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of another space*

1. Introduction. In Theorem 6, Chapter VII, p. 356 of [1], Pro
fessor B. L. Moore gives a sequence of axioms which characterize the 
plane. So many theorems about the plane are proved in Chapter III and 
TV of [1], using only his Axioms 0-5 (stated below), that a space satisfying 
these axioms might at first be thought to be very similar to the plane. 
Example 1 at the end of this paper shows, however, that there is a space 
satisfying these axioms and containing a point P and a region R that 
contains P, such that no domain containing P  whose boundary is a simple 
closed curve is a subset of P.

In the case of Example 1, a simple modification of the regions in 
the space will yield the plane: If Z  denotes the space in Example I, and Z' 
denotes the space whose points are the points of Z, and whose regions 
are the complementary domains of simple closed curves (i.e., the simple 
domains of the space Z), then Z' is the plane. In this paper we find, for 
a space Z  satisfying Axioms 0-5, which of these axioms are also sat
isfied by the space Z', defined in terms of Z  as in the last sentence. It is 
shown in Theorem 19 that Axioms 2-5 are satisfied by every such space. 
However, an example (Example 2 ) exists of a space Z  satisfying Axioms 
0-5 such that Z' does not satisfy Axiom 1 3 (stated below), but a con
dition is given in Theorem 26 which is both necessary and sufficient in 
order that Z' satisfy Axiom 1 3.

The axioms and certain definitions of Moore [1] used in this paper 
are the following. The letter 8 denotes the set to which X  belongs if and 
only if X  is a point.

Axiom 0. I f  R is a region, R is a point set.
Axiom 13. There exists a seguence GX,G2,G2, ... such that
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1 . for each positive integer n, Gn is a collection such that each element 
of Gn is a region and Gn covers $;

2 . for each positive integer n, Gn+1 is a subcollection of Gn;
3. if В is a region and A is a point of R and В is a point of B, there 

exists a positive integer n such that if g is a region of Gn containing A, then 
g is a subset of В and it does not contain В, unless В is A.

A xiom 1 . To Axiom 1 3 add:
4. I f  М г , M2, M3, ... is an infinite sequence of closed point sets such 

that for each n, Mn contains Mn+1 and Mn is a subset of the closure of some 
region of Gn, the point sets of the sequence , M 2, M3, ... have a point 
in common.

A xiom 1 3. In Axiom 1 3, substitute for part 3:
3'. I f  R is a region and A is a point of В and В is a point of B, there 

exists a positive integer n such that if X  is a region of Gn containing A, and Y 
is a region of Gn intersecting X, then Y is a subset of R and it does not contain 
В unless В is A.

Axiom 2. I f  P is a point of a region B, there exists a non-degenerate 
connected domain containing P and lying in R.

A xiom 3. I f  P  is a point,, 8 —P is connected and non-degenerate.
A xiom 4. I f  J is a simple closed curve, 8 —J is the su7n of two mutually 

separated connected point sets, each having J as its boundary.
A xiom 5. I f  A and В arc two points, every region that contains A 

contains a compact continuum that separates A from В (indeed, by Theorem 5, 
Chapter IV, p. 162 of [1], on the basis of this and the preceding axioms, 
every region that contains A contains a simple closed curve that sepa
rates A  from B).

The statement that the space S  satisfies Axioms 0-5 will mean 
that X  satisfies Axioms 0, 1 , 2 , 3, 4, and 5 (but not Axiom 1 3 unless ex
plicitly stated).

Suppose w is a point.
Definition. The pfrint set M is said to be bounded with respect to 

w if and only if w is neither a point nor a limit point of M.
Definition. If J is a bounded simple closed curve, then the com

plementary domain of J that contains w will be called the exterior of J 
with respect to w, and the complementary domain of J that does not 
contain w will be called the interior of J with respect to w.

If in a theorem some point has been denoted by'the letter w, then, 
unless otherwise noted, bounded will mean bounded with respect to w, 
exterior of the simple closed curve J  will mean exterior with respect to w,
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etc. The notation I(J)  and E(J) will denote the interior and exterior, 
respectively, of the simple closed cnrve J (with respect to w).

Definition. A simple domain is a domain whose boundary is a simple 
closed cnrve. A simple disk is a simple domain plus its boundary.

For definitions of other terms used in this paper, see [1].

2. Theorems.

Definition. If the space Z  satisfies Axioms 0-5, then Z' denotes 
the space obtained by interpreting point to mean point of E, and region 
to mean simple domain in E.

Throughout the following treatment it will be assumed that the 
space E satisfies Axioms 0-5.

The definitions of all concepts and properties in the space E apply 
without modification to the space Z', with the following two exceptions: 
1 . An arc in Z' is a perfectly compact continuum with only two non-cut- 
points. 2 . A simple closed curve in E' is a perfectly compact continuum 
which is separated by the omission of any two of its points. Defined in 
this manner, the arcs and simple closed curves of the space Z' satisfy 
most of the relevant theorems which are results of Axiom 1, e.g., Theorems 
95-103, 107, and 108 of Chapter I, [1]. If a is an arc with endpoints A 
and В, then 8 (a) denotes a— (A

Theorem 1 . I f  the point P  is a limit point of the point set M in the 
space E, then P  is a limit point of M in the space E\

Proof. Suppose D is a region in E' containing P. Then D is a simple 
domain in E. Therefore, there exists a region В in E containing P  and 
lying in I). Now since В contains a point of M  distinct from P, I) must 
also. Thus P is a limit point of M  in E'.

Theorems 2-7 are direct consequences of Theorem 1.
Theorem 2. Every domain in the space Z' is a domain in the space E.
Theorem 3. Every closed point set in Z' is closed in E.
Theorem 4. I f  M is a point set, then the closure of M in E is a subset 

of the closure of M in E', and the boundary of M in E is a subset of the 
boundary of M in Z '.

Theorem 5. Every two mutually separated point sets in Z' are mutually 
separated in E.

Theorem 6. Every connected point set in E is comvected in Z'.
Theorem 7. Every compact point set in E is perfectly compact in 

E' . (See Theorem 37 of Chapter I, [1].)
Theorem 8. I f  M is a point set connected, either in E or in Z', and 

the point P  is a limit point of M in Z', then P  is a limit point of M in E. 
Moreover, M is closed in Z' if and only if M is closed in E.
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P roof. It follows from Theorem 6 that if M is connected in 27, then 
M  is connected in 27'. Therefore, we need suppose only that M is con
nected in 27'. Suppose P  is a limit point of M in 27' and P  is a region in 27 
that contains P. Then by Theorem 5 of Chapter IV, [1], R contains 
a simple closed curve J that separates P from some point of M. How, 
the two complementary domains of J are regions in E', and since M 
is connected in 27' and intersects both of them, M must intersect J in 
a point distinct from P. Thus P  contains a point of M  distinct from P, 
and P  is a limit point of M  in 27.

If M  is closed in 27, then M is also closed in 27', since, by this theorem, 
every limit point of M  in 27' is also a limit point of M  in 27, and there
fore must belong to M. The converse is true by Theorem 3.

T h e o r e m  9. I f  M is a point set connected either in 27 or in 27', then 
the closure of M in the space E is the closure of M in the space 27'.

This is a direct consequence of Theorems 1 and 8.
T h e o r e m  10. I f  P  is a point, there exists a sequence of regions in the 

space 27' closing down on P.
P roof. Let w denote a point distinct from P.
By Theorem 7 of Chapter I, [1], there is a sequence R[, R2, R ’3, ... 

of regions in 27 closing down on P. If n is a positive integer, there is a simple 
closed curve J lying in P  and separating P from w, and there is a positive 
integer i >  n such that Pi lies in the interior of J  with respect to w.'Hote 
that, by Theorem 3, Chapter III, p. 142 of [1], the interior of any simple 
closed curve lying in Pi is a subset of the interior of J. So there is a sub
sequence P 1? P 2, P 3, ... of p ; , p : , p ;, ... and a sequence P 1? P 2, P 3, ... 
of bounded simple domains in 27 such that for each positive integer n, Dn 
contains Bn+1 and P, and the boundary of Dn lies in Rn.

How suppose P ' is a point distinct from P  and P ' is a region in 27' 
containing P. By Theorem 12 of Chapter IV, [1], there exists a simple 
closed curve J  in 27 that separates P  from P', w, and the boundary of D'. 
It follows that I(J)  lies in I)' since I(J)  contains the point P  of P ', but 
no point of the boundary of P '. There exists a positive integer i such 
that Ri lies in I(J). Therefore, the boundary of P* lies in I(J), and by 
Theorem 3 of Chapter III, [1 ], P* lies in I{J). Hence P f lies in P ' and 
does not contain P'.

Therefore, the sequence P 1} P 2, P 3, ... closes down on P  in the 
space 27'.

T h e o r e m  11. I f  P  is a connected, domain in the space 27', then the 
boundary of D in 27' is the boundary of D in 27.

P roof. By Theorem 2, P  is also a domain in 27. Since the boundary 
of a domain is the set of all points of the closure of the domain not in the
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domain, and by Theorem 9 the closure of В  in 27' is the closure of В  in 
Z, it follows that the boundary of В  in Z' is the boundary of В  in Z.

Theorem 12. I f  В  is a connected domain in the space 27', then В is 
a connected domain in Z.

P roof. By Theorem 2, В  is a domain in 27. Suppose В  is the sum 
of two jjoint sets, mutually separated in 27, but such that one of them, H , 
contains a limit point P  in Z' of the other, K. There exists a region В 
in 27' (i.e., a simple domain in 27), containing P  and lying wholly in B. 
Since P  is a limit point in 27' of К, В contains a point of K. That is, В 
is a subset of В  and therefore of H-\-K, which is connected in 27, but 
which intersects both H  and K. But this contradicts the assumption 
that II and К  are mutually separated in 27.

Theorem 13. I f  the point set M is closed in the space 27', then В is 
a complementary domain of Ж in the space 27 if and only if В is a comple
mentary domain of M in 27'.

P roof. By Theorem 3, M  is closed in 27. Every region in 27' is 
a simple domain in 27 and is therefore connected in 27', by Theorem 6. 
Hence 27' is locally connected, and every component of S — M  in 27' is 
a domain in 27'. Also, the boundary in 27' of a component of S—M  is a sub
set of M.

Suppose В  is a complementary domain of M  in 27. By Theorem 12, 
В  is a connected domain in 27, so В  is a subset of a complementary do
main B' of M  in 27. But since B' is connected in 27, and contains no point 
of the boundary of В  in Z- (which lies in M, by the above observation 
and Theorem 11), B r is also a subset of B. So В  is B ' .

Suppose В  is a complementary domain of M  in 27. Then В  is con
nected in 27' by Theorem 6. So В  is a subset of a complementary domain 
B' of M in 27'. But with respect to 27, B' is a connected domain that con
tains no point of the boundary of B, which lies in M. So В  is B '.

T h e o r e m  14. I f  the point set M is connected, either in 27 or in 27', 
and connected im hleinen in 27 at the point P, then it is connected im hleinen 
in 27' at P.

P roof. If M  is connected in 27, then, by Theorem 6, M  is connected 
in 27'. Suppose M  is connected in 27' and connected im hleinen in 27 at 
the point P.

Suppose В  is a region in 27' that contains P. Let В denote a region 
in 27 that contains P  and lies in B. Since M  is connected im hleinen in 27 
at P, there exists a connected region B' in 27 containing P  such that 
В '-M is a subset of a component К  of В -M. (Note: Since B' is connected 
in 27, P ' denotes the closure of P ' both in 27 and in 27'; cf. Theorem 9.) 
There exists a region B' in 27' containing P  and lying in Z> whose boundary 
lies in P'.
Roczniki PTM — Prace Matematyczne XIII 10
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Now suppose Q is a point of М -D'. If Q lies in R', then Q lies together 
with P  in the connected subset К  of D M. If Q does not lie in P ', then 
it lies in a complementary domain DQ of P ', which lies in D. (Note: By 
Theorem 13, DQ is a complementary domain of R' both in 27 and in 27'.) 
By Theorem 11, the boundary Ъ of DQ in 27' is also the boundary of DQ 
in 27. Now, Ъ-М is a subset of R and consequently of K. Therefore, 
K R M -D q is connected in 27', for if KĄ-M DQ is the sum of two point 
sets, mutually separated in 27', where H x denotes the one that contains 
K,  and H 2 denotes the other, then M =  H 2-\-[Hx-\-(M —M-Dq)]. The 
point sets H 2 and H x-\-(M—M-Dq) are mutually separated in 27', since 
(1) we are assuming that Hx and H 2 are, and (2) H 2 and M —M-Dq are, 
because H 2 lies in DQ, and M —M-DQ lies in 8 —DQ, two mutually sepa
rated point sets in 27'. This contradicts the fact that M is connected in 27'. 
Therefore, Q and P  lie together in the connected subset KĄ-M-DQ of D.

Thus every point of М -D' lies, together with P, in some subset of 
M-D which is connected in 27', and M  is connected im Tdeinen at P  in 
the space 27'.

T h e o r e m  16. Every arc in the space 27 is an are in the space 27'.
P roof. Suppose AB  is an arc in 27. AB  is connected in 27' by Theo

rem 6, perfectly compact in 27' by Theorem 7, and closed in 27' as a result 
of Theorem 8. Neither A  nor В is a cutpoint of AB  in 27', since the point 
sets A B —A  and A B —B are connected in 27 and therefore in 27'.

Suppose P  is a point of 8 (AB) — AB-^(A-{-B). No point of either 
of the sets A P —P  and P B —P  is a limit point of the other set in 27. 
Therefore, by Theorem 8, since A P —P  and P B —P  are connected in 27, 
no point of one of them can be a limit point of the other in 27'. Conse
quently, they are mutually separated in 27', and P  is a cutpoint of AB 
in 27'.

Theorem 16. Every simple closed curve in 27 is a simple closed curve 
in 27'.

P roof. Suppose J  is a simple closed curve in 27. By an argument 
similar to the one in Theorem 15, J is a perfectly compact continuum 
in 27'.

Suppose P  and Q are two points of J. Then J  is the sum of two arcs 
in 27, PWQ and PZQ, having only the points P  and Q in common. It 
follows from Theorem 8 that 8 {PWQ) and 8 (PZQ) are mutually sepa
rated not only in 27 but also in 27', and therefore the omission of the 
points P  and Q separates J.

T h e o r e m  17. Every simple closed curve J in 27 separates 8  (the set 
of all points of 27) into only two mutually exclusive connected domains with 
respect to 27', each having J as its boundary in 27'.
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This theorem follows from Theorems 8, 13, and 11.
The following two definitions are taken from [2]:
D e f i n i t i o n . If J is a simple closed curve, the componant I  of S—J 

is flat if and only if it is true that if a and a' are two arcs lying, except 
for their end points, in J, and the end points of a separate those of a' 
on J, then a and a' intersect.

D e f i n i t i o n . A primitive simple closed curve is a simple closed curve 
J that separates space into two connected sets each of which is a flat 
componant of S—J.

T h e o r e m  18. Every simple closed curve in 3  is a primitive simple 
closed curve in Z ’.

P roof. Suppose J is a simple closed curve in Z. By Theorem 17,
J has only two complementary domains with respect to Z'. To show 
that J is primitive, we need only show that each of these is flat, so sup
pose D is a complementary domain of J, and ABC and НЕЕ are two 
arcs in Z' lying, except for their endpoints, in B, whose endpoints are 
in the order AHCFA on J.

Suppose ABC and НЕЕ do not intersect. By Theorem 8, НЕЕ is 
closed with respect to Z. With the aid of Theorem 4 of Chapter I, [1], 
the arc ABC may be covered by a finite collection О of regions in Z', each 
bounded by a simple closed curve in Z, and such that (1) none of these 
regions or their boundaries intersects НЕЕ and (2 ) one region contains A , * 
another C, but except for these two, no region of G or its boundary in
tersects J. There exists an arc WYZ  in Z, lying in the sum. of the bound
aries of the elements of G, such that W  lies on the segment S(HAF) 
of J, and Z lies on the segment S(HCF) of J , and such that WYZ  lies 
except for its endpoints in B.

Now, let w denote a point not in D + J . Then the segment S(HEF) 
in Z' lies in I (W Y Z H W )JrI{WYZFW)  since, not intersecting the boun
dary of any element of G, it cannot intersect WYZ. But I(WYZHW)  
and I(  WYZEW)  are regions in Z', which implies that S(HEF) is not 
connected in Z'. We have thus come to a contradiction.

Theorem 19. The space Z' satisfies Axioms 2, 3, 4, and 5.

P roof. Z' satisfies Axiom 2, since every region in Z' is a simple 
domain in Z  and is therefore connected in Z\ by Theorem 6. Axiom 3 
is satisfied, since if P  is a point, S—P  is non-degenerate and connected 
in A, and is therefore connected in Z', again by Theorem 6. Since every 
region in Z' is a simple domain in Z, Axiom 5 also holds in Z'. This leaves 
Axiom 4.

Slye has shown [2 ] that any space satisfying the following condi
tions (slightly reworded) satisfies Axiom 4:
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1. There exists a. region, and each region is a non-degenerate arc- 
wise connected point set.

2. If P  and Q are two points, R is a region containing P, and R' 
is a region containing P, then there is a region containing P  but not Q, 
and lying in both R and R'.

3. If the point P  is distinct from the point Q, and from the point Q', 
and R is a region containing P, then there exists a primitive simple closed 
curve in R. that separates P  and

Xow, a region in 27' is a simple domain in 27, so every two points 
of it are the endpoints of an arc in 27, which is also an arc in 27' by Theo
rem 15. Hence, 27' satisfies Condition 1. That 27' satisfies Condition 2 is 
a direct consecpience of Theorem 10. In the case of Condition 3, suppose 
that P  is distinct from the point Q and from the point Q', and that R 
is a region in 27' containing P. Then, again as a result of Theorem 10, 
there is a region Rx in 27' such that R 1 lies in R and contains neither Q 
nor Q'. So the boundary, J, of P x is a simple closed curve in 27, lying in 
R, that separates P  from Q+Q', and by Theorem 18, J is a primitive 
simple closed curve in 27'.

T h e o r e m  20. The space 27' is separable if and only if the space 27 
is separable.

P roof. If 27is separable, there exists a countable point set К  such that, 
every point of 8  is a limit point of К  in 27. But then by Theorem 1, every 
point of S is a limit point of К  in 27', and therefore 27' is also separable.

Suppose 27' is separable but 27 is not. Then there exists a countable 
point set К  such that every point of $ is a limit point of К  in 27'. By 
Theorem 164 of Chapter I, [1], there exists in 27 an uncountable collec
tion II of mutually exclusive regions. Let w denote a point, and for each 
region h with respect to 27 in II, let Dh denote the interior with respect 
to w of some bounded simple closed curve Ju that lies in h. Let G denote 
the collection of all domains T>h for elements h of H. If hx and h2 are two 
elements of II, then bx and hz are mutually exclusive, and thus Jhl and 
J/i2 are also mutually exclusive; therefore, Dhl and Dh% are distinct. Hence 
О is also uncountable.

Now, each element g of G contains a point Pa of К , and therefore, 
since К  is countable, some point P of К  lies in uncountably many ele
ments of G. That is, there exists an uncountable subcollection H' of H  
such that if h belongs to II', then Jh separates w from P.

There exists an arc in 27 from P  to w. The arc Pw must intersect 
every one of the regions in 27 of the collection II', and it therefore inter
sects uncountably many mutually exclusive regions in 27. But this is 
a contradiction, since Pw is an arc in 27 and does not contain uncountably 
many mutually exclusive segments.



Simple domains 149

Therefore, 27 must also be separable.
In Theorems 21 to 23, only the space 27 is considered, and all con

cepts and properties are to be considered as defined with respect to that 
space.

T h e o r e m  21. Suppose w is a point and I x, I 2, 1 3, ... is a sequence 
of bounded simple domains such that for each positive integer n, the boundary 
of In lies in a region Bn of Gn that does not contain w, where Gx, 6r2, G3, ... 
is a sequence of collections of regions satisfying Axiom 1 3. Suppose, more
over, that I x,1.2, I 3, ... have a point P  in common. Then (1) no point 
other than P  is common to all the regions of the sequence B x, B2, R3, ..., 
and (2) if the domains I X, I 2, 1 3, ... have a point Q distinct from P  in 
common, then B x, li2, B3, ... have no point in common.

P roof. Suppose some point X  distinct from P  is common to all 
the regions B x, B2, B3, ... There exists an arc from P to w which does 
not contain X. Since for each n, the boundary of In lies in Bn and sepa
rates P  from w, Bn must intersect the arc Pw. But X  does not lie on Pw, 
and therefore there exists a region В containing X  but no point of Pw. 
Furthermore, there exists a positive integer n such that if g is a region 
of Gn that contains X, then g lies in B. Thus Bn lies in B, and cannot 
intersect the arc Pw. But this is a contradiction, since it was shown above 
that Bn does intersect Pw.

Therefore, no point other than P can be common to the regions 
Bx, B2, B3, ...

Now if the domains I x, I 2, 1 3, ... have two points, P and Q, in com
mon, then, as was just shown, no point other than P  can be common 
to B x, B2, B3, ... But P  cannot be common to these regions either, since 
no point other than Q can be common to all of them. Thus, the regions 
Bx, B 2, B3, ... can have no point whatsoever in common.

Theorem 22. Suppose the space 27 satisfies Axiom I3 (in addition, 
of course, to Axioms 0-5); w, w’, and A are three points; and Jx, J2, J3, ... 
is a sequence of simple closed curves such that for each n, (1 ), A lies in the 
interior, In, of Jn with respect to both w and w', and (2 ), Jn lies in some 
region of Gn, where GX,G2,G3, ... is a sequence of collections of regions 
satisfying Axiom I3. Then the point A is the only point common to I x-\-Jx,
^ 2 + ^ 2 5  ^ 3 + ^ 3 ? • • •

Proof. Suppose some point В distinct from A  also lies in 1X+ J X, 
I 2X J 2, 13+ J 3, • •• By Axiom 3 and Theorem 1, Chapter II, p. 84 of [1], 
there exist arcs from В to A  and from В to w', neither of which contains 
w. The sum, M, of the arcs BA and Bw' is a compact continuum inter
secting each of the simple closed curved Jx, J2, J3, ... Therefore, M 
contains a point Z (distinct from w) and a sequence P 1 ,P 2,P 3, ... such 
that (1 ) for each positive integer n , P u is a point of M-Jn, and (2 ) some
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infinite subsequence of P x, P 2, P 3, ... converges to Z (see Theorem 11, 
Chapter I, p. 5 of [1]). Let C denote one of the points A and В which 
is distinct from Z. There exists a simple closed curve J that separates Z 
from both 0  and w. There exists a region В containing Z whose closure 
lies in the interior of J, and, since the sequence Gx, G2, G3, ... satisfies 
Axiom 1Ś, there is a positive integer N such that if X  and Y are intersect
ing regions of GN, one of which contains Z, then JT+ Y is a subset of R. 
Let R' denote a region of Gn that contains Z. Then, since some subse
quence of P j , P 2, P 3, ... converges to Z, there exists a positive integer n 
greater than N  such that Pn lies in R ' . Since Jn lies in a region of Gn and 
intersects R',Jn must lie in R and therefore in I(J). But the point C 
lies without J and therefore without Jn, contrary to the fact that C is 
one of the points A  and P, each of which is common to I xp J i ,  I 2-\-J2, 
I 3 P J 3 J  • • •

Therefore, A  is the only point common to I 1 JrJ 1 , I 2-\-J2, / 3+ J 3, ...
Theorem 23. Suppose the space S  satisfies Axiom 13, w and w' are 

points, H and К  are mutually exclusive compact continua containing neither 
w nor w', and Gx, (f2, G3, ... is a sequence of collections of regions that sat
isfies Axiom I3. Then there exists a positive integer n such that if D is a simple 
dislc containing neither w nor w' but intersecting IL, and the boundary of I) 
lies in some region of Gn, then D does not intersect K.

P roof. Case 1. The theorem is true if both II and К  are non-dege
nerate. For, suppose it is false. Then for each positive integer n there 
exists a simple disk Dn whose boundary lies in a region Rn of Gn, and 
such that Bn intersects both II and К , but contains neither w nor w'.

There exists a positive integer nx such that if n is an integer greater 
than nx, the boundary, bn, of Dn intersects both H  and Jf; for otherwise 
there exists an increasing sequence nx, n2, n3, ... of positive integers 
such that for each i, bn. does not intersect L, where L is one of the point- 
sets H  and K. Hence L is non-degenerate. For each i, let Ji denote bn.. 
Then, for each i, I(Ji) =  Dni, and since L is connected and intersects 
I(Ji) but not Ji, L must lie wholly in I{Ji). So Jx, J2, P3, ... is a sequence 
of simple closed curves such that for each n, Jn lies in a region of Gn, 
but I (J X), I (J 2), I {J 2), ... contains the non-degenerate point set L, 
contrary to the result of Theorem 22.

There exists a sequence P x, P 2, P 3, .... and a point Z of К  such 
that (1 ) for each n greater than nx, Pn is a point of bn lying in Jf, and (2 ) 
some subsequence of P UP 2,P 3, . . .  converges to Z (see Theorem 11, 
Chapter I, p. 5 of [1]). There exists a simple closed curve C separating Z 
from both H  and w (by Theorem 12 , Chapter IY, p. 169 of [1]) and a re
gion R containing Z and lying in the interior of G with respect to w. Since 
the sequence GX,G 2,G3, . . .  satisfies Axiom I3, there* exists a positive
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integer n2 such that if X  and ¥  are intersecting regions of 6r„2, one of 
which contains Z, then Х  +  У lies in B. Let B' denote a region of 0nz 
that contains Z, and n’ denote a positive integer greater than both nx 
and n2 such that Bn> lies in B'. Then Bn> intersects B' and so Ёп> lies 
in B, and since bn- lies in Bn>, bn- also lies in B, and therefore in 1(G). 
But then, by Theorem 3, Chapter III, p. 142 of [1], Dn> lies in 1(C) and 
cannot intersect H, contrary to the original assumption. This completes 
the proof of Case 1.

Case 2. The theorem is true if К  is degenerate, but H is not. By Theo
rem 4, Chapter IV, p. 162 of [1], there is a simple closed curve J  sepa
rating H from K. Since the continua H and J are both non-degenerate, 
we may apply the result of Case 1  to them. Hence, there exists a positive 
integer n such that if D is a simple disk intersecting II but containing 
neither w nor w', and the boundary of I) lies in a region of Gn, then D 
does not intersect J. But since 3  is connected, D cannot intersect К  
without intersecting J , so Case 2 is proven.

Case 3. The theorem is true if H is degenerate but К  is not. The proof 
is similar to that for Case 2 .

Case 4. The theorem is true if both H and К  are degenerate. Again, 
there is a simple closed curve separating H from K. Since II is degenerate, 
but J  is not, we may apply the result of Case 3 to them. Hence, there 
exists a positive integer n such that if D is a simple disk intersecting H 
but containing neither w nor w', and the boundary of D lies in a region 
of Gn, then 3  does not intersect J, and consequently cannot intersect K. 
So Case 4 is proven, and this completes the proof of Theorem 23.

Theorem 24. I f  the space Z satisfies Axiom I3, then so does the 
space Z'.

P roof. Let w and w' denote points; ClyC2yC3y ... a sequence of 
simple domains in Z, such that for each n, Cn contains Cn+ly and such 
that w is the only point common to all the elements of the sequence; 
and C[, C2, C3, ... a sequence defined similarly with' respect to w' such 
that Ct and G[ are mutually exclusive. Let GX,G2,G3, ... denote a se
quence of collections of regions in Z  satisfying Axiom I 3. For each n, 
let Qn denote the collection to which D belongs if and only if (1) D is 
one of the domains Cn, C'n, Gn+1, C'n+1, . .. ,  or (2) D is a simple domain 
in Z  such that its boundary, J , lies in some region of Gn, and H-|-J 
contains neither w nor w'. Then Qi,Q3yQ3y ... is a sequence of collections 
of regions in X'.

Parts 1  and 2 of Axiom I3 are clearly satisfied by the sequence Qly 
Q2, Q3, ... Suppose D is a region in Z' (i.e., a simple domain in Z) and A  
and В are points of D. If A is either w or w' (say w), then there exists 
a positive integer n such that Gn lies in D  and does not contain B. By
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Theorem 23, there exists a positive integer n' greater than n -\-1 such 
that if D is a simple disk in 27, containing neither w nor w', but whose 
boundary lies in some region of Gn> (i.el, if 1)  is a domain of Qn> other 
than On», О»», On»+1, Oft».f l , ...), then D does not intersect the boundaries 
of both Cn and Cn+i . It follows that no region of Q'n intersects the bound
aries of both On and Cn+1, since On», 0„»+n 0„»+2, ... all lie in Cn+1, 
and O»», Oń»+i,Oń'+2, ••• all fail to intersect C„. How, if X  and Y  are 
intersecting domains of Qn. such that X  contains A  (i.e., w), then (1) X  
must be one of the domains 0„», On»+i , 0».+2, ..., since no other domains in 
Qn’ contain w, and hence X  lies entirely in 0,H u and (2) since Y cannot in
tersect both X  and the boundary of Cn without also intersecting the 
boundary of Cn+1, Y lies entirely in 0n. Thus, X + F  lies in Cn, and 
therefore in D, and does not contain B.

Suppose A  is neither w nor w’. There exist simple closed curves J 
and J' in 27 such that J lies in I) and separates A  from B, w, and w', 
and such that J' separates A from J. By Theorem 23, there exists a posi
tive integer n such that (1) no simple disk in 27 which contains neither w 
nor w', but whose boundary lies in a region of Gn, intersects two of the 
sets A, J, and J', and (2) Gn-\-G'n does not intersect J. How, suppose X  
and Y are two intersecting domains in Qn such that X  contains A. X  is 
not one of the domains C1 , C[, C2, C2, ... ,  since Qn does not contain any 
of the domains Cx, C[, C2, C’2, . .. ,  Сп_г, С'п_г, and none of the domains 
On, Oft, 0n+1, Oft+1, ... intersects J  (which X  would have to do if it con
tained w or w' as well as A). Thus, by the definition of the sequence 
Qn Qn Фз? • •«, % must be a simple disk, containing neither w nor w', 
whose boundary lies in some region of Gn. X, then, cannot intersect J', 
and therefore lies entirely within J'. Since Y  intersects X  and therefore 
I{J), Y  cannot be one of the domains 0 X, C[, 0 2, 02, . . . ,  by an argument 
similar to that given above for X.  Therefore, Y is also a simple disk, 
containing neither w nor w', whose boundary lies in a region of Gn, and F 
cannot intersect both J and J '. Since Y  intersects I(J') and cannot 
intersect J  without also intersecting J', Y must lie wholly within J. 
Hence X-\-Y lies in 1 (J), and therefore in D, and does not contain B.

Thus the sequence $i> (?2> Фз? • •• satisfies Axiom 1Ś-
D e f i n i t i o n . Let w and X  denote two definite points. The sequence 

QnQnQz,  ••• of collections of regions in 27' is said to be derived from 
the sequence GX,G2,GZ, ... of collections of regions in 27 if and only if, for 
each positive integer n, Qn is the collection of simple domains in 27 to 
which D  belongs if and only if either (1) D  does not contain X  and is the 
exterior with respect to w of some simple closed curve that lies, together 
with w, in some region of Gn, or (2 ) В  is the interior with respect to w 
of some simple closed curve that lies in some region of Gn that does not 
contain w.
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If S' satisfies Axiom 1 , there is a sequence Qx,Qz,Q3, ••• satisfying 
the requirements of that Axiom with respect to S'. In Theorem 25 we 
show that it is possible to select the sequence ••• so that it
is derived from a certain sequence Gl f G2,G3, . . .  satisfying Axiom 1 
with respect to S.

T h e o r e m  25. Let w and X  denote two definite points. I f  the space S' 
satisfies Axiom 1, then there is a sequence GX,G2,G3, ... of collections of 
regions in S  satisfying Axiom 1  with respect to S, such that the sequence 
QnQziQzi ° f collections of regions in S' derived from Gx, G2, G31 ... 
satisfies Axiom 1  with respect to S'.

P roof. Since S satisfies Axiom 1, there exists a sequence G'1 ,G2,G'3, ... 
of collections of regions in S  satisfying the requirements of Axiom 1 . 
By hypothesis, there exists a sequence Q[, Q2, Qs, • - • of collections of 
simple domains in S satisfying the requirements of that axiom with 
respect to the space S'. Let B u B 2, B3, ... denote a sequence of regions 
in S  closing down on w, such that for each n, Bn lies in some simple do
main of Q'n. For each n, let Gn denote the collection of regions in S  to 
which В belongs if and only if (1) В is a member of the sequence Bn, 
Bn+1 , . .. ,  or (2 ) for some bounded simple domain qr of Q'n, В is a region 
of G'n, lying in q'. The sequence Gx, G2, G3, ... satisfies Axiom 1  with 
respect to S.

Let QnQziQzi ••• denote the sequence of collections of regions in S' 
derived from the sequence Gx, G2, G3, ... of regions in S. The sequence 
QuQziQsi ••• clearly satisfies the first two parts of Axiom 1. Suppose В 
is a simple domain, and A  and В are points of B. If A  is w, there exists 
a simple domain B' in S  containing A  and lying in В  but not containing B. 
There exists a positive integer n such that Bn lies in B' . Suppose q is 
a domain of Qn that contains w. Then the boundary of q must lie in Bn, 
since (1 ), Bn, Bn+1 , Bn+2, ... are the only regions of Gn that contain w, 
and (2 ) if the boundary of q does not lie in some region of Gn that contains 
w, then q itself cannot contain w, by the definition of the sequence 
QiiQmQs, • • • Since Bn lies in B ', the boundary of q lies in B ' ; thus q lies 
in B' and therefore in В , and does not contain B.

If A  is distinct from w, there exists a simple domain B' in S  lying 
in B, and containing A, but neither В nor w. Since the sequence Q[, 
Q'2,Q'3, ... satisfies Axiom 1 , there exists a positive integer n such that 
if q' is a domain of Q'n, then q' lies in B' if q' contains A, and q' lies in 
8 —B' but does not contain X  if q' contains w. Now, suppose q is a domain 
of Qn that contains A.

If q contains w, then by the definition of the sequence Q1,QZjQ3, •••? 
(1), q is the exterior with respect to w ot a simple closed curve J in 27 lying 
in a region В of Gn which also contains w, and (2). q does not contain X.
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But every region of Gn that contains w (i.e. Rn, Bn+l, Bn+2, ...) is a subset 
of Bn, and 22n itself lies in some simple domain q' of Q'n. Therefore, since В 
contains w, q’ contains w, and consequently q' lies in S—D ’ and does 
not contain X ;  i.e., if J' denotes the boundary of q', then both D' and X  
lie in the same complementary domain of J', which must be I (</'), since 
q' is B(J'). Now, the simple closed curve J, which is the boundary of q, 
lies in Rn, and hence in q', and therefore cannot separate any point of 
D' from X.  Thus, since q does not contain X, q does not contain any 
point of D' either; in particular, q does not contain A. But since this 
contradicts the assumption made above, it must be false that q con
tains w.

Thus q must be the interior with respect to w of some simple closed 
curve J in 27 lying in a bounded region В of Gn, and В must lie in some 
domain q' of Q'n whose boundary is a simple closed curve J' in 27, such 
that q' - f j '  does not contain w either. Thus q' is I ( j ') ,  and since J lies 
in q', I(J)  lies in q' ; but I(J)  is q. Since q' is in Q'n and contains A  (q' con
tains q, and q contains A), q' lies in D'. Thus q lies in D ' , and therefore 
in D , and does not contain B.

To show that the sequence Qi, Q2, Qs> satisfies the fourth part 
of Axiom 1 , the following argument suffices. Suppose M ly M2, M3, ... 
is a sequence of point sets, each closed in 27', such that for each positive 
integer n, Mn contains Mn+1, and Mn lies in the closure of some domain 
of Qn. Then, for each n, Mn also lies in the closure of some domain of 
Qn, and, since the sequence Q[, Q'2, Q'3, ... satisfies Axiom 1 , the point 
sets М г, M 2, i f 3, ... have a point in common.

T h e o r e m  26. The space 27' satisfies Axiom 13 if and only if there 
exist a point w and a sequence G1: G2, G3, ... of collections of regions in the 
space 27 satisfying the conditions of Axiom 1  such that if A is a point distinct 
from w, and J is a simple closed curve that separates A from w, then there 
exists a positive integer n such that if В is a bounded region of Gn, and В 
contains a simple closed curve that separates A from w, then В lies entirely 
within J.

P roof. Suppose there exist a point w and a sequence G1 ,G 2,G3, ... 
satisfying all of these conditions. Let I ±, I 2, 73, ... denote a sequence 
of simple domains in 27 having only the point w in common, such that 
each contains the closure of the next. For each positive integer n, let Qn 
denote the collection to which D belongs if and only if either (1 ) I) is 
one of the domains In, In+u In+21 •••> or (2 ) D is the interior with respect 
to w of some simple closed curve in 27 that lies in a bounded region of Gn.

The sequence Qi ,Q2,Qz, • • • clearly satisfies parts 1 and 2 of Axiom 1 3. 
Suppose A  and В are points of the simple domain I. If A  is w, then there 
exists a positive integer n such that In lies in 1 and does not contain B.



Simple domains 155

Since every member of Qn that contains w belongs to the sequence 
Ini In+1 ? In+2? •••? th© closure of any domain of Qn that contains A  lies 
in I —B.

If A is distinct from w, there exists a simple closed curve J in Z 
separating A  from both В and w, and such that 1 (J) also lies in I. Now, 
by hypothesis, there exists a positive integer n such that (1 ) if R is 
a bounded region of Gn which contains a .simple closed curve that sepa
rates A  from w, then R lies entirely within J , and (2 ) In does not con
tain A. Suppose q is a domain of Qn that contains A. Then since q is not 
one of the domains In, In+l, In+2, . . . ,  there exists a simple closed curve 
J' lying in a bounded region R of Gn such that q is I(J'). But R must 
lie wholly within J, and therefore J' lies within J. Thus q lies wholly 
within J, and therefore in I, and does not contain B.

The space Z', then, satisfies Axiom 13.
Now, suppose the space Z' satisfies Axiom 1 3. Let w denote a point, 

and Qi ,Q2,Q2, ••• a sequence of collections of simple domains in Z sat
isfying the conditions of Axiom 13, and G(,G'2,G'Z, ... a sequence of collec
tions of regions in Z  satisfying Axiom 1. For each n, let Gn denote the 
collection to which R belongs if and only if R is a region of G'n that lies 
in some domain q of Qn, such that q does not contain w unless R does.

The sequence Gx, G2, G>6, ... satisfies Axiom 1 , since the sequence 
G'i , G%, G's , ... satisfies Axiom 1 . Now, suppose A is a point distinct from w, 
and J is a simple closed curve that separates A from w. Since the sequence 
QxiQziQzi ••• satisfies Axiom 13, there exists a positive integer n such 
that every domain of Qn that contains A lies along with its boundary 
in I(J). Suppose R is a bounded region of Gn containing a simple closed 
curve J’ that separates A from w. Then R lies in a domain q of Qn whose 
closure is bounded. For some simple closed curve C in 27, q is 1(C). Thus 
J' lies in 1(C), and therefore I(J'), which contains A, is a subset of 1(C) 
(i.e., of q). Since q contains A  and is a domain of Qn, q lies along with 
its boundary in I(J)\ and therefore, since R lies in q, R must also lie 
entirely within J.

3. Examples.

Example 1. Consider the plane. For each positive integer n and 
each positive integer m, let Pm denote the point (21” 2m, 0), and I)(n, m) 
the circular disk centered at Pm, with radius 2~2m-w/(w-fl). For each 
positive integer n, (1 ) let Qn denote the sum of the circular disks D(n, m), 
for all positive integers, m, (2 ) let On denote a circular domain centered 
at the origin with radius 22(1~и), and (3) let Rn denote the point set 
Gn Gn ’Qn.

Let Z  denote the space obtained by interpreting the word point 
to mean a point of the plane, and the word region to mean a subset R
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of the plane such that either (1) for some circular domain D such that 
T> does not contain the origin, R is D, or (2 ) for some positive integer 
n, R is Rn.

The space 27 satisfies Axioms 0-5, and the space Z' derived from Z  
in the manner indicated in this paper, is the plane. Let О denote the 
origin, M  denote the set consisting of all the points P 1? P 2, P 3, and I  
denote the interval having (0 , 0) and (1 , 0) as the coordinates of its 
endpoints.

The following examples show that the converses of a number of 
the earlier theorems in this paper are not true: (1 ) О is a limit point of 
the point set M  in the space A', but not in the space Z  (cf. Theorem 1), 
(2 ) the point set Rx is a region in Z, but not in Z', since the point О of 
Р г is a limit point of S—R± in the space Z' (cf. Theorem 2 ); (3) the point 
set M  is closed in Z  (indeed, it has no limit point in 27), but M  is not 
closed in 27' since О is a limit point of M  with respect to 27' which is not 
a point of M  (cf. Theorem 3); (4) the point sets О and M are mutually 
separated in 27, but not in 27', (cf. Theorem 5); and (5) I  is an arc in 27', 
but not in 27 (cf. Theorem 15).

Moreover, if the condition that the point set M  be connected is 
omitted from the hypothesis of Theorem 14, then the point set Jf +  O 
in this example is connected im Tdeinen in the space 27, but not in the 
space 27', contrary to the conclusion of Theorem 14. Also, the interval I  
in this example is a point set which is connected in both 27 and 27', and 
connected im Tcleinen at the point О in the space 27', but not in the space 27.

Example 2. The following is an example of a space 27 that satisfies 
Axioms 0-5, but such that the space 27', derived from it in the manner 
described earlier, does not satisfy Axiom 1 3.

Consider the plane. Let I  denote the unit interval, and M  denote 
the Cantor (ternary) set on I. The set M  is often obtained as the com
mon part of the elements of a certain sequence M0, Мг, M 2, ... such 
that for each n, the components of Mn consist of 2n intervals of length 
3~n. Let E  denote the collection of all endpoints of the intervals of 
il/0, M u M 2, . .. ,  and К  denote M —E. If P  is a point of M, and n is a 
positive integer, let In(P) denote the component of Mn that does not 
contain P, but that lies together with P  in a component of Mn_1.

Let T denote a reversible transformation of К  into some collection 
of mutually exclusive circular disks of radius 1 , none of which intersects 
the plane. For each point P  of K, let LP and RP denote the endpoints 
of a diameter of P (P ); X P, a third point of the boundary of T (P ); and CP, 
the center of T(P).

Suppose P  is a point of K,  0 <  0 <  2 tv, and № is a positive integer. 
Let D i(P , 0, n) denote the domain in the plane (see Fig. 1 ) bounded 
by the radii PPt and PP3 and the arc P XP 2P 3 of a circle C centered at P,
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such that all the following requirements are satisfied: (1 ) ljn is the least 
positive measure of both of the angles P XPP2 and P 2PP3, (2) the length 
of the radius PPX of C is ljn, (3) if Q is a point on the ж-axis to the right 
of P, then в is the least positive measure of the angle QPP2, measured

counterclockwise from the arc PQ to the arc PP2. Let P [ ,P 2, and P[ 
denote three points of the boundary of T(P) such that (1 ) the least 
positive measure of the angle BPCPP2, measured in the BPX PLP direc
tion from the arc CPBP to the arc CPP2, is в, and (2 ) 1  [n is the least po
sitive measure of each of the angles P[CPP2 and P 2CPP3. Let P[ZP3 
denote the arc of the circle J such that (1) J is tangent to the intervals 
CPP[ and CPP3 at the points P[ and P3, respectively, and (2) P[ZP'3 
lies in T(P). Finally, let P 2(P, 0, n) denote the component of T{P)—P[ZP3 
that contains P 2.

В is said to be a type I  region of order n if and only if, for some 
point P  of К  and some number 0, 0 <  0 <  2тг, (1 ) В is P Ł(P, в, п) +  
+ Р 2(Р, в, п), and (2) В contains no point of I. Note that if P  is a point 
of K,  then for every point X  of the boundary of T{P), other than LP 
and BP, there is a positive integer N  such that if n >  N, some type I  
region of order n contains X ;  but the points LP and BP belong to no 
type I  region whatsoever.

Now suppose P  is a point of Jf, and В г, D 2, D3, ... is a sequence 
of domains in the plane such that (1) if P  is a point of P, then for each 
n, T)n is a circular domain centered at P, with radius ljn, and (2 ) if P 
is a point of К , then either (a) for each n, Dn is P X(P, 0 , n), or (b) for 
each n, Dn is P X(P, тс, n). Let l [,  I 2, l'3, ... denote the subsequence of 
1г(Р), I 2(P), I 3(P), ... consisting of all the terms of this sequence that 
intersect D x. Let Z(l) ,  Z(2), Z(S), ... denote a sequence of mutually 
exclusive bounded simple domains in the plane such that for each posi
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tive integer m, (1 ) Z(m) contains l'm, (2 ) if l'm does not intersect Bi for 
some positive integer i, then neither does Z(m), (3) if l'm lies in Ą  for 
some positive integer г, then so does Z(m), and (4) if l'm intersects Ą  
for some positive integer i, Z(m) neither contains P  nor separates Pi. 
For each positive integer m, let Z(l ,  m), Z(2, m), Z{3, m), ... denote 
a sequence of simple domains such that for each n, (1 ) Z(n, m) contains 
l'm, and (2 ) Z(n,m)  lies in Z (w + 1 , m) and in Z{m). Let Qn denote the 
sum of the simple disks Z(n, m) for all positive integers m. Finally, let 
P [ ,  D2, Z>3, ... denote a sequence of point sets such that for each n, D'n 
is P n P n'Qn.

For each point P, let Dn(P) denote the circular domain of radius Ifn 
centered at P. If P  is a point of M, then by the process used in the last 
paragraph to obtain from the sequence J>1? Z>2, D3, ... a sequence D[, 
P'2,P'3, . . .  we obtain from the sequences P X{P), P 2(P), Z>3(P), ... and 
P 1 ( ^ , 0 , 1 ) , P 1 ( P , 0 , 2 ) , P 1 ( P , 0 , 3 ) , . . .  and Р г(Р , re, 1 ), Р г(Р , 7t, 2 ), 
P X{P, 7i , 3 ) , . . . ,  the sequences P[(P), P 2(P), P 3(P), ... and _Z)[(P,0 , 1 ), 
P i(P , 0, 2 ), P[(P,  0, 3), ... and P[(P,  тс, 1 ), P[ (P, тс, 2), DJ(P, тс, 3), ... 
and R is said to be a type II region of order n if and only if 
for some point P  of M, (1 ) if P  belongs to P, R is P'n(P), and (2 ) if P  
belongs to K, then either (a) R is P[(P, 0, n ) p P 2(P, 0, n), or (b) R 
is P'i{P, -к, n)-\-D2(P , tz, n). Note that if n is a positive integer and P 
is a point of E, or is Rp> or Lp> for some point P ' of K, then some type
II region of order n contains P ; but if P x and P 2 are two points of M, 
and R is a type II region, then (1 ) R cannot contain both P x and P 2, 
if they are points of E, and (2 ) R  cannot intersect both T ( P X) and T ( P 2), 
if they are points of K.

R is a type III region of order n if and only if R is a circular domain 
of radius 1/n such that either (1 ) R lies in the plane, but does not inter
sect M, or (2 ) for some point P  of K, R lies in T ( P ) ,  but does not in
tersect the boundary of T ( P ) .  Note that if P  is a point which is not on 
the boundary of T ( P ' )  for any point P ' of K, and which is not a point 
of E , then there is a positive integer N  such that if n >  N, some type
III region of order n contains P.

D e f in it io n  o f  t h e  s p a c e  Z.  P  is a point of the space Z  if and 
only if P is either (1 ) a point in the plane, but not in K, or (2) a point 
of T ( P ' )  for some point P ’ of K. For each positive integer n, let Gn denote 
the collection of all regions of type I, type II, or type III, of order n 
or more. R  is a region of Z  if and only if R is an element of Gx.

The sequence G1,G 2,G 3,\.. satisfies all the requirements of Axiom 1. 
Indeed, the space Z  satisfies all the Axioms 0-5. However, the space Z' ,  
obtained from Z  in the usual manner, fails to satisfy Axiom 13. This may 
be seen by considering the point set J obtained in the following manner.
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Let ALBNA  denote the circle in the plane that has I  as a diameter, where 
the point L of this circle lies above I. Let U denote the collection to 
which x belongs if and only if either (1) x is the semicircle ALB , (2) for 
some positive integer n, x is the closure of some segment in Hn, or (3) 
for some point P  of K, x is LPCPRP. Then U is an uncountable collection 
of mutually exclusive ares in the space 27, but J, the sum of all the arcs 
in Uj is a simple closed curve with respect to the space 27'. Since no space 
that satisfies Axiom 13 can contain a simple closed curve which contains 
uncountably many mutually exclusive intervals, it follows that 27' cannot 
satisfy Axiom 1 3.
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