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Linear functionals in Orlicz spaces of strongly
|4, pl-summable sequences

1.1. In this paper we shall use the following notation. Let T, T,
and T; be the spaces of all real sequences, real sequences convergent
to 0, and “finite” real sequences (i.e. sequences whose all terms with
the exception of a finite number are equal to 0), respectively. Sequences
belonging to T will be denoted by « = {,}, y = {s,}, etc. Moreover, ¢
will denote the sequence 1,1,...; e, — the sequence 0,0,...,0,1,0,...
having 1 at the »-th place; (@] = {|t,(}; @ = {#l}; 2" and % denote the

sequences fy,fay...y8,,0,... and 0,...,0,%,...,%,4_1,0,..., respecti-
vely.

A = (a,,) will denote in this paper a matrix satisfying the
following conditions: a,, >0 for n,» =1,2,...;(a,,) do not possess

columns consisting of zeros only; a,, —0 as » —oo for v =1,2,...;
U+ Opo+... < K for n =1,2,...

By a ¢-function we understand a continuous non-decreasing fune-
tion ¢(u) defined for 4> 0 and such that ¢(0) = 0, ¢(u) >0 for v >0
and ¢(u) - co a8 u — co. g-functions will be denoted by Greek letters
@, ,... Let ¢ be a convex ¢-function satisfying the conditions:

¢ (u) ¢(u)
{0,) ———u———>0 as v —0_, (o0y) T—>oo as % — oo,

Let ¢" be the ¢-function complementary to ¢ in the sense of Young,
defined by the formula

¢*(v) = sup (uv—g@(u)).

Functions inverse to the above ones will be denoted by ¢_,, ¢*;, ...,
respectively ([2], pp. 16-26).

1.2. Let a matrix A be given and let ¢ be a convex ¢-function. It
is known [4] that the following funetional may be defined in 7}:

(1) C ep(@) = Y o(lnl).
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It is easily verified that this functional is a modular in 7} in the
sense of [3]. Basing on this modular, a norm may be defined in 7} by
means of the following formula:

(%) l|2]|l, = inf{e > 0: ob(x/e) < 1}.

This norm is homogeneous and monotone, i.e. |||Ax|||, == |A]|l|=!ll,
and if & = {t,}, ¥y = {s,} and |4, <[s,| for every » then |||z[ll, < |/lylll,
(see [4], p. 134).

We can define the following norm for « = {t,} ¢T}:

(%) lHlzllly = sup Y 11,
Y y=1

where the supremum is taken over all non-negative sequences y = {s,}
satisfying the inequality > ¢"(s,) <1 (see [7], p. 453).
y=1

By the Young inequality ([2], pp. 24, 89-91), for arbitrary two
gequences x, ¥y the following analogy of Hoélder inequality holds:
P+aq-1

(2) D 1t < Hag s 11955
r=p

It is well known that norm (#%) is homogeneous and satisfies for
all weT; the inequality

(3) iy < Hllly < el

1.3.1. Applying norm (*) we define the following class of sequences,
strongly summable to zero. Let 7% denote the class of sequences satisfying
the condition |/|Z"[]], = 0 as n — oo, where

. fn . (p—l(a/’nv)tv if n = v,

0 it m<w.

Obviously, the class T2 depends on the matrix A, however, this
dependence is not pointed out in the notation because in this paper we
shall deal with a fixed matrix 4 only.

We shall say that a sequence {{,} is strongly |4, pl-summable o g,
in writing |4, ¢|-lim?, = g, if {t,—g}eTh.

A sequence {Z}mis called g-summable to ¢, in writing ¢-lim ¢, =g,
it lime_,(1/n)||["—glll; = 0 (see [7T], p. 454). Obviously, ifbc;z, =1/n
for n;; v and a,, == 0 for n < v, we have |4, ¢|-liml, = ¢-limt,.

A sequence {iv} is called |C%, 1]-summable to g,v_i)rolo writinéTC“, 1]-limié,

. vrc0

= g, if lim (1/n) }] [{,—g|* = 0, a > 1. Obviously, if ¢(u) = «”'u*,a > 1,
v=1

N—o0
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and a,, = 1/n for >, da, =0 for n<» we have |C% 1]-lim {, =

Y—00

= ¢-limt, = |4, ¢|-lim 4.

Tt is easily verified that T is a linear space. Moreover, if the matrix A,
satisfies the assuraptions of 1.1, then T, < T%.

1.3.2. We define in 7% a norm
(5%) el = sup [[1Z°]1],.-

Obviously, the space TS with norm (s##) is a Banach space, and
the coordinates #, are continuous with respect to this norm.

1.3.3. If weTz,, then Hx—wkH{’,, -0 as k — oo,

Let y = z—4". Obviously, we have |[|7"||l, = 0 for » < k. Since
7" < 7", it follows from the monotony of norm (x) that |||7°|(l, < I1E"]|le-
Hence |||7"|l, = 0 as n — oco.

Remark. The space TZ is separable (see [4], p. 135).

1.3.4. Let weT. In order that TS it is mecessary and sufficient that
|lo* — ™% -0 as k, m — oco.

The necessity of 1.3.4 follows direetly from 1.3.3, and the sufficiency
i obvious (see [4], p. 135).

1.4. The norms of the sequences ¢", ¢5, ¢, may be easily calculated
to be given by the following formulae:
Neeltly, = [p~1 (1)1
e lly = Lp_1(1/n)17Y,
legllle = [p_1(L/)T7",
"1y = ngZ,(1/n)

(see [7], p. 453, and [4], p. 144),

¢_1(tni)[@-1(1)] for k<,

0 ' for k> n,

1 N © v :
o] 2 oa(0) < Ul < s T Xl

y=1

1
T—p+f[q)—( p+1 )] Z‘P—l(“nv 'Hep H[qz [‘}’7_1(1 ]— Z(ﬁ_ an,

v=P

HI??;"IH‘;»:{

wWhere r = n if p<n< pt+g—1 and »r =p+q¢—1if p+g—1<n
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Moreover, writting A = supa,r, we have
n

lewlls = @1 (Ax) [p_1(1)]72,

k k
1 1\1°!
z[«p_l(;;)] sgpgw(am) < et < [¢~1(1)]"1;'¢_1<A,).

2.1. Let the matrix 4 possess the following property:

(+) For every p, g > 0 there exists n, such that for every ve(p, p-+
+¢—1> and n > n, there exist constants u' = u'(n, p, ¢) and u”
= u'"(n, p, q¢) satisfying the conditions u’, p"” e{(p,p-+g¢—1> and
Op 1 K Oy K Ay prre

From this property we conclude that if p = 2%, ¢ = 2%, n = 2F+1—_1,

then for every »e(2%, 2"+'—1) there exist constants u’, u'’ (2%, 251 —15

such that

{9 (“2k+2_2,”~)}—1 < {‘p~1(a2k+2_1,,)}_1 < {¢_1(“2k+2’”,)}_1

for a,, # 0. We write a2k+2’”}c =min .., , and a2k+2‘2’v; =MaXbyeyy_, 09

where both the minimum and the maximum are taken over all u', u'’e
€(2*, 2"+ 1. In order to be brief we shall write

" - E+2 _
»D(2k+2—27 V) = {‘P—l(azk+2 k)} h ‘ CE2 yw) = {(P—l(“2k+2,v;c)} '

~2,y

In the sequel we shall suppose that the matrix possesses besides
property (+), the following property:

n—1 kyo v
(+4) sup N1 D)
k=0 (2% vx)

It is easily seen that all matrices defining methods of strong (4, ¢)-
summability of sequences investigated in [9], pp. 243-246 possess the
property (+). Examples of matrices possessing property (++) are given
by matrices defining strong Cesaro summability of sequences of orders 1
and 2 and, by additional assumptions, matrices defining strong Riesz
summability (R, p, 1). The proofs of these properties require simple
calculations only, and will not be performed here.

2.2. Let
— ’ k
o= 2 0@ sl

For every sequence x<Th we have

(4) D) [tesil < 4Py (@)
k=2
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where
Qu(w) = sup, |||(z—a""")"[[l,.
N2
By (2) and (3) we obtain

o gkt+1_g o 2k+1

Zitkskl —Z 2 i8] < Z O ) gt (@ypra_ )6l

k=t v=2k

— k2
420(2 ll@—a®) sl e
But
o gk
Me—aY il < lll@—a™ Jll, < Q).
Hence

D s < 4@(9&)20 " T 5% e = 4Qu(2) P
k=2

2.3. Let y = {s,} be a sequence such that the series §(x) = Z‘ t,8, 18

y=1
convergent for every sequence x = {t,}eT%. Then 8 is a linear functional
over T% and the norm of 8 is ||8]| = sup |8 (x)!, where ||w|% < 1. It satisfies
x

the inequality

(3) KZO(z s i) L3l < 11811 < 420(2 AT

where K is a posztwe constant.

Let 8 (x) = 2‘ t,s,. Obviously, §; is a linear functional over 7%,
v=1

whence the functional 8 defined by the formula §(x) = limS;(x) is linear
l—>00

over Tz. The right-hand side of inequalities (5) is a special case of (4).
The norm of 8 is estimated as follows. Arguing as in the case of functionals
defined by an integral ([2], pp. 146, 150-152) we see that for every
Positive integer k there exists a sequence x; = {tf} such that

ok+1_y

el =1 and 3 15,1 > H11y%l1 1%

We define the following sequence u = {u,}:

O(Qk“, vy) [tF1signs,  for 2F <v< 2’c+1 k=0,1,...,p—1,

0 for remaining k.
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Obviously, ueTf,’,. Given n, we choose a number » such that 2" < n
< 2™ If r < p—1, then

r—1 ok+1_3
11l < HZ" 113 < sup(Z D ea@m)us, “Z‘P () ,5,)
= Vs 2"7 y=2a"
r—1 * ok+1_q
<Su 0 ny t 14 O 27'+2 r v
1p o) D goan) s +027 supzw_l(annm
k=0 v—2k v=of
r—1 O( k+2 )
* r+2 , 7
<2D—(2~;;)—m( 0@, ) o (B )21
€25+, 4)) :
— Z—’k +C (2, g (K) < L,
) D(2, vz)

where the supremumn is taken over all non-negative sequences y for which
ok+1_y

2’1 ¢*(s,) < 1, and the constant L depends on 7; such a constant exists
by condition (++).
If » >p—1, then

r 2k+1 1
Iy < G < sup T 3 gy (am) s,
k=0 v=2k
ok+1_4
supZO(fz’““, vi) Z @1 () 153,
= 2k
—1 k+2 ’ —1 k ’
s AR oo 0@ )
< g M@y = Y — 0 < 1
“~ D2, %) & D(2P, 7))
Moreover,
o 2k+1 27€+1 1 p—1
— ’ k
)= 2 Uy, = Z 02", ) ' 1, > 2 O (2%, ) 11y el
k=0 v=2k v_ok E=0

However, L][|S]] = |S(u)]. Hence

181 > 4LZG@ L) 2l > 4LZO@ YRl

Since p is arbitrary, we obtain the left-hand side of inequalities (5).
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3. We may formulate the following theorem:

(a) If 8 is a linear functional over To, then there exists a sequence
y = {s,} such that

(i) S(x) = Z.t”s,, for every @ = {t,}T"
v=1
and
(i) N e, vyl < oo
k=0

(b) If y = {s,} is a real sequence satisfying inequality (ii), then
formula (i) defines a linear functional S over T8, and its morm satis-
fies inequalities (5); series (i) is then absolutly convergent for every
€ = {t,,}eT ;.

3.1. The condition |4,¢-lim¢t, = g implies

v—>00
(o]

(6) lim Ztvsi’” =g

M—00 51

for every |A, pl-summable sequence {1,} if and only if

(7 lim Y's7 =1 forr=1,2,..
and
(8) lim Z(J(z s %) 1 (gm) o < 00,

m—>ook
where Ym = {sV}.
To prove the necessity of (7) we choose {f,} as follows: t, = 0 for
v<r, t, =1 for »>r. (6) implies (7). '
Inequality (8) follows from 2.3 and from the DBanach-Steinhaus

theorem.
Let us write

2ty

itvs Zt—g +Zt—gs +928u.
v=1

L) v=gl

-

Applying 2.2, the sufficiency of conditions (7) and (8) is easily
verified,



104 A. Waszak

3.2. In particular, if a,, = 1/n for n > v and a,, = 0 for n < v, we
obtain the following theorem (see [7], P-. 457):

The condition ¢-limi, = g implies lim Z 1,87 = g for every p-sum-
P00 Moo v=1

mable sequence {t,} if and only if

lim Zs’f =1 forr=1,2,
and

lim 2 o1 @ F (g, ) 2ellps < o0,

M>0 fo

where y, = {s5}.

3.3. In case when ¢(#) = a '’ a > 1, 1f the matrix A possesses
the same properties as in 3.2, we have ot , ) = (a -1g"* *)i/. Then
we get a theorem corresponding to the Tandom theorem for integrals
(see [8], pp. 226-228), which is equivalent to the theorem given in [1],
p. 629.

The condition |C° 1|-lim#, = g, a > 1, implies lim 2 t,8y =g for

Y00 M—s00 v=1

every |0% 1]-summable sequence {t,} if and only if condition (7) is satisfied
and

2k+1__1
a 1/g
Tim Z2k/ ( IS’Z”L‘*) < oo,
M—>00 kg v=2
where 1/a+1]f = 1.
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