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On the strong (L) summability of Fourier series

1.1. Let f(t) be a function integrable in the sense of Lebesgue over 
( — 7t, 7г) and periodic with period 2 tz. The Fourier series associated with
fit)  is

1.2. A series а0-\-аг-\- +  aw +  ...  is said to be strongly summable
(0 ,1 )  or summable [0 ,1 ]  to the sum S, if

JSV being the sum of the first (r+1) terms of the series an (Fekete [1]).

then the series is said to be strongly summable (0 ,1 )  with index q ( q >  0), 
or simply summable Hq to the sum $ (Kuttner [6]).

The series is further said to be strongly summable by Eiesz loga­
rithmic mean of order one or summable [_K,logw,l] to the sum S, if

00 oo

(1.1.1) \aQ (an cos nt -j- bn sin nt) — У  a w .

We denote by Sv the r-th partial sum of (1.1.1) and write

(1-1.2) Ф{1) =  H f(x  +  t ) + f ( o c - t ) - 2 S }
and

(1.1.3)
0

П
(1.2 .1) as n

oo

If, instead of condition (1.2.1), we have
П

(1.2.2) as n

П
(1.2.3)

V
as n  —> o o .
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I t  is strongly summable (E, logn, 1) with index q (q >  0) to the sum
8, if

(1.2.4) Я\8v- 8 f
o(logR), as n -> oo

(Hardy and Littlewood [4]).
Recently, Rai [6] has defined an analogue for strong summability 

óf (L ) summability method as follows:
OO

Definition. A series £  an with the sequence of partial sum {$n}
n=0

is said to be strongly (L ) summable to the sum 8 , if

(1.2.5)
vn [$„—8\xv . , —> J— ---- — =  0(ilog(l — m)| , as ж ->1

jL J  V

for x in the open interval (0, 1).
The object of this paper is to apply strong (L ) summability to Fourier 

series. In fact we prove:
Theorem. I f

(1 .2 .6 )

and

(1.2.7)

then

J  (p(u)du — о It log

/ Ф(и)
и

log'
Ф(и)

и du =  о (log — } (*),

I
\8v-8 \ x v

=  o(|log(l —®)1)

2.1. In order to prove this theorem, we require the following lemmas: 
L em m a  1 [3 ] . I f

R  R

fn(9) =  ^ O nenU> and f t  (в) =
- R  - R

where C£ are the numbers \Cn\ rearranged in an order such that C f >  Cti 
>  c t  >  c ± 2^  C f ^  . . .  (2); then

J  eb}fR(6)ldd < 2  f  ewR ^dd

for every positive b.

P) log+ж denotes the function which is equal to log a? for x >  1 and to zero 
elsewhere.

(2) This notation is due to Gabriel [2].
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00 ręV
Lemma 2. У —  cosvd — 0(1), for  0 <  %< 1 and 0 <  в <  тс.

1 v
Proof. We have

> --- COST'S
Z j  v1

----- log (1 — 2x cos 0 +  a?2)
2

<  |log(l +  a?)|

<  |log 2 1,

uniformly for 0 <  x <  1 and 0 <  0 <  n.
00

Lemma 3. У —  sinr0 =  0(1), for  0 <  x <  1 and 1 — x <  0 <  тс.
1 v

Proof. We have

Vi so .> — sinr 
j  v

tan'
a? sin 0

=  0 (1)
1 — a? cos 0 

for 1 —a? <  0 <  n and 0 <  x <  1.

3.1. P roof of th e theorem . I t  is well known that

St
2 r

'V~ S  =  -
7C J

sin(v-f-l/2)w
2sin(w/2)

<p(u)du
о

7T
2 r sin гад

=  £/ 9?(ад)йад +  о(1)

by Biemann-Lebesgue theorem. 
Therefore

ę>(«) . л-------s m « w
v=l

l—x

U

— У  —  ( г +  п ^ - r in ,* * .тс v \J J  / ад
v=l О 1-Ж

+  o(|log(l — a?)|) 

+  o(|log(l —®)|)

< - Y —  1ТЛ +  -  Y  —  \T2\ +  o(\log(l-x)\).
7Г i  Г ТС V
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— U/
Consider £  —  l^il- We have from (1.2.6)

v=l v

<p(u)
sin vudu

и

sin ^ l — x)
J.—

- f
vcosvu sm vu

и
l—x

0(u)du

— \\du

I r l K - ’
> & T < - * » « - ' » i /  + S M>=1 V=1 1 о ' '

oo 1— X

o(|log(l-a?)|) +  о ( xv I' log — du I
>  =  1 О U  J

oo x  l— x

o(|log(l — )̂|) +  o | ^ ^ | | | w lo g i^  +  J  dwjj

=  o(|log(l —a?)l) +  Q ar(l —a?)|log(l —a>)| J + o  ®'(1 —
V = 1  V — 1

=  o(|log(l—я?) I).

And,
° o  П  o o

oo \T2\ r <p(u) e ,sm « _
> -------- =  -------  > ----------- x du,

jL -J  V J  U  V

where ev =  ± 1  so as to make e„T2 ^  0 when r =  1, 2 , 3 , . . .  
We have from Young’s inequality [3]

(3.1.3) cov ^  lcolog+co-\- 1е^~гУг for со >  0, l >  0

and for all real v.
Setting

and l =  2 in (3.1.3), we have in virtue of condition (1.2.7),

CO
9>(m) svs in «

V

, . °o „ л  oo

(3.1.4) =  / • ^ T - 2 ’ -
• _1 • 1 /у T

,s m «
xv du <

a

I
<p(u)

и
\Q(u)\du
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-<
TC

J cp{u)
и

log-
cp{u)

и

TC

du-\-A J ’ elô l/2du
l—x

=  o(|log(l — х)^+А  J* dQ̂ l2du
l - x

=  o(|log(l —®)|)+X,

where A is some constant.
Now, it remains to estimate K. 
Following Sz&sz ([7], p. 708), if we pnt

Vevx
v

we have Dn{u) =  I[r(u )]  and \Qn{u)\ <  \r(u)|, where
П

r(n) =  £ р . е ’ы
v=l

is a polynomial of degree n whose coefficients have (in someorder) the 
absolute values x, x2/2 , x3/3 , . . . ,  xnjn. Hence, in the notation of Lemma 1

r+ («) =  eiu+  —  <r2™+. • •,

the last term having modulus xnjn and an argument depending on the 
parity of n. The real and imaginary parts of r+ (u) are bounded for all n 
and и (1 — a? <  w <  тс) by Lemmas 2 and 3 respectively; hence

(3.1.5) jr+ (w)|<JL (constant).

We now obtain from Lemma 1 and (3.1.5)

/  e|D»<“>''2d« <  A f  e ' ^ d u
1—X l—X

n
j  eF+<4lVdu

1 - X

Tt
<  A J  du

l—x

(constant),
for all n. Hence it follows that

П
K  =  A f  e'°(u)ll2d u ^ A .

l —  X

(3.1.6)
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Collecting (3.1.4) and (3.1.6), we have

(3.1.7)

Finally, the collection of (3.1.1), (3.1.2) and (3.1.7) proves the theorem.
I  am grateful to Dr. P. L. Sharma for his valuable suggestions during 

the preparation of this paper. I  am also indebted to the referee for his 
valuable suggestions which have improved the paper.
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