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Summability of differentiated interpolating polynomials

Throughout this paper the function f(t) is real, 27t-periodic, defined 
for all te(— oo, oo). We consider the trigonometric interpolating poly­
nomials of / :

Sections 1, 2 contain some theorems concerning the convergence of 
the derivatives of Cesaro and Eiesz means of In{z',f), respectively. The 
symbols Cv, Cp{r), Gp(r, s, ...) {p =  1 , 2 , . . . )  signify the suitable posi­
tive constants (absolute or depending on the indicated parameters, only).

1. Cesaro summability. Given an interval (a, by, let

Denote by <pn{t) the step function equal to 2njj{2n~\-l) for x, t f ]) 
(j =  0, ± 1 , ± 2 , ...). We shall write

for any function g(t) defined in (a, by. Moreover, by the convention,

with fundamental points

е л  < « <  e  <  е л  <  • • • <  e 1 <& <  е л  •

a

J  g{t)d<pn(t) = о.
a

И 9 is of period 2 -к, tho integral

f  g{t)dcpn{t)
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is independent of a. In particular, setting

a{n) v-i
A z 'if) — +  2 j  (aL”)cos^ +  &?}sinb) (0 <  v <  n),

k=1
we have

JT ZĄ-TZ
In.p ( * ; / ) = — f  / ( 0  Dv{t — z) (<) =  — Г f (t )Dv(t-z)d<pn {t)

TZ J  71 J

where
V

■»,№ = ' 2 + ^ ' cos M
sin (v +  ł)$ 

2 sin

(see [4], II, pp. 1-8).
Let J.* be as in [4], I, pp. 76-77. Write, for a >  0,

.71

<£(*;/) =  £  {AT_MAl)lv (z-, f)
v = 0

n

=  i 4 n)+  (^ .n - f t M ^ r f^ o s b + ^ s in b ) .
fc=i

Evidently, these Cesaro means can be represented in the form
z + n

<£(*; / )==“  f  f ( t )Kan(t-s)d<pn(t),
TZ J  

z —n

with the kernel

в д  =  =  Л И Г )

In the case l jn <  t <  тс,

G1 {a)lnaf +1 if 0 <  c t < l ,
К  (01 < CMInt*  if a >  1.

Moreover, considering a >  0, we have

Ж 0 К 2 »

for all < and w =  1 ,2 ,  ... ([4], I, pp. 94-96). The above estimates ensure 
that

lim o£(a?;/) =/(a?) (a >  0)
n—>oo
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at any point x of continuity of /  bounded in <—тс, 7c>. This relation holds 
uniformly on <a, &> if the function f  is continuous at every point of the 
last interval (ęi. [1], pp. 177-179, [2], pp. 562-566).

We shall examine the convergence of the derivatives

d
dz

1 Д  d
I T  S A l̂- v~dzIn’^ z ’ ^Ln v=i 
p s+ t:

~  f  f { t ) j^Kn(t -z )d(pn(t)

in three principial cases: a >  1, a =  1, 0 <  a <  1. For this purpose the 
following auxiliary result will be needed.

L e m m a  1. Let the derivative f ( x )  be finite. Write

Fx{t) = / ( < ) - / ( » ) - / ' (®) sin —

Then the condition

d a
(1) lim ~z &n(z j Fx)lz==x 

n—>00 az
implies

(2) l i m ~ c £(«;/)/*, 
я—>с» ~az

I f  relation (1) holds uniformly in xe(a,  by, the convergence (2) is uni­
form in this interval, too.

These facts are an immediate consequence of the identity

d
dz { в n { % i f )  % 1x ) } l z = x

K -1
Al f  И  •

Retaining in the present Section the symbol Fx(t), we shall first 
give an analogue of (1.7) in [4], II, p. 60.

T h e o r e m  1. Suppose that \f(t)\ possesses a majorant f*(t) Biemann- 
integrable over <— тс, тс) in the improper sense, discontinuous infinitely 
only at the points xk — 2^ivk with rational wk. Moreover, f* is non-decreas­
ing [non-increasing] in some left [right] neighbourhoods of xk. Then if 
a > 1 , relation (2) holds for all these x at which \f(x)\ <  00. The ,con­
vergence is uniform on (a, by, whenever f  is continuous at every point of 
this interval.

Proof.  In the case \f(co)\ <  00,

Fx(t) =  Qx{t)&in(t—x), where Qx{t) =  o{l) as t - >x .
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The o-relation is uniform in x on the closed intervals of continuity 
of Under the assumption l/w <  t <  -к, the estimates

(3)
d
dt

K ( t )
0 2(a)/»a 4 f +1 if 1 <  a < 2 ,
0 2(a)/wl3 if a >  2

hold ([4], II, pp. 60-61). In the case a >  0, the inequality 

d
(4) dt Kn(t) <  n2, for each t and n ,

is obvious.
Given any e >  0, we choose a positive <5 =  д(е) <  тс such that 

|Px(̂ )l <  e when \t — x\ <  <5,
and we write

x + 6  x —d x + n± i
l z = x

^  лТ и •*>—Cl ЛтТГ ^

— - o 5 ( * ;# x) /,_ I = ------- ( f +  f +  f ) а д ) ^ 7 - К ( « - ® ) Л р п(<)
. л ,r . ' atx —6 x —n  x + d

— ------ ('А+'^г+^з) •
7t

Evidently,
ге+<5

|e/i| <  e J  |sin(f— ®)|
dt

K an{ t - x )
X — d

x —l j n  X + l j n  Х + П

d(pn {t) 

d
dt^ e( /  + I  + /  ) l*~

x —n  x - l f n  x + l j n

whence, by (3) and (4),

\Ji\ <  C3(a)e for n — 1, 2, ... 
Further, taking n >  l[d, we have 

G fa)

Kn(t—x) d<pn {t) j

^2(«) 
r f dp+2

л.

{  /  I / W I # » W  +  2ti(|/(*)[ +  | / ' W I ) } ,

where

/3 =
a—1 if 1 <  a <  2,
1 if a >  2.

/ / * ( « )% > №  (» =  1 , 2 , . . . ) ,

Since
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our thesis is established.
Theorem 1 may be extended to the derivatives of higher order (see 

[4], II, pp. 60-61).
Passing to a =  1, we shall now prove the following
L e m m a  2 . Let f(t) be Biemann-integrable over < — ~> , and let the

derivative f  (x) be finite. Then, for any positive д <  -к,
x —6 ж+тс q

lim ( Г +  Г \Fx{t) —  K ln{t — x)d<pn[t)=='Q.

The convergence is uniform in x on (a, b} if f  (x) is bounded in this 
interval.

Proof.  Suppose that f ( t )  is bounded in <a, by, where a <  b, and set

L =  sup \f{t)\,
Chątŝ b

M — sup { sup ]PS(£)]}.

As it is easy to check,

d isi, \ sin (w.+1)«
dz Ku{z) 4sin2iz

sin2| (w + l)0 
2 (n-\-l) sin3\z

cos ̂ Z =  Pn(z)—Bn{z)

and
x - 6 X+TC

( /  +  f  yFx{t)Bn[t-x )d (Pn{t)\[
Ж + 6

izM
(w-f l)sin3-J<5

(a <  x <  b)

AVrite
х+я ~ F  (t)

P » w =  /  FAt) =  ■

Then
Ж+7Г

Un(x) =  f  Fx(t)sm(n-{-l)(t—x)dcpn{t) ( « < # < & ) .
X + d

Given a positive А <  тс— <5, let us choose a partition 

«  +  <5 =  zx <  z2 <  ... <  zk <  zk+1 <  ... <  zm <  zm+1 =  Ь +  тс (m >  2)

such that
m

max (zk+1 — zk) <  A and У  (zk+i — zk) Osc f ( t ) <X .
l</c<m fcTi

If 0e <  ж+ (5 <  0e+1, Zp <  +  тс <  Яц+1 , we have
л-i
У  («k+i — Zk) Osc Fx{ t )<  

fe = e+1

[l +  (ft — ćł+Tc).L
+

( & - Я + 7 с ) Ж )

4sin41 ó Г '4sin2!<5
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Consequently,
zg +  i X+ TC ^ z*—|  ̂ ,zk-\-1

Un{x)\<(  J  +  /  )\Fx(t)\d<Pn(t)+ sin(w+l)(< —  а>)#„(<)|+
ж+а ft=e+l «*

Z*-l *fc+l i f+X /  i5 i}+
Ж 2к(т — 2) J l+  (b— a-\- 7г)1/

^  4sin2£<5 (2w+ 1 )cos{tc/(4w +  2)} 1 4sin2£<5

(b — и+ти)Ж1 t Ж 7z(m—2 )
H------—:—r̂ — i A-'4sin4l<5 sinHó 2nĄ-l

The integral
Х—й

Vn{x) =  f Fx(t)sm{n+l)( t— x)dyn(t)

can be estimated similarly. Thus
X—6 x+n

lim ( /  +  /  ] F x(t)Pn(t—x)dpn{t) =  0
я—>oo x_n x-\-d

uniformly on <a, &>, and, the result follows.
Applying Lemmas 1, 2 and reasoning as in [1], pp. 197-198, 64-66, 

we obtain
Theorem 2. Suppose that the function f(t), Riemann-integrable over 

<—тс, тс), is absolutely continuous in an interval (A,  By. Then if f  (x) 
is finite for a certain xe(A,  В) and if

x + h

(5) l i m y  Г \f{t ) - f {x)\dt =  0 ,
Л_*0 !Ь J

we have 

( 6)
d , ,

hm —— on{2 ]f)lz—x = /  (®).n—>CO WjZ

Relation (6) holds uniformly on <a, by c  (A, B), whenever f'{x) is 
continuous at every xe(a,  by.

In the case 0 <  a <  1, 0 < t <  2tc,

a sin {(n -f I -f |a) t — \tzu} 2An~1 -\-An~2
n A£(2sin-Jtf)a+1 2A^(2sin^)2

ei(n+3l2)t

+ I m { л ” (28ш 1<)5 Ź  А к~геГ'Ы) ■/5*71+1
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Therefore, for these a and t,

where

and

dt
K an(t) =  Ф“ ( г ) - В Д + л “ (*),

rf>a fł\ (^ +  2 +  |a)cos(|ctf— %na)
0 n(t) =  — --------v a ,л:. . t a . +i------------cos(w+ł)<,A l(2sm^t)

(w+ ł +  ła)sin(ia<— 4тш) .
=  ■----------^ а т ^ _ ,  i- s a + l ------------ s m ( w +J.»(2sin |£)

n ; w K o 4(a! I— ł—
l wa(2sinA<)a'‘(2sin£<)a+2 ^  w(2sin-|if)3 '^ n 2(2sin^<)‘I

Put
Mn(t) =  n r(2sin|/) - Y - 2 (y > 0).

We shall now give three further lemmas needed in the proof of our 
next theorem.

Lemma 3. Let f  (x) be finite (at a fixed x ), and let e and у be two 
positive numbers. Then there is a positive rj — y(e, у) <  тс such that for 
any positive a <r\ and for all integers n >  1 /o',

x-\-a

(7) J  |^ (*)| Л «(«-ж )#„(г)< е-
x + l j n

The estimate is uniform in xe (a ,  b} if f  is continuous at every point 
of this interval.

P roo f o f the second  part. Given an arbitrary Я >  0, we choose 
a positive у — rj(X) <  tz such that

Wx(t)\ <  X\t— x\ when \t—x \ < y ,

Then if a <  y, n > l j a ,  the left-hand side of (7) does not exceed
X-f(7

/ X(t—x)

X+l/71
wr{2sin|(i— x)}y+2

„ d(pn(t)

w

Х Л - 0

(Г I' ' x + l / n

dcpn(t) <  Я
( t - .x )v+1 ' ' \ 2

У+ 2

7Г+ —|.
V,

Taking

Д = ( i r  ^
7С/ 7 Г у + 1  ?

we get (7) for all xe(a ,  b>.
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Lemma 4. Let f(t) be absolutely continuous in an interval ( A , By , 
and let condition (5) be fulfilled at a certain xe (A -, В ). Then, given positive s 
and a <  1, there is a positive rj =  rj(s, a) <  тг such that for any positive 
a <  ij and for all n >  If a,

a

(8) I f  Fx{t)<Pl(t — x)dcpn{t)|<e.
X+l/n

Estimate (8) holds uniformly in xe(a ,  by if the derivative f  is con­
tinuous at every x of the interval (a, by interior to (A , В).

P roo f of the first part. It is enough to consider

< k ( t )

n1 aCOs(J«£— 7̂ua) 
(2sin^)a+1 cos (n -f- l)t

instead of <hn(t). Write .

and

Jn(x) =  j  Fx{ t )k ( t  — %)d(pn(t) (1 /n <  a)
X +1/П

Fx(t) =  Fx(t)cos {^a(t— x )— |-7ca}. 

Evidently, condition (5) implies
x+h

lim — f  \Fx(t)\dt =  0 . 
о h J

Observing that

/  \F'x(t)\at +  â f  \FM\dt

over the intervals with the end-points x, x +h ,  we obtain
x+h

(9) lim — f \Fx(t)\dt =  0. 
Л— h J

The partial integration leads to

Jn(x) —
Г n1-  
L {2sin|(0— x)} Fx(t)vos{nA%){t-x)d<pn{t)\ +

X + 1/П L = X  +  l/n

x+o

+ (a+1) /
n1 aCOS (̂0— x)

{2 sin 1 (0—a?)}a+2
X + l in '  * '  x + l jn

j  Fx(t)cos(n -\- i)(t — x)d(pn{t)dz.
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Further (see [1], p. 66),
z

j  Fx(t)coa(n +  l)(t — x)d<pn{t)
X + l j n

for ze{x-\-l/n, ж+(т>, and

2n-{-l f dt

I J  Fx{t)Qm{n-\-\){t—x)dcpn{Ą
x + l / n

2n
2n-\-l

X + l j n

Fx I #4—n

if \z—x —l/w| <  2n[(2'n-\-l). Moreover, for an arbitrary Я >  0, we can 
find a positive jn <  n such that

\Fx{x-\-Hn)\ <  Ajn when n >  1 foi.

Hence, if 1 /п <  a <  /и,

\Jn{x)\ <
2tt n

X+<J

(2w-|-l)(2sin-|or)гп  /  i^ W Idt+
X + l j n

+
2nA

(2n-j-l)na (2sin 2 n

ct+1 "Ь

2ъ (а -\ -1 )п  r [ 1 г  , 1

+  (2»+1)»“ Jln {(2sini(*-®))“+! i+J  1 * 01 *|

7Га+2 ХГа -
2 ^ 7 /

dz

, тса+2Я
----Ь

+
7Ta+3(a +  l )

2a+V

X + O  z

x + l j n  V ' X >

By virtue of (9),

Tt°+!1  тг0+3(а + 1 )Д X+в
7t Л 7fc U -T-JL) Л /•

|J»(®)I<—^ r-H ------ /
Ж+1/И (г—®)'a-|-l (is <

Tt^3!
2aa ’

provided a is small enough.
Taking

Я =
2a~l as

па+3Г { а + 1 ) *

we get the required assertion.
Clearly, Фп in (8) can be replaced by Wn-
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Lemma 5. Let the functions f(t), Q(t) be absolutely continuous in any 
finite interval. Suppose that f'(x) is bounded in <«., b>, where a <  b, and 
write

Gx(t)
Fx(t) Q(t — x) 
{2mi\{t — x)}p ( P >  0).

Then, for every positive д <  tu,

(10)

X + T Z

f  Gx (t) cos (n+£)td<pn(t)
X + 8

as n

uniformly in xe(a,by.
P roof. Denote by Ln(x) the left-hand side of (10).
It is easily seen that

x+7z—
Ln{x) =  — J G ^  +  *Sn))cos(№ +|)h%(t),

x+6- f )

where t[n̂ =  2nl(2nJr l). Therefore,
x+n—td1̂

2 L n( x ) =  f  {Gx(<)-0*(«+<T>)}cos(»+i)%„(i) + o ( i ) .
rr.̂ 8 \ 'M' /

Integrating by parts, we obtain
n - t [ n )г л Ж+ТТ—ty

2L№(a?) =  [{£ж(2) — Gx(z +  t[n))} f  cos(nf- | ) % п(г)]^+()
X+d

x+Tz-tW
1 Z l 1  \

-  /  { в ; ( г ) - в ; (2: + 4п>)} /  cos(n+i)tdfn(t)dz + o{ — }.
X  +  д X + d  \  ^ /

Further,

f  cob (n +  %)td(pn(t)\
X + d

2 n
2 ^ + 1

for z >  x-\- d

and
x -f-ти—ii71)1 Ж + ГС

/  | е ;(г )-(? ;(г+ 4"))|йг< 2  /  |6i(<)|<B.
X + д  X + d

Hence the Lemma.
Theorem 3. Considering the case 0 <  a <  1 , suppose that the function 

№  is absolutely continuous in < — 2ti, 2 tz}. Then, under the assumption 
\f (x)\ <  00, condition (5) implies (2 ). Relation (2 ) is uniform in xe<a, by 
if f  is continuous in this interval.
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P roof. Given an arbitrary e >  0, we can find a positive <5 <  тг such
that

(11)

X + d

f
X — d

Fx( t ) - - K an(t-
at

x ) d ( p n ( t ) < 2 e

whenever n > 1 /5 . I f / '  is continuous at every point of the interval <a, by, 
inequality (11) holds uniformly in же<й, by. Indeed, the derivative of 
Kn{t) is an odd function. Hence, by Lemmas 3, 4 and inequality (4),

X — 1/71 X + d

( J + J ) F x(t) j jj K an(t-x)d<pn(t)
Х — д  X + l  j n

<  £

and
x + l j n

/
д „ I r

Fx( t ) ~ K n(t — x)d<pn(t)\^— ~ J \t—x\d(pn{t)
X  +  l j n

<  £
X —l j n x —i j n

for small <5 and n > l j d .
Applying Lemma 5, we obtain

x —d x + n
' 0

I J* +  J' j F x ( t ) - ^ K n [ t  — x)d(pn(t)
X — TZ X + d

<  £

if n is large enough. The estimate holds uniformly in <«, by when f ( x )  
is continuous therein. /

How, the result follows at once from Lemma 1 (cf. the case a >  1).

2. Riesz summability. The Eiesz means of In(z‘,f), considered here, 
are of the form

f](n) T-—,  I 7*2 1 r

& (* ;/)  =  ~ Y  +  ( l  ~  r f )c o s b + b p s in b ) ,

where r is a positive number. We set

g(t) — fint) for t e ( — oo, oo),

g) =  /8£(тем;/) for ue{— oo,  oo).

The function g(t) is of period 2, since f(t) is 27r-periodic. Denote by 
(o{6’,f), o)(6;/, (a, by) the moduli of continuity of / in the intervals 
( — oo, oo) and {a, by, respectively.

Let
=  2 j /(2 n + l)  ( j  =  0 , ± 1 ,  ± 2 , . . . )
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and
y>n(v) =  v(p  when v e , vf^).

Suppose that

e> . <  a <  e>  <  <  ■ ■. <  4 n) <  ъ <  4 %  ■

Then, we shall write (cf. section 1)

ь 2 ^
/  <p{v)dy>n(v) =  — —  Д *y ( # })

for any function <p(?;) defined in <«, &>. In particular,
1 M-l-l

Trn{u \ g) =■- /  g(v)Qn(v — u)dyn{v) =  J  g(v)Qrn{v—u)dyn(v),
-1  M-l

where
1  ł f ' &2 l r

« (< )  = - ^ + ^ { l - - ( B+1/2)2} « 0 8 ^ -

Putting =  (w+1/2) тс, we have

Ql{t) = — + I1fc=i
res

w=kn

2m

{ w2l
р - ж !

7 °°7  w2y 
/  • (1— "б 5")-оог \ /

COS (1 — t)w
sin w

cos (1 ~t)w  
sinw dw

when 0 <  t <  2 (cf. [3], §§ 18, 21, 22, 51). Hence, under the assumption 
ljn <  t <  1 ,

C5(r)
n V +1

if r >  0 .

In case r >  0, the estimate

• ‘ \Qn{t)\ <  2w,

for all t and n =  1 , 2 , . . . ,  is obvious.
Applying these inequalities, we obtain 
Lemma 6. For any real и and n — 1 ,2 , ...

M+l
(i) f  \Qn(^—^)\dfn(^)<G6(r) if r >  0 ,

w—1 
U + I

(ii) n f  \v—u\\Qrn(v—u)\dipn(v)^C i(r) if r >  1 .
U—l
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For example, the proof of (i) runs as follows:

г<+1

/  IQ rn ( v — u)\dipn {v )

[U—l/n ^ / V М + 1/П + l
*= I  M O  +  ( 2Жly,n(v)+ f

Cs (Г)
n i l  n ( U - v )  f  u _ l j n

2Cs(r) j 2nr+1 n~r/n dv I 12w+  4 
nr ( 2 » + l  u~x {u—v)r+l\']r 2 » + l

«+!/« n {v~u)

< C 6(r).

r + T d f n ( v )

Now, a result of Jackson’s type will be given.
Theorem 4. Suppose that f  is continuous in (— oo, oo). Then, for

n =  1 , 2 ,

max \Srn(oc-,f)— / (ж )К  08 (r) co ( i ; / )  if r >  1 .
— т т С Х С т г  \ »  /

P roof. Since
«-f i

/  — w)dy>n(v) =  1 ,

we have
M + l

Tn{u) g) — g(u) =  f  {g{v)~g(u)}Qrn(v—u)dipn(v).

Hence
U + l

< «> ; s') {r J I®— w)|<?y»n(®) +

+
м +1

r)I dipn('у)| ,

and, by Lemma 6, the conclusion follows.
Consider an arbitrary function g(t) of period 2, absolutely continuous 

in < —2 ,2 ). Then, partial integration gives

d
d u

M + l
Гп( щ д ) =  j  g ' {s )0rn(u,z)az,

where
ъ & л
г d г d

0 rn(u,z) =  J — Qn(v—u)dy>n(v) =  J -j^Qrn(v—u)dy>n(v) =  ...

Roczniki PTM — Prace Matematyczne XIII 14
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The identity
Bn+ ooi

leads to

*7 -i 71 ' 00 / л Xfd „  1  C l  w2\
T t Q M  =  / .  1 _ ж )

В п - о о ъ  f

0 9(r)

wsin(l — t)w
smw dw

d
dt Qn(t) r —l j r + 1П

for 1 and t€<l/n, 1>. In the general case

d

Consequently,

(12 ) K (w ,* ) l<

dt

ClO (r)

Q rn (t ) <  Tzn2.

..r_,~--------=■ when « - 1  <  2 <  m------,
n {u—z) n

ClQ{r)n

Cf10{r)

1  1
when u ----- - <  £ <  w +  — >n n

Xwhen uĄ— 1.
nr 1 (z—u)ł n

Applying estimates (1 2 ), we obtain
Lemma 7. For any ue( — oo, oo) and n =  1 , 2 , . . .

u + l

(i) J \0 rn{uyz)\dz^Clx{r) if  r >  1 ,
U— 1

M-f 1
(ii) n j  \u—z\\0 rn{u ,z)\dz^C 12{r) if r >  2 .

INext, the second auxiliary result will be proved: 
Lemma 8. For any и and n =  1 , 2 ,

M+l л , 1
f Фгп{и. z)dz—1 | < — if r ^  2 

j i nu —l

P roof. Taking

we observe that 
d

gu{t) =  sin тс (i— u),

u + l

FniV'i 9u)\v-и =  7Г f  costc(s— и)Фгп(и, z)dz
dv u—i

= „ | i _  i  r
l (w+ 1
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and
U+l U+1

I J d>rn(u ,z)dz— J co87c(z— и)Фп(и, z)dz
u—l u—1

2 u - l j n  u+l/n  M+l >
<“ ( J  + f + f

ад—x ад—i/ад M-fl/ад

by (1 2 ). Hence the Lemma. 1
T h e o r e m  6. Suppose that the derivative f  (t) is continuous i n ( — oo, oo). 

Then, for n — 1 , 2 , . .. ,

<  Oi5(r)co|-i;/'| i f r >  2 .

P roof. Clearly,

- L  « ( * ; / ) - / ' ( * )  = 1 Г -^ Й (« ;5 Г ) -9 Ч « )1  ,«ж те Law
and

max
-тг<сс<;т: doo

Srn(oo'J)-f(oo)

-Y~Trn(u-, g ) -g ' {u )  = 
du

In view of Lemmas

ад+1
/  {0' («)—0' («)} Ф» (w, *) dfe+

M-l M+l
+  flf'(^){ /  Фад(м, s)dz—l} .

ад- i
7-8,

du
Trn{u) g) — g’ {u) <

Gi6(rĄ a}[~^’ 9')

Let u0 be a point in <—1 , 1> such that g'(uf) =  0. Then if \u\ <  1,

— \g’ (u)\ <  — co(\u—w0| ; g ' ) < — — r l  « ( — < Зсо/ i ; ^  n n n \n \n

Since

“ ( i ; 9' ) < " "  (t  ’ f ) K +1)"  ( ł ; f ) ’

our result is established.
By a slight modification of the last proof, we obtain 
T h e o r e m  6 . Let f(t) satisfy the Lipschitz condition

co(dif) =  0 {d) as & -> 0+ ,
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and let f  (t) be continuous in an open interval (a, b). Then, for each positive 
e <  min {n, (b — a)/2 }, tj <  s and n — 1 , 2 , . .. ,

max
a+e^X^b—e dx

<  C'i (r, e-r i , f ' )a)  <a+^, & -^>j if r > 2 .

In the case r >  1, an analogue of Theorem 1 is true. This result can 
easily be extended to derivatives of higher order. For example, we have 

T h e o r e m  7. Suppose that \f(t)\ has the majorant f*(t) as in Theorem 1, 
and that r >  2. Then,

(13) lim ~-& n  (» ; f)  \B„x =  f "  И
П—УОО

for all these x at which \f"{x)\ <  oo. The convergence (13) is uniform on 
(a, by when the derivative f "  (x) is continuous at every point of this interval. 

P roof. Set

Fl(t) =  f(t) - f  {x) - / '  (x) sin ( i -  x) - \f"{x) sin2 {t-  x ) ,

V x ( t )  =  Fl(t)lsin2(t~x) .

The assumption \f"(x)\ <  oo implies

lim 7]x{t) =  0 .
t —f X

The last relation holds uniformly in x ę ( a 1 by if f " (x )  is continuous 
at every x e ( a , by. Since

£  =  ( i -  f ' W ,

it is sufficient to prove that

lim
•re—yoo

d2 
dz2 Srn{zyFl) L a =  0 .

Evidently,

d2
dz2 /  Fib «>)

where и — x/тс. By a simple calculation,

_d2
di2 % (<)

Г-2 | /|Г+1\Gin{r)l{nr- 2\t\ 
7l2nZ

d2
' a „ Qn{® r) ( ^ ) >  ov2

when 1  In <  |t| <  1 , 
always.
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Choose, for a given e >  0, a positive d — d(s) such that 

\F2x(nv)\ <  e{nv — %y if \tzv — %\ <  d,l
and write

,2  ̂ u+d U~S u+l Q2
—  Srn(z-,F2X)IẐ X= - 1- I f  +  /  +  f  \f I(kv) — ~Qn(v-u )dyn(v).

u — d U — 1 U - \ - d

Reasoning as in the proof of Theorem 1, we get the desired asser­
tion.
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