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Linear functionals in Orlicz spaces of strongly 
I A,  <p|-summable sequences

1.1. In this paper we shall nse the following notation. Let T, T0 
and Tf be the spaces of all real sequences, real sequences convergent 
to 0 , and “finite” real sequences (i.e. sequences whose all terms with 
the exception of a finite number are equal to 0 ), respectively. Sequences 
belonging to T  will be denoted by x =  {tv}, у — {$„}, etc. Moreover, e 
will denote the sequence 1 , 1 , . . . ;  ev — the sequence 0 , 0 , . . . , 0 , 1 , 0 , . . .  
having 1 at the r-th place; \x\ ~  {\tv [}; xk =  {<*}; xn and x% denote the 
sequences tx, t2, • • •, tn, 0 , . . .  and 0 , . . . ,  0 , tp , . . . ,  1р+й_г, 0 , . . . ,  respecti-

A — (anv) will denote in this paper a matrix satisfying the 
following conditions: anv >  0 for n, v =  1 , 2 , . . . ;  (anv) do not possess 
columns consisting of zeros only; anv -> 0 as n oo for v — 1 , 2 , . . . ; 
«л1 +  «п2+*-- <  К  for n =  1 , 2 , . . .

By a cp-function we understand a continuous non-decreasing func­
tion <p(u) defined for и >  0 and such that <p(0 ) = 0, <p(u) >  0 for и >  0 
and <p(u) -> oo as и oo. ^-functions will be denoted by Greek letters 
<p, ip, . . .  Let cp be a convex 99-function satisfying the conditions:

9o(u) <p(u)(0 , ) --------- >0 as и 0 , ,  ( ° ° i ) --------- >■ 00 as м -> 00 .и и
Let 99* be the 99-function complementary to 99 in the sense of Young, 

defined by the formula
99* (v) =  sup (uv—(p(u)).

Functions inverse to the above ones will be denoted by <p_i,<pli, . . . ,  
respectively ([2 ], pp. 16-26).

1.2. Let a matrix A be given and let 99 be a convex 99-function. It 
is known [4] that the following functional may be defined in Tf :

vely,

OO
(1 )
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I t  is easily verified that this functional is a modular in Tf in the 
sense of [3]. Basing on this modular, a norm may be defined in Tj by 
means of the following formula:

(*) =  inf{e >  0 : ^(ж/е) <  1}.

This norm is homogeneous and monotone, i.e. \\\̂х\\\д> — \X\W\x\Wq, 
and if x =  {^}, у =  {s„} and \tv\ ^  K! for every v, then HNH* <  IllyllU 
(see [4], p. 134).

We can define the following norm for x =  {tv}eT f.
00

(**) lll®lllj =  sup Y\ty\s91
у 7Z1

where the supremum is taken over all non-negative sequences у =  {sv}
OO

satisfying the inequality^ 1 (p*[sv) <  1 (see [7], p. 453).
v=l

By the Young inequality ([2], pp. 24, 89-91), for arbitrary twa 
sequences x, у the following analogy of Holder inequality holds:

p+a-1
(2) у  m , i <  iii* jiii; iii»jiii;„.

V = p

I t  is well known that norm (**) is homogeneous and satisfies for 
all xeTf the inequality

(3) ł i iN i i ;< i iN ii ,< i iN ii ; .
1.3.1. Applying norm (*) we define the following class of sequences,, 

strongly summable to zero. Let Tbę denote the class of sequences satisfying 
the condition |||жп|||<р -> 0 as n oo, where

<p-i (anv)tp if n ^ v ,
0 if n <  v.

Obviously, the class Tb depends on the matrix A, however, this 
dependence is not pointed out in the notation because in this paper we 
shall deal with a fixed matrix A only.

We shall say that a sequence {tv} is strongly \A, cp\-summable to gr 
in writing \A, (p\-\imtv — g, if {tv-~g}eTb .

v— ^00

A sequence {tv} is called cp-mmmable to g, in writing 99-lim tv =  g,
v—>00

if Итд)_1(1/п) \\\xn—g\\\l =  0 (see [7], p. 454). Obviously, if anv =  1/n
И —>00

for n ^  v and anv =  0 for n <  v, we have |A, ę>|-limJ„ =  99-lim^.
V->CO V— *30

A sequence {/„} is called \Ca, l\-summable to g, in writing \Ca, l|-limJv
n - v-*oo

=  g, if lim (1/n) \tv — g\a =  0, a >  1. Obviously, if y(u) =  a~l ua, a >  1,
W-* OO v = l
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and anv =  1 fn for n >  v, anv =  0 for n <  v, we have \Ga, l|-lim tv =
v—*oo

=  93-lim tv =  I A, 9?|-lim ty.
v - » o o  v - > o o

It is easily verified that T b is a linear space. Moreover, if the matrix A_ 
satisfies the assumptions of 1.1, then T0 <=. T\.

1.3.2. We define in Tb a norm

(***) \\0C\\l =  snp I I\xl\ I \q> .
П

Obviously, the space Tb with norm (***) is a Banach space, and 
the coordinates tn are continuous with respect to this norm.

1.3.3. I f  x eT bę , then ||a?— 0 Jc 0 0 .
Let y =  x — xk. Obviously, we have \\\yn\\\v — 0 for n ^ Jc. Since 

yn <  xn, it follows from the monotony of norm (*) that |||i/w|||v <  I Uglily 
Hence |||yłl|||ę) -> 0 as n -> 00.

Rem ark. The space Tbę is separable (see [4], p. 135).
1.3.4. Let xeT. In  order that x eT b it is necessary and sufficient that 

||a?fc—xm\\b -» 0 as Jc, m -> 00.
The necessity of 1.3.4 follows directly from 1.3.3, and the sufficiency 

is obvious (see [4], p. 135).

1.4. The norms of the sequences en, e%, ek may be easily calculated 
to be given by the following formulae:

l l l f e l l l ,  =  to- i ( i ) ] " 1, 

l l l e n l l l v  =  to-itoto)T\
\\\4\\\<p =  t o ~ i  ( ! / 3 ) r S

\\\en\\\l =  ncp*_x{Vn)

(see [7], p. 453, and [4], p. 144),

for Jc^ n , 
0 for Jc>  n,11ЮП*

_ 1  n  n

|V-i(h  ^ (p - i t o n v X  ll|enlll*< t o - iW T 1 ^<p-itonv);
L \ ' -* V=_ 1  « — 1

r  — P + 1

_1 r Г
I ę7— 1( j Z q  I I 1 t o n v )  А -  \ \\ву I I\ę A  t o —  1 ( 1 ) ]  j
L \ Jr' /J y_p v_p

where r =  n if p <  w <  p-\-q—l  and r — p-\-q—1 if p~\~q—1 <  n.
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Moreover, writting Ak =  supató, we have
П

\ы\Х =

2.1. Let the matrix A possess the following property:
(+) For every p, q >  0 there exists nQ such that for every v e(p , p-\- 

-\-q—1> and n ^ n Q there exist constants jj,' =  p '{n ,p , q) and p" 
=  p " (n ,p ,q )  satisfying the conditions p', p " e (p , p  +  q —1> and

From this property we conclude that if p  =  2k, q =  2fe, n =  2fc+1—1, 
then for every re<2fc, 2fc+1—1> there exist constants p ', р"е^2к, 2k+1—1> 
such that

where both the minimum and the maximum are taken over all p', p" e 
c<2&, 2fc+1—1>. In order to be brief we shall write

In the sequel we shall suppose that the matrix possesses besides 
property (+), the following property:

I t  is easily seen that all matrices defining methods of strong {A , cp)- 
summability of sequences investigated in [9], pp. 243-246 possess the 
property (+). Examples of matrices possessing property (++) are given 
by matrices defining strong Cesaro summability of sequences of orders 1 
and 2 and, by additional assumptions, matrices defining strong Biesjz 
summability (В, p, 1 ). The proofs of these properties require simple 
calculations only, and will not be performed here.

(++)

2.2. Let
00

For every sequence we have
OO

^  I M * I  <  P̂iQi(co)( 4 )
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where
Qi(x) =  sup |||(®-®?I- 1)“|||,.

By (2) and (3) we obtain
oo oo 2*+1- l  oo 1

У М * | = У  У  М , 1 < У  У  <7(2fc+2, ^)ę>_i(ą2fc+2_1, ) l^lls.l
k=l v = 2fc fc = Z v = 2fc

o o  _________ ___________ 2 & 4 * 2  j

< 4 y c ( 2 ,'+!,*'t) l l l ( * - ^ - 1) '  l!,.l!l;/;1ll!,f.-
k=l

But
----------------------- - -------- 2 & + 2 _  j  ----------------------- ---------- 2 ^ + 2 _  i

||f( -̂a?2_1) III,, <  Щ х - х * - 1) \\\9 < Я г{я).

Hence
OO o o

£  IM*I <  ±Qi(x)£ c (2k+\ ń)\\\y$\\\v* =  ±Qi(x)Pi.
& = 2 ̂  k=l

o o

2.3. Let у =  {$„} be a sequence such that the series 8{x) =  £  Usv is
v=l

convergent for  every sequence x =  {tv}eT b . Then 8 is a linear functional 
over Tb and the norm of 8  is \\8\\ =  sup|$(<r)|, where \\x\fv <  1. It satisfies

X

the inequality
OO 00

(5) i r y c ( 2 * +,,rL ) iii3 $ IU <  l i« l l< ' t y c ( 2 ,:+2,rL ) iii4 iii„ ,
k=0 *=0

where К  is a positive constant.
г

Let $г (x) =  f?  tvsv. Obviously, 8г is a linear functional over Tbf
V— 1

whence the functional 8  defined by the formula 8{x) — lim8г(х) is linear
Z— >-oo

over Tb . The right-hand side of inequalities (5) is a special case of (4). 
The norm of 8  is estimated as follows. Arguing as in the case of functionals 
defined by an integral ([2], pp. 146, 150-152) we see that for every 
positive integer h there exists a sequence xk =  {tk} such that

2fc+i_1
l i l ( ® * ) 2 * l l l l  =  1  a n d  £  $ sv\ >  hWvfkWC* •

We define the following sequence и =  {uv}:

v K2k+t,v'k)\f* 
n

, Vk) Itv ] signs, 
0

for 2& <  v <  2&+1, Тс =  0 , 1 , . . . , p  — 1 ,
for remaining Jc.
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Obviously, ueTy. Given n, we choose a number r such that 2r <  n 
<  2r+1. If r ^ p —1, then

t— 1 2fc+1- l  n

lll^lll, <  111̂ 111; <  sup [ E E  (p— 1 {̂ nv) UVŜ
k—0 y=2*

2fc+l—1
sup ^  G(2fc+2, vk) ^  <P-i{Onp) \tySp\ +C(2r+2, ?y)Bup^ty>_1(fln,)|ffg,|

fc=0 v=2̂  v = 2r

r_1 G(2k+Z ’ )
<  У  „ , a," ’ ! * iii(»o ^ in ;+ c(2r+ł, * ? - i ( j r ) i i i ( < n i ;

ź i  1 , (2 ’ ”*>

=  у  + с (2 ’л  <  l ,

where the supremum is taken over all non-negative sequences у for which
2* + i— i

El <p*(sv) <  1, and the constant L  depends on r; such a constant exists 
»—1

by condition (++).
If r > p  —1, then

r  2^ 1— 1

|||«W|||V <  lil^lll* <  su p JT  ^  <P-i(anv)uvsv
k — 0 v=2^

P - 1  2A + 1 - 1

=  sup V 0(2fc+2, vk) V cp_1{anv)\tkvsv\
у ^

fc=0 j’= 2 fc

fc yi1 C(2*+a, li)
^  JD{ 2p,v k) ЖЛ2* ” T)( 2p.v':.) ^

Moreover, 

2̂ +!—!

k=  0 k—0 B (2P, vi)

00 2,u 1 L—  1 P — 1 2n'~r±—  1 p - l

sw =2 2  «.*, = y ; c42*+a, >4) y ; ićiw >ł^c(2*n ń)iii3$ii;..
f c = 0  v = 2 fc A = 0  v =  2k  fc =  0

However, _L||$||> |#(w)|. Hence
p-i p-i

ЦЯЦ >  C{2k+\ vk) lll^llC. >  0 (ł +\ vk) III^IIU.
k=0 k=0

Since p  is arbitrary, we obtain the left-hand side of inequalities (5),

2̂ +1— 1
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3. We may formulate the following theorem:
(a) I f  8 is a linear functional over T\, then there exists a sequence 

у =  such that
OO

(i) 8{x) =  ] ? t vsv for every x =  {tv}eT l
v = l

mid
OO

(ii) JT<7(2fc+2, vk) IH^fcllU <  °o.
fc=0

(b) I f  у =  {s„} is a real sequence satisfying inequality (ii), then 
formula (i) defines a linear functional 8  over Tbv, and its norm satis­
fies inequalities (5); series (i) is then absolutly convergent for every 
X =  {$„}еТ£.

3.1. The condition \A, <p\- lim tv =  g implies
V-+OQ

CO

(6) lim У  tvs7 =  g
ТУХ— >oo p_2

fo r  every \A, cp\-summable sequence {t„} i f  and only i f

O O

(7) lim V s™ =  1 for r =  1 ,2 ,  ...
«WOO v = r

■and
OO

(8) lim У С (2 к+\ vk)\\\{ym)fk\\U<oo,
Ш-+0О fc=0

where ym =  {<§?}.
To prove the necessity of (7) we choose {tv} as follows: tv =  0 for 

v <  r, tv =  1 for v >  r. (6) implies (7).
Inequality (8) follows from 2.3 and from the Banach-Steinhaus 

theorem.
Let us write

oo 2^—  1 oo oo

у  u»m, = 2 ( t . - g ) s mA  У (<.-?)*?+гУ
r = l  V —  X v =  2,t v = l

Applying 2.2, the sufficiency of conditions (7) and (8) is easily 
verified.
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3.2. In particular, if anv =  ljn  for n ^  v and anv =  0 for n <  v, we 
obtain the following theorem (see [7], p. 457):

OC

The condition ę>-lim tv =  g implies lim tvs™ =  g for every cp-sum-
>>—>oo m—юо v = i

mable sequence {tv} i f  and only i f

and

OO

lim V  s™ =  1 for r — 1 , 2 , . . .
m-мэо 1~T

oo

lim ^ , {^_i(2-(fc+2)) } -1ii](2/ J^ im <  oo,
n->oo * = o

where ym — {$?}.

3.3. In case when q>(u) =  a~1ua, a >  1, if the matrix A possesses 
the same properties as in 3.2, we have (7(2 , v'k) =  (a-12 )1/a. Then
we get a theorem corresponding to the Tandori theorem for integrals 
(see [8], pp. 226-228), which is equivalent to the theorem given in [1], 
p. 629.

OO

The condition |(7°, l|-lim tv =  g, a >  1, implies lim tvs™ =  g fo r
v-+oo m -*0O v=l

every I(7°, 1|-summable sequence {tv} i f  and only i f  condition (7) is satisfied 
and

oo 2fe+1- l
i o ' ) w < o o ,

m->°° k=0 v=2k
where l/a+l//5 =  1.
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