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Summability of differentiated interpolating polynomials

Throughout this paper the funetion f(?) is real, 2=-periodic, defined
for all te(— oo, oc). We consider the trigonometric interpolating poly-
nomials of f: '

. o™ '
L.z f) = — 4 Y (afPcoske+bPsinkz),
2 k=1
with fundamental points

2m
M = T | = +1, 42
) 2 L1] (J 0, 41, yoee)e

Sections 1, 2 contain some theorems concerning the convergence of
the derivatives of Coséu’o and Riesz means of I,(z;f), respectively. The
symbols C,, Cp(r), Cp(r,s,...) (p =1,2,...) signify the suitable posi-
tive constants (absolutc or depcndmg on the indicated parameters, only).

1. Cesaro summability. Given an interval {a, b}, let
1M < o<t <t <. < ) <b<il

Denote by ¢, () the step function equal to 2xj/(2n+-1) for te My, )
(=0, +1, +2,...). We shall write

{ g dgnlt) =5 +12J(t‘">>

for any function g¢(¢) defined in <a, b). Moreover, by the convention,

[g(dp.() =0

If g is of period 2w, the integral
a4.2m

[ g®dgat)

a
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is independent of a. In particular, setting

(n) !
I, (2f) = % 4 Z (e coske -+ bIsinks) (0 <» < n),
k=1

we have
s4m
L) == f FOD (1= 2)dgult) = — f F@) D (1= 2)dpa ),
where '

D, (1) = ———1—20 skt = S0+ B

2s1n1t

(see [4], II, pp. 1-8).
Let A} be as in [4], I, pp. 76-77. Write, for a > 0,

(25 f) = D (A5 AR Lo (25 f)
v=0
= liaf)")—FZ(A _1]AZ) (a$) cos kz+ b sinkz).
k=1

Evidently, these Cesaro means can be represented in the form
[AR

1
ACH BN B O ACDL N

Z—T0

with the kernel

1 - 1 .
K2(t) = A2ID, () = ———— AL gHd
(1) Al Za " (5 = AZ(2sin lt) 20'

In the cage 1/n <t < =,

Cila)n***' 0 <a<1,

K (2)] < .
C(a)/nt? if a>1.

Moreover, considering a >0, we have

o (5)] < 2m

for all t and » = 1, 2, ... ([4], I, pp. 94-95). The above estimates ensure
that
- lim o} (2; ) = f(2) (a>0)

N300



Interpolating polynomials 199

at any point z of continuity of f bounded in (—=, n)>. This relation holds
uniformly on (a, b) if the function f is continuous at every point of the
last interval (¢f. [1], pp. 177-179, [2], pp. 562-566).

We shall examine the convergence of the derivatives

n

d
a—1 "~
D AL s (55 )

=1

d a
EZ—O‘n(z;f) -

2T a
f =7 Ko (t—2)dpa(t)

in three principial cases: ¢ >1, « =1, 0 < a < 1. For this purpose the
following auxiliary result will be needed.
LeMMA 1. Let the derivative f'(x) be finite. Write

Fo(t) = f)—F (@) —f (@)sin(i—a).

Then the condition

(1) tim - o (o F)foe = 0 (a>0)
nsco U2
tmplies
(2) lim—d— 05 (23 Moz = f (@).
nesoo A%

If relation (1) holds uniformly in wela, b), the convergence (2) is uni-
form in this interval, too.
These facts are an immediate consequence of the identity

a
An— 1

% {on(z; ) —on(?; Fa)}loea = "*Ef’ (@).

Retaining in the present Section the symbol #.(t), we shall first
give an analogue of (1.7) in [4], II, p. 60.

THEOREM 1. Suppose that |f(1)| possesses a majorant f*(t) Riemann-
integrable over {—m, =)y in the improper sense, discontinuous infinitely
only at the points x, = 2w, with rational wy,. Moreover, f* is non-decreas-
ing [non-increasing] in some left [right] neighbourhoods of x,. Then if
a > 1, relation (2) holds for all these x at which |f ()] < oo. The ,con-
vergence is uniform on <{a, b, whenever f' 48 continuous at every point of
this interval.

Proof. In the case |f (#)] < oo,

F.(t) = os(t)sin(t—x), where gg(f) =o0(1l) ast—>wm.
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The o-relation is uniform in 2z on the closed intervals of continuity
of f'. Under the assumption 1/n < ¢ < =, the estimates

d 1) Cola)/n® 1 it 1< a<?,
a " a)[nt® if o >2

(3)
hold ([4], II, pp. 60-61). In the case « >0, the inequality

) 2 x| <

p n?,  for each ¢ and m,

is obvious.
Given any ¢ >0, we choose a positive 6 = §(e) < = such that
los(t)] <& when [{—=| <
and we write

T8 z—4 z+T

G Fe = — ([ 4 [+ [ )R E -2

d Z+46

= _;(J1+J2+J3)-

Evidently,
x4d
) 9

Wil<e [ Isin(t—a)| =7 Anlt— o)} dpa()
x4
x-1/n T4+1n T4 9
(f [+ [ ) lial| 5 Ka—o) dpatt);

z—1/n z+1/n

whence, by (3) and (4),
|J) < Cy(a)e for m=1,2,...
Further, taking » >1/d, we have

0 AR
Tl sl < i [ a0 dga()
Cy(a) v
<5 | J @l dgatt) +2m( f)l 11 @)},
where
a—1 i l<ae<?2,
g if a>2.
Since

[fldgat) < [ F*Odpa()<Cr  (n=1,2,...),
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our thesis is established.

Theorem 1 may be extended to the derivatives of higher order (see
[4], II, pp. 60-61).

Passing to a = 1, we shall now prove the following

LeEMMA 2. Let f(t) be Riemann-integrable over {— =, n>, and let the
derivative f'(x) be finite. Then, for any positive 6 < =,

z—8 4T
E?o(w_fn +xi )F(t) KL (t—#)dg,(t) = 0.

The convergence is uniform in x on (a by if f'(w) is bounded in this
wmnterval.
Proof. Suppose that f (?) is bounded in {a, b), where a < b, and set

L= sup |f' (1), M= sup { sup |1 13-

a<i<< . ass<<b —ngigm

As it is easy to check,

a _, sin(n-4-1)2 sin*}(n-4+1)2
5 = - = Py (2)— n
dz K@) 4sin® 12 2(n+41)sin’}z cos 4 (2) =B (2)
and
-8 X4 _ M
) +f J Pt Bt —0) ()] S oy (<@ <D).
Write
i P, d F Fal)
Ualw) = +fd Fo(O)Pu(i—a)dpu(t);  Fult) = jeros .
Then
x4
Unlw) = | F(t)sm(n-j—l)(t—w)d(pn(t) (a <2< b).
248

Given a positive A < m— 9, let us choose a partition
a-+6 = <@ <... <2<y <o < < %y = b+n (m>2)
such that

m

i
max (2., —25) < A and z(zk 1—2) Ose f(t)<A.
1gkg \m( frl o f=1 * <t 4 1

If 2, <2+ 0 < 201y 2 <28+ 7 < 2y, We have

#-1 {1-|_(b—a,+1r)L (b—a—i—n)M}l

— F 1) < - -
k,gl (@i zk)zk<(t)<s::z,+1 ® 45in?}o 48in* 16
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Consequently,
%41 BT u—1 . Zhq1
1Tu@I<( [ + [ )iFe®ldpa®+ Y 1Falan)] [ sinnt1)(t—a)den(]+
246 2, k=Q+1 2k

B-1 Zp ) - ~ M -

+ 3 T O Fatenlan) < g i 5

Mo 2 (m—2) {l+(b——a+n)1}
+ 48in?40  (2n-+1)cos{x/(4n+ 2)} 4sin?16

(b_a+n)M}H M w(m—2)
4sin? 16 sin}s  2n4+1

The integral

r--d

[ Fo(tsinn-t1)(t—2)dp(t)

fe

can be estimated similarly. Thus

x—08 x47C
lim ( f + f+ )Fz(t)Pn(t_x)d‘pn(t) =0
N> 7 _m x4 8

uniformly on <a, b>, and, the result follows.

Applying Lemmas 1, 2 and reasoning as in [1], pp. 197-198, 64-66,
we obtain

THEOREM 2. Suppose that the function f(f), Riemann-integrable over
{—m, ), is absolutely continuous in an interval {A, BY>. Then if f ()
is finite for a certain xe(A, B) and if

x+h
(5) g——f I () —F (@)lds = 0,
we have
od oy o

Relation (6) holds wuniformly on <{a, by < (A, B), whenever f (x) is
continuous at every wela, b).
In the case 0 < a <1, 0 << 2nr,

sin{(n+ 3+ Ya)t—ira} 245744577
Aj(28in 32)* ! 245 (2sin 11)2

Fnt3p2)t
I Z Aa 3 —‘lkl
+ {A“ (2sin 4t)° d

Ko () =
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Therefore, for these a and ¢,

d

= K (1) = &) —Pa(t)+45(1),
where
" (n-}- 1+ ta)eos (Lat— Ina)
Pult) = 2 A“2(2sin ;tjw —eostat B,
n 2
u (n+ %+ }a)sin (Yot — na) |
Falt) = A;(Zsin %t2)"+1 = sin(n+ §)t
and

AR )] < 04(11){
Put

1 1 1
n*(2sin 36)°*° + n(2sin 1) +rn2(2sin%z)4}'

M) = n~7(2sindt) """ (y >0).
We shall now give three further lemmas needed in the proof of our
next theorem.

LeMMA 3. Let f' (@) be finite (at o fixed x), and leét ¢ and y be two
positive numbers. Then there is a positive n = n(e, y) < = such that for
any positive o <u and for all integers n >1jog,

T40

(7) [ 1)) M — @) dipn (1) < &

z4-1/n

The estimate is uniform in vela,b> if f is continuous at every point
of this interval.

Proof of the second part. Given an arbitrary 1 >0, we choosge
a positive 5 = 5(4) < = such that

[Fe(t)] < Alt—ax] when |i—z| <y, e <20,

Then if ¢ <%, n > 1o, the left-hand side of (7) does not exceed

T+

A{t—x)
s d(Pn(t)
x+£n n’{28in } (t—z)}"*
zio
A [m\re 1 R\ 1
<= - = =J.
<5 [ mmamo<ilf] (=)
z4+1/n
Taking

2\"F2 ey
-
T ny 41

we get (7) for all xea, b).
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LEMMA 4. Let f(t) be absolutely continuous im an interval (4, B},
and let condition (5) be fulfilled at a certain x<(A; B). Then, given positive &
and o <1, there is a positive n = n(e, a) < = such that for any positive
o<n and for all n>1]e,

T40

(8) | [ BB (1— ) (1) < .

z+1/n

Estimate (8) holds uniformly in mela, by if the derivative f is con-
tinuous at every x« of the interval {a,b) interior to (A, B).
Proof of the first part. It is enough to consider

n'~cos (at — Yna)

b)) = :
® (2sin §8)*+ cos(n+3)¢
instead of @Z(t). Write .
4o .
Sul@) = [ Fo)Bi(t—a)dg(t) (Ln <o)
TH1/n

and
F(t) = F.(t)cos {Fa(t—a)— ina}.
Evidently, condition (5) implies

L x+h

1 ,
1im_f \FL ()| dt = 0.
P hx

Observing that
JIFo)lde < [ 170 di+ o [ |Po(t)at

over the intervals with the end-points x, 24k, we obtain

1 x+h
(9) lim—f \Fo(0)|dt = 0.
rso b Pt

The partial integration leads to

z

nl—a . . 2=+ 0o
Jn(®) = [ (2sind (—a) P! m+~1£@ Fz(t)GOS(%-I—%)(t—@d%(t)]z:””n +
o n'~%cos}(z—x) c
tat) [ Ty [ Fattycos(nt ) (t—a) dpu (1) dz.
T41/n 2 Z+ijn
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Further (see [1], p. 66),

z z

— : ‘) M —=y
| [ Feeostnt hu—magan| < g [ IR
x4l S atim
for zelx+1/n, x4 o), and
o 2n | o 1
Fo(t)eos(n+ ) (t—2)dpn(t) < Fe (w+—)‘
w+£n l 2n--1 n

if |#—a—1/n| < 2x/(2n+1). Moreover, for an arbitrary i1 >0, we can
find a positive u < = such that

[Fo(z+1/n)] < A/n  when n > 1/u.
Hence, if 1/n < 0 < g,

1—a Z+o

2mn

(@) < G e {n | (1)) dt+
2wl
+ T +

2 (at1)i T{ 1

Uiyl ey (Bt

z+1/n
na+2 zyo -, 7'Ca+2}¢
<W[ |Fm(t)ldi+—§m +
x
IO L 1 :
+ 2a+2%a f {(z_m)u_l_z f le(t)ldt} dz.
T1n x
By virtue of (9),
L w3 er1)a T 1 73]
J. < d
oS P e a2
provided ¢ is small enough.
Taking
’ 2 e

we get the required assertion.
Clearly, @ in (8) can be replaced by Y.
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LeMMA 5. Let the functions f(t), Q(t) be absolutely conlinuous in any
finite interval. Suppose that f'(x) is bounded in {(a,bd, where a < b, and
write

() Q(i—w)
G (1) = m (p >0).

Then, for every positive 6 < m,

RS

(10) f Gy (t)cos(n -4 )tdq:n(t)_()( ) as n —> oo,

x40
uniformly in xela, bd.

Proof. Denote by L,(x) the left-hand side of (10).
It is easily seen that

x+n—t§")
Luw) = — [ Gu(t+1")eos(n-+ $)tdgy (1),

(™
x+4 tl)

where " = 2x/(2n-+1). Therefore,

x+n—t(1n)
1
2L(0) = [ {Gu(t)—Galt-- ")} eos(n-t 1)tdpn(t) O (*)
T+ n
Integrating by parts, we obtain
x+n—t(n)
2L, (z) =[{Gx(z — Gy (2 1)} f cos (n+ 1) tdpy (2 )] —
z 16 =+
m+n-t§n)
C @Gt} [ costnt dtdpt )as--0 (- )
x4.8 246
Further,
j fcos(n+%)td¢n(t)'<ﬁ—- for &> @+ o
wis 2n+1
and
x'*'ﬁ‘tgn) ZTym
[ 162() =Gl +1{") dz < 2 IRCAGI
Z--d z4.6

Hence the Lemma.

THEOREM 3. Considering the case 0 < a < 1, suppose that the function
S(8) is absolutely continuous in {—2mx,2n). Then, under the assumption
If (@) < oo, condition (b) implies (2). Relation (2) is uniform in xela, b)
if f is continuous in this interval.
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Proof. Given an arbitrary ¢ > 0, we can find a positive 6 < = such
that

z4-6

a IfF(t LR (t— ) A ()] < 26

whenever » > 1/8. If f' is continuous at every point of the interval <a, b,
inequality (11) holds umiformly in ze<{a, b>. Indeed, the derivative of
K, (t) is an odd function. Hence, by Lemmas 3, 4 and inequality (4),

z—~1/n z4-0

([ + f)F(t) K (t— ) dpn () < &
-4 z+1/n
and
r+-1/n z+1/n
0 .. en®
Fo(t)— Kat—a)dpn() <= [ |t—aldg.() <
z—1/n w z—1/n
for small § and # >1/6.
Applying Lemma 5, we obtain
f ] w+n ,
( f + f Fo(t)- K“( m)d%(t)’<e
Z—T0 x4 6

it n is large enough. The estimate holds uniformly in <a,b) when f ()
is continnous therein.
Now, the result follows at once from Lemma 1 (ef. the case a >1).

2. Riesz summability. The Riesz means of I,(z; f), considered here,
are of the form

a®
Sz f) = ———+Z{ o +1/2 } (a¥) cos kz+ b sin kz),

where » is a positive number. We set
g(t) = f(xt) for te(— oo, o),
Ty(u; g) = Sp(wusf)  for we(— oo, co).
The function g(¢) is of period 2, since f(f) is 2n-periodie. Denote by
w(d;f), «(d;f,<a,by) the moduli of continuity of f in the intervals

(— o0, o0) and <a, b), respectively.
Let ’

o = 2j/(2n+1) (=0, £1, £2,...)
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and
wa(v) = o when  weol™, o).

Suppose that
o <a<ol <ol < ... <o < b <.

Then, we shall write (ef. seetion 1)

B
f‘P (?V)n 2,”2_'_1 Z (v (n))

for any function ¢(») defined in <{a, d>. In particular,

1 %4-1
Th(u;g) = [ g0)Qho—w)dyn(v) = [ g(o)Qh(v—u)dya(v),
where i )

1 n | 2 r
Qn(t) *E é:{l“‘ W} coskrt.

Putting B, = (n+1/2)xw, we have

N IR W) cos(1—t)w
Qn(t) - 2 +2 res ll }

= wakn B sinw
B, +oo‘i
1 " w2 \" cos{(1—Hw
i e,
27 B "ot By, Sinw

when 0 < ¢t < 2 (¢f. [3], §§ 18, 21, 22, 51). Hence, under the assumption
lln << 1,

Gho < ity o,

In case » >0, the estimate
] Q% (1)] < 2m,

for all ¢ and » = 1,2,..., is obvious.
Applying these ineqnalities, we obtain
LeMMA 6. For any real w and n = 1,2, ..
usl

M [ 1@h(o—w)dya(o) < Oy(r)  if r>0,

u—1
u4l -

(if) w [ lo—ul|Qu(v—w)ldyn(0) < Cr(r) if r>1.
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For example, the proof of (i) runs as follows:

w41
[ 197 (0—w)| @y (v)
w—1
{u—1/n 0 ( ) u-tln w41 O (7.)
< S d 2nd 2 dy,
\Jl wiu oy WO Lot | ey )
20 opr+t vt g 12n-+-4
\—f‘?” * L R A )

n \2n+1 (1w —v)"+ | + 2n+1

Now, a result of Jackson’s type will be given,

THROREM 4. Suppose that f is conltinuous in (— oo, oo). Then, for
n=1,2,...,

inax ISI,(w;f)—-f(w)l<08(¢")w(—i~;f) i r>1.

— LT

Proof. Since
U1

[ @nlo—way,(v) =1,
u-—-1

we have
U+1
Th(u; g)—g(w) = [ {g(v)—g(u)}Qn(v—u)dpa(v).
Hence
1 w41
Zaws ) gl <o (Ssa)fn [ o= uliQto—widp o)+
w u—-1

U1

@ (v—w)ldya(0)},

U1

and, by Lemma 6, the conclusion follows.
Consider an arbitrary function ¢(?) of period 2, absolutely continuous
in (—2,2> Then, partial integration gives

d . S Ul g
w0 = [ g @, i,
where
. z 0
T, ) = [ @ (o—w)dya(o) = f ) dyn(0) =
u—1

Roczniki PTM — Prace Matematyczne XIII 14
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The identity

d Bt ot w?\" wsin (L—t)w
dt @ (2) At . ( Bf,) sinw v
Bp—oot '
leads to
a Cy(7)
— @ ()| < =51
dt Ont) A

for r > 1 and te{1/n, 1>. In the general case

P ,
E{Qﬁ(t) < mnd
Consequently,
Cuolr 1
"mﬁ')‘_f when 4—1 <z Uu——,
n~ (u—2) n
- . 1 1
(12) | D7 (uy 2)] < 3 Cro(7)m when u— — <2< ut =,
n n
C 1
000 hen wt S < p<uta.
n " (#—u) n

Applying estimates (12), we obtain
LeMMA 7. For any ue(— co,00) and n =1,2, ...

U1
(1) [ 1®h(u, ) de < Cn(r)  if 7 >1,
U1
(i) n f lu— 2| | D (u, 2)|de < Cpo(r)  if ¥ >2.
u—1

Next, the second auxiliary result will be proved:
LeMMA 8. For any uw and n=1,2,...,

i C15(r)

| [ (u, Hdz—1]< if ¥>2.
©%—-1
Proof. Taking
gu(t) = sinw(t—u),
we observe that
d w1
%T;(v; ) Jomu = nu_fl cost(z—u) Py (u, 2)dz
1 r
=T 1——(_’}’74—_172‘)‘2 COST‘C(’U—"M)]vsu,
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and
Ul w1
'f«p;(u,z)dz— f cos (2 —u) B, (u, 2)dz
.  u-1jn utim U1 .
<[ + [ + [)u—aridim, gia< 2,
U-1 u—1/n u+1/n

by (12). Hence the Lemma. !

THEOREM b. Suppose that the derivative f' (1) is continuous in (— oo, oo).
Then, for n =1,2, ...,

max
~TTEILT

g @

<015(¢)w(%;f') if r>2.

Proof. Clearly,

d oo ey [
_d_x Sn(m,f)—f () = - [du Tn(’u7g) g (u)]u-x/n,

and
d u41
T =g = | g =g 0} B, 2)det
U4l

o] [ Phu,z)de—1}.
U-—1
In view of Lemmas 7-8,

d T t
= Tolu; 9)—9' (w)
W

1 1
< omm{w(—; g') T Ig’(u)l}-
" %
Let u, be a point in {—1,1) such that g'(%,) = 0. Then if |u] <1,
1L 1 o lu—al -1 1, 1,
g ()] <= w(u—1n); g) < ——— w(——;g) <3w(~;g)'
n » n n n
Since
1 T, 1
w (—-;g’) <ww(—~;f) < vc(vr+1)w(—;f),
n n "
our result is established.

By a slight modification of the last proof, we obtain
THEOREM 6. Let f(1) satisfy the Lipschitz condition

w(d;f) =0(8) as 6 >0+,
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and let £ (t) be econtinuous in an open interval (a,b). Then, for each positive
e<min{r, (b—a)2},p <& and n=1,2,...,

max |- S} (@; )—F (@)

ater<h—e

, A .
<ur =)o (23 fy atn, i) i e,

In the case r > 1, an analogue of Theorem 1 is true. This result can
easily be extended to derivatives of higher order. For example, we have

THEOREM 7. Suppose that |f(t)| has the majorant f*(t) as in Theorem 1,
and that r > 2. Then,

o

(13) lim ﬂ-—s (25 ) s = "' (@)

—00

for all these x at which |f'' (x)| < co. The convergence (13) is uniform on
{a, by when the derivative f'' (x) is continuous ai every point of this interval.

Proof. Set
F(t) = f(1)—f(2)—f (@)sin(l— @) — }f" () sin2(t—a),
7a(t) = Fa(t)[sin2(i— ).
The assumption |f"(x)] < oo implies

lim %, (¢) = 0.
tox
The last relation holds uniformly in xe<a, b> if f''(x) is continuous
at every xela,b). Since

a3 1)~ 5.5 P e = 1 (Tfi/.‘z_)?}rf"(w)’
it is sufficient to prove that
i s 56 P cn =0
Evidently,
1 Y
——s’(z Pl =5 f o) —— Qv —u) dya (v),

where u = z/w. By a simple calculation,

O (7)) when 1/n < [t] <

n2n® always.

l'dtz Qm}
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Choose, for a given ¢ >0, a positive 6 = d6(¢) such that

B ()] < e(mo—a)? i [o—a] <5,

and write
’ P 1 Uu+d u—é U1 e
T . 2 _ 2 o nr _
'Ciz—zSn(Z, Fx)/z:x ——75—2(”;]‘; 'E_ u—j; ‘f‘u:!(; )1’7;;;(75?)) 90 Qn(’U u)d%(v).

Reasoning as in the proof of Theorem 1, we get the desired asser-
tion.
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