continuity of /  in у , f(t , yn) у ) for each <;
therefore for fixed t the function f(t, y) is the limit of a sequence of meas­
urable functions whence it is also measurable. § 2 contains an approxi­
mation theorem of A. Alexiewicz and W. Orlicz and a lemma of A. Bie­
lecki and M. Maksym. In § 3, we give the proof of a Caratheodory type 
theorem, finally, in § 4 we consider the problem of continuation of solu­
tions.

§ 2. The approximation theorem.
T h e o r e m  1 (Alexiewicz-Orlicz). Let the set 8 be dense in [ a , /? ]  and 

let the function s(t) be measurable. I f  the function f  (t, u) defined for a <  f <  
a <  и <  is continuous for fixed t and measurable for fixed ucS and 
If ih  u)\ ^ s(t), then there exist continuous functions f n(t,u) such that
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\fn{t, u)\ <  s(t) and lim max \fn(t, u)— f(t, u)\ =  0 for almost every
П —> CXI

fc].
The proof of this theorem — see [1].
L e m m a  2 (Bielecki-Maksym). Suppose P(t, s) is continuous and 

bounded for te[A, B] and se[0, oo). I f  the function r(t, s) satisfies assump­
tions H, III, then the function

OO

G(t) =  J  P(t,  s)dsr(t, 8)
0

is continuous in interval [A ,B ]  (see [2]).
Lemma 2 implies
C o r o l l a r y  3 . Suppose that the function F(t, y) is defined and con­

tinuous in the rectangle P  =  {(t, y): t0^ . t ^ T ,  a <  у <  b}. Let the funcs 
tion r ( t ,s ) satisfy assumptions H, III. I f  the function h(t), continuou- 
and bounded in the interval ( — oo, T], satisfies the conditions: inf h(t) ^  a,

t<t0
sup h(t) ^  b, h(t0)€(a, b) and a ^  m  «С b for tz(t0, P], then the function 
t<tQ

OO

H(t) =  J  F(t, h(t—s))dsr(t , s)
о

is continuous in the interval [t0, Р].

§ 3 . Local existence of solutions.
T h e o r e m  4. Suppose that assumptions H are fulfilled. Then there 

exist at least one absolutely continuous solution of (I) in the interval [t0, t0-\- 
+  /1], where /1 >  0 satisfies the conditions: t0f-A  < P  and

t0 + A

J (Vm(t)+\g{t)\)dt <  min(b — q(t0), q(t0) — a).

We precede the proof of Theorem 4 by the
L e m m a  6. I f  the function F  is continuous in the rectangle P and 

r, g, q satisfies assumptions H, III, IV, then there is a number A >  0 such 
that at least^one solution of the equation

(2 )

z{t) =  q{t) for t ^ t 0,
OO

z'(t) =  j  F(t, z{t — s))dsr(t, s) +  g(t) for te[t0, T ] 
о

exists for t e (— o o ,i0 +  ̂ l].
Roczniki PTM — Prace Matematyczne XIII 17
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P roof. In virtue of Corollary 3 equation (2) is equivalent to the 
following integral equation: N
(3)

q(t) for t <  t0,
t 00

q{tQ)A~ / { /  F(u, z(u — s))dsr(u, s)-{-g(u)}du for te[t0,T ] .  
t0 о

Let A >  0 be chosen such that tQ-\-A <  T. Let us denote by В the 
space of continuous and bounded functions z — z(t) defined on the hal­
faxis (— oo , t0 +  A]. It is Banach space under the norm

N 1=  sup \z{t)|.

Moreover, let us denote by К  the set of all functions zeB which 
satisfy the following conditions:

z(t) — q(t) for t <  t0,
a-\~b

z{t)-
b — a

< --------  for t0 <  t <  t0 -f A .
2

It is easy to verify that the set К  is a non-empty, closed and convex 
subset of B.

For any zeK  consider the mapping T, defined by
q(t) for t <  t0

t CO

q(tQ) +  / { /  F [ u ,  z (u —  s))dsr (u ,  s)-\-g{u^du
<0 о

for t0 <  2 <  t0-\-A.
We must show that T is defined for all functions zeK, TzeK  and 

that T(K)  is a compact set. For t <  t0 the mapping is well defined and 
(Tz)(t) =  q(t). It follows from Corollary 3 and (4) that (Tz)(t) is a con­
tinuous functions for f0 ^  t ^  f0-j-A. Therefore TzeB and (Tz)(t) =  q(t) 
for t t0. For any ZeK and t0 ^  t ^  t0-\-A we have

(4) (Tz)(t) =

(Tz)( t) -
a-\-b

2
t oo

< I J  J J  F(uj z(u — s))dsr(u, s) + </(w) j du| +
<0 о

t0 + A

< J  (MV+Q)dt+ qtfoY
a-\-b

2

& ~)~ Ъ

q(t0)
aĄ-b

2

<  A ( M V + Q ) +  q(t0)
2
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where

M =  max|F(tf, y )\, Q =  max \g{t)\ and T r(t, s) <  F. 
p [«o-21] s=o

Taking now A snch that

J(iH F +$)<m in(&  — q(t0), q(t0) — a)
we obtain

00

(Tz){t)~
aĄ-b

2
b — a

< ---------
2

for t0 < * <  V M -  Then TzeK  for all functions zeK.  The mapping T : 
К  ->■ К  is continuous. Indeed, since the function F  is uniformly con­
tinuous in the rectangle P 1 — {(t, y): tQ <  t <  i0 +  zl 5 « <  У <  &}, for any 
e >  0 we can choose <5 >  0 such that

\F (t ,z ) -F ( t , z0)\ < -^ r

whenever л <  « <  &, a <  «0 <  6, |«—«0| <  <3 and ź0 ^  < <  UF A. Let
z ,zQeK  and ||«—«oil <  <5> where

\\z—z0\\ =  max |s(<) —й«(/)|.
[*0>*0 + ̂ l

Since «&<«(£—s )<  6, a ^ z 0(t — s)^ .b  and \z(t—s) — zQ(t — s)\^d  
for s 0 and t0 ^  t ^  /q —j—  ̂ the conditions «, Zq̂ K. and ||«—«oil  ̂ imply 
that j

\F[t, z { t - s ) ) - F ( t , «ь(<-*))| < - у ’

for an arbitrary s >  0, t0 ^  t ^  t0-\- A and s >  0. Hence by (4) we have

|(T«)(*)-(T«0)(*)|

<  f  (sup IF(u, z(u — s)j—F(u, —s))| T r(u, s)]du <  e
^ S> 0 8 = 0

for every / e[/0, /04 ] whenever ||«— «0|| <  6 with z ,z 0eK, which proves
that the mapping T is continuous.

We shall show that T{K)  is a compact set. For t, t1: t2e[t0, £0 +  ̂ ] 
and z<zK we have

\{Tz){h)-{Tz)(it) | = F(t, z(t — s))d8r(t, «) +  £(<)} dt

< ( M V + Q )  lU-tJ,
and

i(T « ) (o i< ig (g i+ z i( jfF + ^ ) .
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Hence it follows, by the Ascoli-Arzela theorem, that T{K)  is com­
pact. hTow, Schauder’s fixed point theorem (see [4]) asserts the existence 
of at least one function zeK  such that Tz =  0. Thus the proof is com­
pleted.

L e m m a  6. Suppose that assumptions H, I-III, are fulfilled. I f  the 
function h (t) — defined, continuous and bounded in interval (— 0 0 , T] — 
satisfies the conditions: h(t0)e(a,b),  m ih ( t )^ a ,  sup h(t) ^  b for t0<  t

<  T, then the function W defined by
OO

W{t) =  J  f(t, h{t — s))dsr(t, s)
0

is Lebesgue integrable in [t0, Т].
P roof. We shall show that W  is a measurable function. It is enough 

to show that there exists a sequence Wn{t) of continuous functions in 
the interval [/0, T] such that \Wn{t) — W{t)\ converges to 0 for almost 
any te[tQ, Т]. By virtue of Theorem 1, and our assumptions, there exist 
a sequence {fn{t, y)} of continuous functions such that

(6)
and

\fn{t, У) 1 <  m(t) for (t , y)eP

,(6) limmax \fn(t, y )—f(t , y)\ = 0 for almost every t e [/0, T]
n —>00 a ^ V ^ jb

Let us consider the functions Wn defined by
OO

=  /  fn(t, h(t—s))dsr(t, s)
0

for t0^ t ^ T ,  n =  1 ,2 ,  ... In virtue of Corollary 3 the functions Wn 
are continuous in the interval [ź0, Т]. Since

OO
\Wn(t)~W(t)\ = 1 /  [/„(<, * (< -« ) ) - / ( * ,  A(/-*))]d,r(i,*)|

0
<  sup \fn(t, h{t—s))—f(t, h{t-s))\V

we have, by (6), for almost every te[t0, T]

lim \Wn{t) — W(t)\ =  0.
n —>00

It remains to show that there exists Lebesgue integrable function 
K(t) such that

|TF(ź)| <  K(t) for almost every te[t0, T ].
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From onr assumptions concerning tlie function h it follows that 
(t, h(t — s))eP for t0 <  t <  T and s >  0. Therefore | f(t, h{t — s))| <  m(t) 
for t0^ t ^ T  and s >  0. Hence

\W{t)\^m{t)V.

The function m(t)V is Lebesgue integrable in the interval [£0, T~\. 
Thus the proof is completed.

Lemma 7. Differential-integral equation (1) is equivalent to the inte­
gral equation

' q(t) f o r t ^ t 0,

(7) y(t) =  ■ * 00
$r(*o)+ / { /  f (u,  y{u — s)}dsr(u, s) +  д(иЦ du

tQ 0
for t0 <  t <  T .

(8)

P roof. Let the function у (t) be a solution of equation (1). We have 
у (t) — q{t) for 

00

y { l )  =  J f { t , y ( t - s ) ) d sr(t,s) +  g(t)
0

for almost every <  £ <  T.

Then integrating the second of equalities in (8), taking into account 
that у (t) =  q(t) for £<£0, we obtain

(9) y{i)

q{t) for t <  t0,
t 00

3(<o)+ /  { /  f (u,  y {u -s ) )d sr{u , s) +  g(u)}

for £0 <  £ <  T .
0

Therefore у (t) is a solution of (7). Let у (£) be a solution of integral 
equation (7). Since by Lemma 0 the function

J{t) =  f  f ( h y { t —s))dsr{t,s) +  g{t) 
«

is Lebesgue integrable in the interval [£0, T], it follows by (9) that the 
function у {t) is continuous in the interval [£0, Р]. Differentiating the 
second condition in (9) by у (t) =  q{t) we obtain identity (8). This proves 
the lemma.

P roo f of Theorem  4. By Lemma 7, we can deal with integral 
equation (7) instead of differential equation (1). By Theorem 1, there 
exists a sequence of continuous functions {f n(t, y)} satisfying (5) and (6).
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Let us consider the differential equation 

'yn( t )=Z { t )  for
(10) 00

y'n(t) =  f  fn ( t ,yn(t—s))dsr(t , s)  +  g(t) 
о

for <  / <  L7

for n =  1 ,2 ,  ... By Lemma 5, there exist for n =  1 ,2 , . . . ,  at least one 
solution yn(t) °f (10) such that yn(t)eC°( — oo, £0 +  zl] and yn(t) eC1 [/„, tf0 +  
+  zl], where A >  0 is such that t0 +  A <  T and

t0+A
/ -  (w (0 F +  |y (£)I) dtf <  min (6 -  q (t0) , q (t0) -  a) . 
ło

Then for n =  1 ,2 , . . . ,  we have

(И) yn{t)

q{t) for t <  tQ,
t oo

2 (*о) +  / { / / и  (w , Уп{и—s))dsr (u ,  s)A~g{uj\ du
<0 о

for £0 <  t <  £0 -f A .

Since (t, yn(t — з))еР for /0< £ < / 0 +  ̂ l and s >  0, by (6) we must
have

(/»($, yn{t—*))| <  w>{i) for s^ O  and tQ̂ t ^ t 0-{-A.

Therefore we obtain from (11)
Iq+A

\УпШ <  f  '(Vm(t)+\g{t)\)dt+\q{t0)\ <  |2 (<o)| +  min(&-g(«o), q{t0) - a )
*0

and
*2

\Уп{Ч)~Уп(к)\ <  /  (Fm(t) +  \g(t)\)dt\ 
h

for tt , t2e[t0, t0 +  A], n =  1 ,2 , ...
The functions yn(t) are equicontinuous and uniformly bounded. 

Hence, by Arzela’s theorem, there exists a subsequence {уП/с(Щ con­
verging uniformly in the interval (— oo, tf0-fzl] to a function y(t). It 
remains to show that y(t) is a solution of equation (7).

For t e [£0, /0 -f- A ] we have

t oo 3

(12) y(t) — q(t0)— J |J f (u,  y{u — s)) dsr{u, s) +  g{vĄ du — M*),
t0 о i=i
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where

Ji{t) =  $ { t ) - y n k{t)
t oo

J&)  =  / { /  уПд.(м—8))-/(ад, Упл(^-8))]йвг(г«, 8)} <2w,
*n О

i' cv
J*(t) =  / { /  [ f ( u ,  Упк { и — 8))— $ ( и ,  у (u-s) )]dsr{u, 8)} du. 

Since
6

it follows that

Let

у (t) =  lim nnf ynjc{t)
к—>-oo

lim nnf Jx(t) — 0.
к—>00 [̂QĵO -b ̂  j

H-njęit 1 Vrifc) fnk(t, Упк) К^гУпк)'
The functions IInk(t ,ynk) are continuous with respect to уПк, 

measurable for fixed yWfc€$. Moreover,

IHn {t, yn ) I <  2m (t) for {t, yn ) eP
and

lim unf Hnk(t, ynk(s)) =  0 for almost every te[t0, t0 +  A],
к—>oo s>0

Thus the functions *

Knk{t) =  /  H7lk(t, ynk{t—s)) dsr(t , s)
0

are measurable in the interval [tf0, ô +  ̂ ] and such that 

IKnk(t)\<p{t) for t0^ t ^ t 0i -A,

moreover, p(t) == Vm(t) is Lebesgue integrable. Since 

0 <  \Kn (t)\ <  sup I Hn (t, yn (*—s))| У у
s>0

it follows that
lim, K n.(t) =  0 for almost every te[t0, t0 +  A].

k - y o o

Passing to the limit in (12) with Jc -> oo  we get
t 00

У (t) — q(t0)— f  { /  f ( u , y ( u - s ) ) d sr(u, s) +  g(u)} du =  0 
<0 о

for te[t0, /0 +  zl], which completes the proof.

and
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Bem ark 1. In particular, for r(t, s) — e[s — a(t)j, where

e(u) —
0 for — oo <  и <  0,
1 for 0 <  U <  +  oo,

the second condition from (1) takes on the form

y'(t) = / ( « ,

Taking aft) =  0, we obtain the equation of the form

y'(t) = f { t ,  y{t))
which was considered by the authors of paper [1].

§ 4 . Continuation of solutions. Suppose that Lx: [t0, T~] R, L 2: 
[t0, T] -> R are given functions such that

(i) Lx and L 2 are continuous in [t0, T],
(ii) Lx is decreasing in [/0, T],

(iii) L 2 is increasing in [t0, T ],
(iv) Lx(t) <  L 2{t) for t0 <  t <  T. x
Let

L> =  { ( t ,y ) : Lx(t) ^  у ^  L2(t)}
and

a =  Lx(t0), b =  L2(t0).

We prove the following
T h e o r e m  8. Let the functions r , g ,q  satisfy assumptions H, III, IV. 

I f  the function f :  D -> R is continuous for ficced te[t0, T], measurable for 
fixed yeSt and \f(t,y)\ <  m[t) for (t,y)el),  where the set St is dense in 
[Lx( t ) ,L2(t)] for t, ^  t ^  T and m : [t0, T] -»• R is a Lebesgue integrable 
function, then there exists at least one absolutely continuous solution y(t) 
in the interval [£0, Т].

P roof. Let P  be the rectangle defined by

p  =  {{t, У): у <  b},
where

a =  Lx(tQ), b =  L 2(t0).

By Theorem 4, there is a number Ax >  0 such that ta-\-Ax <  T and 
such that equation (1) has at least one absolutely continuous solution 
у (i) in the interval |4q, tj “j zl x”| ̂  moreover, a ^  у (t) <  b for t0 <  t <  t0 +  A!. 
If tQĄ-Ax =  T, then the proof is completed. Let tfjJr Ax <  T. Since (t0-{-
+  AX, y{t0f -A x))€D, there exists a rectangle P  — {(t, y): t <  t <  t) a <  у 
< 5 }  with the centre (t0 + z l1? y(/0 +  ̂ i)). Let P x =  {(t, y): t0 +  ̂ i <  < <  T;
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«1 <  У <  ъх), where ax =  min (a, a), bx =  max(&, b). Obviously P x c= D. 
Consider now the function defined by

cp{t) - a(t)
y(t)

for — oo <  t <  /0, 
for t0 <  t <  V^Mi-

This function is bounded, continuous and satisfies the conditions 
(рУ0-\-Ах)€(ах, bx), inf <p(t)^ax, sup cp{t) <  bx. Therefore, by Theo- 

^<^0 + ̂ 1 <<<0 + ̂ 1
rem 4, there is a number zl2 >  0 such that the equation

y(t) =  <p{t) for tet0 +  Ax,

(13) 00
y'{t) =  /  f(tj y ( t - b ‘))dsr(t, s) +  g(t)

о
for almost every £0 +  Ax^.t <  T

has at least one absolutely continuous solution у ft) in the interval [£0 +  
+  zJx, /0-f-Zl2], where t0 -\-A2 <  T. Moreover, ax <  y(t) <  bx for t0A-Ax^ t  
<  /0 +  zl 2. If t0A-A2 — T, then the proof is completed. In this way the 
solution у (t) of (1) may be continued to the whole halfaxis ( — oo, Т]. 
Indeed, suppose у (t) does not have a continuation to (— oo, T], and 
for definiteness assume у ft) has a continuation Y(t) existing up to r <  T, 
but cannot be continued behind. In a similar'way as above, it is easily 
verified that there is a number A >  0 such that Y  (t) may be continued 
to (— oo, t +  ZI], where т +  zl <  T. This is a contradiction, proving that 
a continuation of у (t) exists on ( — oo, Т]. It remains to show that the 
continuation of у (t) is absolutely continuous in [t0, Т]. We shall verify 
only that the solution у (t) of (13) is absolutely continuous in the interval 
[to, Ч^-Аг~\.

For te (— oo , tą —J-A2Jj we have

q(t) for

y(t) for t0^ t ^ t 0 +  Ax,
t oo

y ( t »+ A i )+  / { / / ( « .  у (u — s))dsr(u, s)Jr g{u'^du

for to -j- A j ^  t ^  to -j- zl 2 •

Hence

У (t) =

y ( t )  i o x  t ^ t 0 +  A x ,

t OO
V(to +  Ax) +  J  [ f  f (u,  у (u — s))dsr(u, s) +  g(u)}du

t0 + 4x о
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Since у (t) —

y(t) =

{

(t) for te( — 00,4 +  Jj], it follows that 

q(t) for t ^ t 0J
t OO

0 ( < o ) +  /  { /  / К  У (U — S))dsr(u , a) + g{u)}du 
* 0

for tQ <  t <  0̂ +  ̂ 1 *
Hence

y(t) =

q(t) for £<£0,
t OO

2(<o)+ /  { /  / К  У (u — s))dsr(u, 8) +  g{u) }du 
<0 о

for t0 <  £ <  ô +  ̂ 2

which completes the proof.
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