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On the existence of solutions of differential-integral
equations with a lag glng argument

§ 1. Introduction. In the paper [2] Bielecki and Maksym deal with
a system of differential equations with continuous “memory” extended
to — oo, written in an integro-differential form

Yr(t) = qr(t) for te(— oo, 4],k =1,2,...,n,

yi(t) = ge@+ D) [ fuslts yi(t—9), ..., Ya(t—3)) doria(t, 8)

i=1

for te[ty, T), k =1,2,...,n.

The existence of solutions was proved under certain continuity and
Lipschitz type conditions. Latter on, Blaz [3] dropped the Lipschitz
condition. This paper pushnes this program. We prove a Carathéodory
type theorem concerning this equation, in which case the continuity con-
dition may be weakened at the expense that the equation is to be satis-
fied almost everywhere. Further on, in § 4, we give a theorem concerning
the continuation of the solution. In this paper we shall consider the
differential-integral equation

y(t) = q(?) for 1< 4,

1 [-4) .
@) y' (1) = ff(t,y(t—-s))dﬂ(t,s)—l—g(t) for almost every te[t,, T'],
0

where f, r, ¢ and g are given funections satisfying the following assump-
tions H:

AssuMpTIONS H.

1. The funetion f: P — R, where P = {(t,y): t, <t<T,a <y <b},
is continuous for fixed ¢ and measurable for fixed yeS, where the set S
is dense in [a, b].
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IT. There exist a Lebesgue-integrable function m: [, T] - R such
that
If(t, )l <m(t) for (¢,y)eP.

ITI. The function 7: @ -~ R, where @ = {(t,8): 4, <t<T,s>=0},
satisfies the following conditions:

(i) »(t, 0) = 0 for every telty, T].

(ii) There is a finite number V such that

Trit,s) <V for te[ty, T].
8=0
(iii) For every 5 > 0 there is a finite number K > 0 such that
f?’) r(t,s) <n for te[ty,, T].
=K

(iv) For every k>0 and ue[t,, T]
2
limf |»(t, 8)—r(u, s)|ds = 0, where ie[t,, T].
t—u g

IV. The function g: [#,, T] — R is continuous on [f, T'] and the
function ¢: (— oo, t,] - R — continuous on its domain — satisfies the
conditions:

inf ¢(¢) > a, sup ¢(t) < b, Q(to)f(a" b).
t<ty t<ty

By a solution of (1) we mean a funetion y(t) which is continuous
for ¢ < 1,, absolutely continuous for #, < ¢< T and satisfies coditions (1).
It is understood that integral (1) is the Stieltjes-Riemann integral.

Let us observe that assumption (I) implies measurability in ¢ of f
for every fixed y <[a, b]. Indeed, given any ¥ ¢[a, b] there exists a sequence
{yx} such that y, — y. By continuity of f in v, f(t, y») — f(¢, y) for each t;
therefore for fixed ¢ the funection f(¢, y) is the limit of a sequence of meas-
urable functions whence it is also measurable. § 2 contains an approxi-
mation theorem of A. Alexiewicz and W. Orlicz and a lemma of A. Bie-
lecki and M. Maksym. In § 3, we give the proof of a Carathéodory type
theorem, finally, in § 4 we consider the problem of continuation of solu-
tions.

§ 2. The approximation theorem.

THEOREM 1 (Alexiewicz-Orlicz). Let the set 8 be dense in [u, ] and
let the function s(t) be measurable. If the function f(t, u) defined for a <t < b,
a<u < is continuous for fixed t and measurable for fived uweS and
1f(t, u)| < s(t), then there exist continuous functions f,(t,u) such that
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Ifa(t, w)] < s(f) end lim max |fo(f, u)—f(t, )] =0 for almost ebery

n—-o0 a{up
te[a, b].

The proof of this theorem — see [1].

LeMMA 2 (Bielecki-Maksym). Suppose P(t,8) 4s continuous and
bounded for te[A, B] and se[0, co). If the function r(, s) satisfies assump-
tions M, III, then the function

G(t) = [ P(t, )der(t, )

is conlinuous in interval [A, B] (see [2]).

Lemma 2 implies

COROLLARY 3. Suppose that the function F(t,y) is defined and con-
tinwous in the rectangle P = {(t,y): {, <t <T, a <y < b}. Let the funcs
tion r(t,s) satisfy assumptions H, ITT. If the function h(t), continuou-

and bounded in the interval (— oo, T'], satisfies the conditions: inf (1) = a,
: t<ty
sup h(t) < b, hit)e(a,d) and a < h(t)<<b for te(ly, T], then the function

t<ty

[}

H(t) = [ Flt, h(t—8))dor (2, 8)

0
is continuous in the interval [t,, T].

§ 3. Local existence of solutions.

THREOREM 4. Suppose that assumptions H are fulfilled. Then there
exist at least one absolutely continuous solution of (1) in the interval [1,, 14+
+A), where A >0 satisfies the conditions: t,-+A < T and

to'l"A

[ (Vm(®)+1g(0)l)dt < min(b—g (%), () —a).
to

We precede the proof of Theorem 4 by the

LeMMA 5. If the function F is continuous in the rectangle P and
7, g, q satisfies assumptions H, 111, IV, then there is a number A >0 such
that at least one solution of the equation

2(t) = q() for t < ty,

(2) ®
2 (1) :f Pty 2(t—s))dsr(t, )+ g(t)  for te[ty, T]

0

exists for te(— oo, ty+ 4]
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Proof. In virtue of Corollary 3 equation (2) is equivalent to the
following integral equation: N
(3)
q (1) for 1< t,,

#) = q(t) +f{f (1, 2(u—8))dsr (u, S)-l—g(“)}d“ for telly, T].

Let 4 > 0 be chosen such that t,-+4 < 7. Let us denote by B the
space of continuous and bounded functions z = 2(t) defined on the hal-
faxis (— oo, {,-+-4]. It is Banach space under the norm

o] = sup |z(?)].
t<ty-4

Moreover, let us denote by K the set of all functions zeB which
satisfy the following conditions:

2(t) = q(t) for ¢ < 4,
- atb
1y —
(- —

Tt is easy to verify that the set K is a non-empty, closed and convex
subset of B.
For any z<K consider the mapping T, defined by

q(t)} for t <4,

a
'g 5 for f{, <t <+ 4.

t o
W @ = | W+ [ Pl eu—s)dr(, 9)+gl)du
o 0

for ,<t< 4.

We must show that T is defined for all functions zeK, TzeK and
that T'(K) is a compact set. For ¢ < ¢, the nmlapping is well defined and
(T'2)(t) = q(?). It follows from Corollary 3 and (4) that (T%z)(¢) is a con-
tinuous functions for #, < f<{,+ 4. Therefore TzeB and (T%)(t) = q(t)
for 1< ¢. For any 2¢K and f,<t< 1%+ 4 we have

‘(T (1)~ “*”J
a--b
<| f” Flu, 2(u—s))dyr(u, s)+ g (w) | d“l+ q(to)‘:@_l
tg 0 :
t0+A
f (MV+Q)at+ | q(t)— ng

o+b

ALY +Q)+ | g(t)— ——

’
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where
M =max|F(t,y)], @ =max|g{t)] and T 7, 8)<V.
P [to,T] 8=0

Taking now 4 such that
A(MV Q) < min(b—q(t), q(t) —a)
we obtain
—a
2

!(T)(t Lhh

for ¢, <t<t,+A4. Then TzeX for all functions zeK. The mapping T:
K — K is continuous. Indeed, since the function F is uniformly con-
tinnons in the rectangle P, = {(t, y): {, <t <t,+4; a <y < b}, for any
¢ >0 we can choose 6 >0 such that
€
lF(t,z)—F(t,zo)l<-V .
whenever a<<z<b, a<<z<b [p—7|<d and {,<t<+4. Let
2, 2K and |lg— 2| < 4, where .
lle— 2|l = max [2(f)—2(?)].
[gitg+4]

Since a < 2(t—s8)<<bh, a<zg(t—s)<b and [2((—8)—2{—s8)| < I
for s > 0 and t, <t < to—}—A the conditions z, 2pe K and |jz— % < 6 imply
that ]

|P(t, (=) = F(t, wlt—9))| <~

for an arbitrary e >0, t <<t<t,+A4 and s> 0. Hence by (4) we have
[(T2) (2) — (T'z) ()]

¢ o
< f{sup | F(u, 2(u—s))—F(u, z(u—s)j| T r(u,s)|du<e
¢ 820 8=0

for every tef[t,, {,+- 4] whenever |z— 2| < é with 2, z,e K, which proves
that the mapping 7' is continuous.

We shall show that T(K) is a compact set. For &, 1, fye[ty, to1+4]
and zeH we have

12 o]

T{] Flt, 2t—s))ar(t, s)+ g0} @

tl 0

< (MV+Q) |t~ 1,

[(T%) () — (T2)(t,)| =

and

[(T2)()] < lg(t) +-4(MV Q).
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Hence it follows, by the Ascoli-Arzéla theorem, that T'(K) is com-
pact. Now, Schauder’s fixed point theorem (see [4]) asserts the existence
of at least one function zeK such that Tz = 2. Thus the proof is com-
pleted. ,
LEMMA 6. Suppose that assumptions H, I-III, are fulfilled. If the
function h(t) — defined, continuous and bounded in interval (— oo, T] —
satisfies the conditions: h(t;)e(a,b), tinf h(t)y =z a, sup h(t) < b for t, <1

<ty t<ty

< T, then the function W defined by

W (t) =f f(ts h(t—9))der(t, $)

v

is Lebesgue integrable in [t,, T].

Proof. We shall show that W is a measurable function. It is enough
to show that there exists a sequence W,(f) of continuous functions in
the interval [{¢,, T] such that |W, (t)—W(f)| converges to 0 for almost
any te[t,, 7). By virtue of Theorem 1, and our assumptions, there exist
a sequence {f,(f,v)} of continuous functions such that

(5) Ifalt, )] <m(t)  for (¢, y)eP
and
(6) lim max |f,(t, ¥)—f(¢, )| =0 for almost every telfy, T'].

n—o00 a<V<h

Let us consider the functions W, defined by

Wn(t) = j?fn(ty h(t_s))ds"'(t7 8)

for {,<t< T, n=1,2,... In virtue of Corollary 3 the functions W,
are continuous in the interval [f,, T]. Since

(Wa ()~ W1 =] [ [falts ht—8)—F{t, h(t—s))]dr(t, )
< SUp | fu [ty R(E— ) — (¢, R(E—9)| V
we have, by (6), for almost every te[ty, I']

lim |W,()—W(t)| = 0.

N—>00

It remains to show that there exists Lebesgue integrable function
K (t) such that

W) < K() for almost every te[ty, 7].
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From our assumptions concerning the function & it follows that
(¢, h(t—s))eP for t,<t<T and s> 0. ThelefOIO |f(t, h(t—s)| < m(D)
for t, <1< T and s= 0. Hence

W@l <m@®)V.

The function m(f) V is Lebesgue integrable in the interval (¢, 7'].
Thus  the proof is completed.

LeMyMA 7. Differential-integral equation (1) is equivalent to the inte-
gral equation

q(t)y  for t<t,,

(7) y(t) = t o
g+ [{f Flu, yu—s)dor(u, 5)+g(w)} du
th O

for t, <t < T.

Proof. Let the function ¥ (£) be a solution of equation (1). We have
y(t) =gty for i<,

g (@) = [ f{t, 5 (t—9)dr(t, 8)+g(D)
0
for almost every ¢, <t<T.
Then integrating the second of equalities in (8), taking into account
that ¥ (t) = ¢(t) for ¢t <¢,, we obtain .
q(t)y for ¢t <+,

(9) j (1) = (o
» a(to)+ [{[ 7w, y(u—s))dor(u, 5)+g(w)} du
to 0

for {,<t<<T.

Therefore ¥ (t) is a solution of (7). Let 7 () be a solution of integral
equation (7). Since by Lemma 6 the function

I(t) = [ F(t,F (1—s))ds7(t, )+ (1)

is Lebesgue integrable in the interval [¢,, T'], it follows by (9) that the
function % (f) is continuous in the interval [¢,, 7]. Differentiating the
second condition in (9) by ¥ (t) = ¢(t) we obtain identity (8). This proves
the lemma.

Proof of Theorem 4. By Lemma 7, we can deal with integral
equation (7) instead of differential equation (1). By Theorem 1, there
exists a sequence of continuous functions {f.(¢, ¥)} satisfying (5) and (6).
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Let us consider the differential equation
yu(t) = q(t) for 1< Hy,

(10) o0
Un(t) = [ fult, ya(t—s))der(t,8)+g(1) for {,<t<T

for n =1,2,... By Lemma 5, there exist for » = 1,2, ..., at least one
solution ¥, (¢) of (10) such that ¥, (¢) 0’ (— oo, t,4- 4] and y,(t) eC [#y, t, -
+-A], where A4 >0 is such that #,+4 < T and

to+4
[~ (m®) V-+1g(0))dt < min (b— g (%), ¢(t)—a).

to

Then for n = 1,2,..., we have

g(t) for t<H,,

t oo .
(1) gal) = { alt)+ [{] falw, yulu—)dor(u, 8)+ g(w)} du
o 0
for t, <t<ty4 4.

Since (t, yn(t—$)) P for t, <t<t,+4 and s>0, by (5) we must
have

[falt) yn(t—9))| < m(t) for s3>0 and , <t <t,+ 4.

Therefore we obtain from (11)

to+ 4
(O < [ (Vm(8)+ g (8)]) dt+ g ()] < g ()] -+ min (b— g (t), ¢(ts)— a)
Yo
and

ty
L ) — ) <[ [ (Vi) + g (t)l)a
21

for t,, tielty, -+ 41,0 =1,2,...

The functions ¥,(f) are equicontinuous and uniformly bounded.
Hence, by Arzela’s theorem, there exists a subsequence {y, (¢)} con-
verging uniformly in the interval (— oo, {,--4] to a function ¥ (). It
remains to show that #(¢) is a solution of equation (7).

For te[t,, {,+ 4] we have

t oo 3
(12)  FO—qt)— [{[ Flu, Flu—s)) der(u, s)+g(w)} du = > Ti(0),
h o =1
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where

T1(t) = § ()=, (8),
t oo )

To(t) = [{[ [Fug (205 Yy (1 —8) — £ (105 Yo, (u— )] do7 (s, 5)} s,
h ©
t oo

Tolt) = [{[ [Flu, yn,(u—8)—Flw, § (u— )| dor(, 8)} du.
&y ©

Since

§(1) =lim unt y,, (1),
k—co [lg.0y+4]

v

it follows that

lim unf J,(f) = 0.
k00 [to,to-}-A]

Let
Hy, () Yu,) = fnk(t7 ?/nk)*‘f(% Yny,)

The functions H,, (f,Yy,) are continuous with respect to y,,, and
measurable for fixed y., 8. Moreover,

1an(t7 ynk)l < 2m(t) fOI' (t7 ynk) GP

and v
lim unf H, (¢, ¥, (s)) =0  for almost every telty, &, 1-4].
k—>co 820
Thus the funetions C s

Ky (8) = [ Hop (8 Yy (t—3)) do7 (2, )

are measurable in the interval [¢, {4 4] and such that
K, () <p() for {, <t<t+-4,
moreover, p(t) = Vm(t) is Lebesgue integrable. Since
0 < 1K (0] < 89D [ Koy [t 4, (= 5)| ¥,
it follows that
lim K, (¢) =0 for almost every e[t {,+4].
Pagsing kt_(;mthe limit in (12) with k¥ — co we get
t oo
§ (1) —q(t)— f{of Flus § (u—s)dyr(u, )+ g(w)} du =0

)
for te[t,, t)-+-4], which completes the proof.
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Remark 1. In particular, for r(¢,s) = e(s—o(t)), where
() 0 for —co<u<0,
Tl for0<u< + oo,

the second condition from (1) takes on the form

y (1) = f(t, y(t—o (1))
Taking o(f) = 0, we obtain the equation of the form

=f (ti y(t))
which was congidered by the authors of paper [1].

§ 4. Continuation of solutions. Suppose that L,: [t,,T] > R, L,:
[t,, T]1 — B are given functions such that )

(i) L, and L, are continuous in [f,, T1,

(ii) L, is decreasing in [{y, 1],

(iii) L, is increasing in [¢,, 7],

(iv) L,(t) << Lg(t) for t, <t T. .

Let

D= {ty): t,,<I<T; L(t) <y < Ly(1)}
and
a = Li(l), b= Ly(t).

‘We prove the following

THEOREM 8. Let the functions v, g, q satisfy assumptions H, I1I, IV.
If the function f: D — R is continuous for fized telt,, T, measurable for
fiwed ye8; and \f(t, )| < m(t) for (¢, y)eD, where the set S; is dense in
[(Ly(t), Ly(t)] for t, <t T and m: [t,, T} — R is a Lebesgue integrable
function, then there ewists at least one absolutely continuous solution y(t)
in the interval [t,, T].

Proof. Let P be the rectangle defined by

P={y):t <T; a<y<b},
where
a=L(t), b=1L, ).

By Theorem 4, there is a number A4, >0 such that {,+4, <7 and
such that equation (1) hag at least one abgolutely continuous solution
¥ (t) in the interval [, t,+4,]; moreover, a < 7 (£) < b for f, < t < f,+4,.
If fo+4; =T, then the proof is completed. Let #,+4, < T. Since (fa+

Ay, y(to+4,)) €D, there exists a rectangle P={{t,y): i< t; a<y
< b} with the centre (f,+ 4y, y(f,+4y)). Let P, = {(t,7y): t0+A1<t< T;
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@, < y < b;}, where a, = min(a, &), b, = max(b, b). Obviously P, < D.
Consider now the function defined by

q(t) for — oo <t <y,

) =1 .
vl y(t) for f,<t< 144,

This function is bounded, continuous and satisfies the conditions
@(ty-+-4,)e(ay, by), inf @(t)>a,, sup ¢(t) <b,. Therefore, by Theo-

t<ty+4; t<ta+Al
rem 4, there is a number 4, >0 such that the equation

y(t) = (1) for tety+4,,

13 @
- y' (1) = [ flt, y(t—o)dsr(t, 5)+ ()

for almost every f{,4+4, << T

has at least one absolutely continuous solution 4 (f) in the interval [¢,--
+A4,, t,+4,], where t,--4, <T. Moreover, a, < y(t) <b, for {,+4, <1t
<L ty+4,. ¥ f,+4, =T, then the proof is completed. In this way the
solution ¥ (¢) of (1) may be continued to the whole halfaxis (— oo, T'].
Indeed, suppose ¥ (¢) does not have a continuation to (— oo, 7], and
for definiteness assume #(f) has a continuation Y (¢) existing up to v < 7,
but cannot be continued behind. In a similay way as above, it is easily
verified that there is a number 4 > 0 such that Y (f) may be continued
to (— oo, v-+A4], where v+ 4 < 7. This is a contradiction, proving that
a continuation of ¢ (¢) exists on (— oo, T']. It remains to show that the
continuation of ¥ (f) is absolutely continuous in [t,, 7]. We shall verify
only that the solution ¥ (¢) of (13) is absolutely continuous in the interval
[0, T+ 421
For te(— oo, t,+4,] we have

qt) for t <y,
g () for t, <t <44y,

ty+4; 0

——— Cw
YO =G+ JAS £lwy § (u—s))dor(u, 5)+ g (w)} du
tg+dy 0
for ty4-A, <t < ty-+4,.
Hence
[g(t) for ¢ < t)+4,,
I o
g (1) = l@(to+41)+ JAS flus § (u—s))dsr(w, )+ g (w) | du

for t,-+ 4, <t <ty +4,.
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Since ¥ (1) = ¥ (t) for te(— oo, {,--4,], it follows that
q(t) for t<{,,

t oo
§(0) = { gl + [{f Flus§ (w—9)dor(u, 5)+g(w)}du
-y 0

for t,<t<t,+4,.
Hence
q(t) for t<4,,

t oo
5@ = { g+ [{f £lw, 9 (w—s))dsr(u, s)+g(u) }du
i 0

for t, <t <t 4,
which completes the proof.
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