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On the dual semigroups of compact semigroups

Let 8 be a commutative compact semigroup (multiplication being 
jointly continuous). By a semicharacter of 8  we mean a continuous homo­
morphism у of 8  into the complex unit disc, i.e., a complex-valued 
continuous function у on 8  such that 1 ° |y($)| <  1  for all xeS, 2° у (x1x2) 
=  y{x 1)y{x2) for хг, x2e8 . The set 8 of all semicharacters of 8  is a com­
mutative semigroup under the ordinary pointwise product 7i72(a?) 
— yi(x)y2(x )- The unit semicharacter yx{x) =  1 and the zero semicha­
racter y° (x) == 0 are the identity and the zero of 8 , respectively. They 
are called the trivial semicharacters. The semigroup 8 with the uniform 
topology, i.e., the smallest topology in which all the sets

TJ {y', s) — {ye8 : \y{x) — y'(x)\ <  e for all xeS}

are open, is a topological semigroup and is called the dual semigroup 
of 8 . If 8 has zero element 0 and identity e, then the semicharacters y° 
and y 1 are isolated points in 8 . Indeed,

U (7°, ł) =  [y*Ś- \yix)\ <  1/2, Xe8 } =  { / }

since 7 Ф 7° implies y(e) =  1 , and

TJ (y\ ł) =  {y*8 : \y(x)-l\ <  1 /2 , xtS} =  {71} 
since 7 Ф y1 implies 7 (0) =  0.

In this paper we present some sufficient conditions for 8 to be locally 
compact.

T h e o r e m  1. Let 8 be a compact commutative semigroup with identity e 
and zero 0, such that

(i) e has a basis of open connected neighborhoods,
(ii) for every open set U c  8  and every x c 8 , x Ф 0, the set Ux is also 

open.
Then the dual semigroup 8  is locally compact.
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P roof. Let y 'e8 , у' Ф у0, у' ф у 1. We shall prove that the set 
U0 =  TJ (y', D is relatively compact in 8 . Since all semicharacters are 
uniformly hounded and 8  is compact, it is sufficient to prove that U0 is 
an equicontinuous set, i.e.,

(1 ) V £> o V ^ 3 ^ ) V y£n0V ^ )  Iy(ffi) y(%')\ <
where N{x') denotes an open neighborhood of ж' (see, e.g., [1 ]). In order 
to prove (1 ) we shall distinguish three cases: (I) x' =  0, (П) x' =  e, 
(III) x' Ф 0, x' Ф e.

(I) x' =  0. Let M  be an open neighborhood of 0 in 8  such that 
|/(ж)|<1/4 for every xeM. For every yeU0 and every x e 8 we have 
\y(x) — y'(x)\ <  1/2; therefore if xeM, then \y(x)\ <  1 /2+  \y'(x)| <  3/1.

Let s >  0 and let к be a natural number such that (3/4)fc <  e. Denote 
N =  Mk — M ’M • ... -M. In virtue of (ii) N is an open neighborhood 
of 0. If же A, then x is of the form жрж2- ... -ж* with ж*eilf, i =  1 ,2 , . .. ,  k, 
and for every ye П0 we have

I y « =  b w - . . . 7 w | < ( 3 /4 ) ‘ < ei

this means that (1 ) is satisfied.
(П) x ’ =  e. The proof consists of three steps.
(a) Write M =  {\y\: у eU0}. Here \y\ denotes the seniicharacter 

|у(ж)|. We claim that the set M  is equicontinuous at the point e. Suppose 
that this is not true, i.e.,

3e0>0 ViV(e) 3yiV££70 ЗждгеЛГ(е) 1  |yiV,(̂ iv)| +
Choose an integer к such that (1 — e0)k <  1/4. Let I  be a neighbor­

hood of e such that 1— \y'{xk)\ <  .1/4 for же A, where xk- denotes the 
semigroup power Ж • • • 00 • Consequently,

||yv(^v)|— ЬЧжлО|| +  1— |yv(^v)|— ( l — |/(a&)0 +  1 —(1—£0)fc—1/4 +  1/2 .
On the other hand, у_дг e TJ"q and J} у (ж) j j у (ж) 11 ^  \yN{oo)-y'(x)\ <  1/2 

for all же8 , a contradiction.
(b) Denote A — {Argy: ye U0}. The set A is equicontinuous at e. 

Indeed, suppose the contrary; then there exists an e0 such that 0 <  e0 <  + 2  
and

VlV(e) 3yiyeUо Зж̂усЛ'(е) 5> во-
Choose ex and an integer к such that ex >  e0 and n[2 <  ke0 <  кег <  тс. 

By (a) and by the continuity of y' there exists an A  =  A (e) such that
2 к .---

|у(ж)| >  v5/8 and |Argy'^)| <  ъ/бк for xeN  and yeU0. By (i) we may 
assume that A  is connected. Then, since Argy./v(<?) =  0, there exists an
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yN€^  such that £0 <  \ArgyN(yN)\ <  ex. Thus

lArgy^tól -  |Arg^(yiV)| =  /v lArgy^ (7/̂ )1 >  ke0 >  tc/2 .

On the other hand, from the inequality

\y (x) -  /  {x) 12 =  (I у (x) I -  I y‘' (x) I)2 +  2 \y {x) I \y‘' {%) |(l — cos(Arg у {x) —
—Arg/(a?))) <  1/4

(yeU0,xeS),  we obtain

\Argy(y%)—Avgy'(y%)\ <  arccos 1г (Ы Г * + | /(Ы 1г* - 1 М
2 |у(Ы 1* 1/ ( Ы 1*

<  ти/3.

Hence |Argy(?/̂ r)| <  \Avgy'(ykN)\ <  тс/3 +  тс/б =  tc/2, a contra­
diction.

(c) The set U is equicontinuous at e. Let e >  0. In virtue of (a) and (b) 
there exist open neighborhoods N x{e) and N 2(e) such that (|y (x)\ — l )2 <  e/2 
for xeN x{e) and 1  — cosArgy(a?) <  e/4 for xeN 2{e). Consequently for 
x eN x{e) r\ N 2{e) and yeZ70 we have:

\y{x)—1|2 <  (\y{x)\— l )2 +  2 (l — cosArgy(a?)) <  e.

(Ill) x' e$, x' Ф 0, x' Ф e. Let e >  0. By part (II) there exists a neigh­
borhood IF of e such that \y(x)—l\ <  e for all yeU0 and all xeW.  Let 
N =  x'W. By (i) N  is an open neighborhood of x'. If xeN,  then x =  x ’ yx 
with yxeW and \y(x) — y{x')\ =  \y{x')\\y{yx)—1| <  \у{Ух)—Ц <  e.

Thus, U0 is equicontinuous at x'. This concludes the proof of Theorem 1 . 
How, let ( S a)oez be a family of commutative compact semigroups 

with identities ea. The product P  == [ ]  8a is the Cartesian product of
aeZ

the spaces Sa with the Tychonoff topology and with the componentwise 
multiplication: if x' =  (x'a), x"  =  (a£), then x'x " =  [xaxa). It is clear 
that P  is a commutative compact semigroup with identity e =  (ea).

Theorem 2. I f  each 8 a is locally compact, thenP is also locally compact. 
The proof is founded on the following essentially known lemma: 
Lemma. A complex-valued function у on P  is a non-trivial semicharac­

ter if and only if there exist a finite subset of indices {a*, . .. ,  an) c  S and 
non-trivial semicharacters yai , . .. ,  увп (ya e$ffi) such that

П
(2 ) y{x) =  [ ] yai(xe.) for every x =  {xa) in P.

Moreover, this representation is unique.
P roof. It is obvious that (2) is a non-trivial semicharacter on P. 

Conversely, let yeP, у non-trivial. Let ia: Sa - » P  be the canonical injection
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defined as £a(%a) =  (Ут)^, where yr — ex for г Ф a and ya — xa. Denote 
У a — Уо • It is clear that y„ e . Let y\ denote the unit semicharacter 
of Sa. We claim that the set 270 =  (o'er 27: ya Ф y\) is finite. Let Fbe a neigh­
borhood of a point x =  (xa) in P. It follows from the definition of 
Tychonoff topology that for almost all a the projection of F on Sa is 
equal to 8a. If 270 were infinite, then there would exist an index cr0 such 
that уoq Ф yl0 and ^ (s)eF  for all 8eSao. Hence y0Q(s) =  у (£,„(«)) ey(F) 
for all seSao and y(V)  would contain the non-trivial subsemigroup y<r0($<r0) 
(containing 1 since SOQ has identity e) of the complex unit disc; this would 
contradict the continuity of the semicharacter y. It is clear that y{x)
=  П  УаЫ-treZ’o

Let us now suppose that some non-trivial semicharacter у can be 
written as

n к
(3) y{x) =  [ ]  yai(xa.) and y{x) =  f j  fi (xx),

i =1 j —1 •

where ya.eSa., fix.eSx. are non-trivial. If the set (о1!, . .., on} were different 
from {rx, . .. ,  tk}, e.g., Gi4{r1? ... ,  rk), then substituting xa =  ea for а Ф о* 
in (3) we would have yff<(a?0i) =  1, i.e., ya. =  y\. Thus {ax, . .. ,  an) =  
=  (rx, . . . ,  r*}. If we again substitute xa =  ea for а Ф aif we get уч (хч) 
=  у (x) =  pai{xai)-, hence ya. =  ft,..

P ro o f o f Theorem  2. Since P  has identity, the semicharacter y° 
is an isolated point in P. P  may lack zero, but if у Ф у 1 and for some x 
\y(x)\ <  1 , then we can find an integer Tc such that |1 — y{xk)\ =  |1 —. 
— (y(®))*l > 1 /2 . If, on the other hand, \y(x)\ =  1  for all x , then y(P) 
is a non-trivial subgroup of the unit circle; this implies the existence of 
an x such that |1 — y(x)\ > 1 /2 . Thus P /y 1, 1 /2 ) =  {y1} and y1 is also 
an isolated point in P.

Let y' be a non-trivial semicharacter of P. By the Lemma we have
к

y'(00) =  f j  y\ where ya. eSa., ув{ non-trivial. Let 0 <  e <  1. If
i=l i

yeU(y' , s) and y(x) =  f ]  yx.{xx), then the sets {ax, . .. ,  ak} and { t x, . .. ,  тг}
j=i

are identical. Indeed, if gx 4{ t lf гг}, then, by non-triviality of ya_
twe would choose (likewise as in the previous part of the proof) an xa. eJS0.f г0 г0

such that for x =  (xa), where xa — ea if а Ф oi(. and xa. =  xa. , weи го г0
would have

г к

\y(x)-y'{x)\ =  \ Д У г ^ ) - Д У а ^ ) \  =  11 “ У% (% )1  >  £-
?=1
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Let us put again x =  (xa), where xa — ea for all a except some о*, 
1  <  i <  ft, and xa. arbitrary. We have then \y{x) — y'{x)\ =  —
— yai(xai)\ <  s which means that ya.e U(y'a., e) c . Since the sets of 
the form U(yai, s) constitute a basis of neighborhoods in Sai, then, chang­
ing possibly e, we may assume that U(ya., e) is relatively compact in 
Saif so the image of U(y',s) under the natural projection onto Sa. is 
also relatively compact. Therefore U(y', s) is relatively compact in P.
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