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H. RATAjSKI (Poznat)

Some remarks on the Dini-Lipschitz test

1. Let po(x) be a positive, Lebesgue-integrable funetion in {a, b},
and let Lj<a,b)> be the class of all functions Lebesgue-integrable with
p-th power with respect to the weight-function ¢(x) over <a b>. We
shall consider a systems of polynomials {p,(2)}, » =0,1,2, ..., ortho-
normal with the weight-function ¢(z) in (a, d), i.e.

1 it n#k,

!pn(w)pk(w)@(”d” "o it w=r,

where p, () is a polynomial of degree » having positive coefficient by z".
Alexits gives in [1], p. 31, the following test for convergence of the
Fourier expansion of a given functlon with respect to the system of poly-
nomials {pn(x)}:
If a function feL; <(a, b) satisfies at a point &e(a,b) the Dini-Lip-
schitz condition

K
If(E+h)—F(EI <

(K = const,a >1
llog || ’ )

for sufficiently small |k| and if the weight-function p(x) and the polyno-
mials p”(x) are uniformly bounded in a nelghbourhood of the point &,
then the Fourier series

(1) X Zw' CnPn (@),

where
b

on = [ f(t)pn(t) e (D)t
a
is eonvergent at » = & to the value f(&).
If the above assumptions are satisfied in an interval {a,, b;> < (a, b)
uniformly, then the convergence of series (1) is uniform in each subinterval
(g, by) < (ay, by).
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This theorem is an analogue of the well-known Dini-Lipschitz test
for convergence of trigonometric Fourier series.

The subject of this paper is to extend the above theorem to the
case when f(x) is Lebesgue-integrable over subintervals and f(x) together
with ¢(x), p,(x) is subject to further restrictions specified below.

In the sequel we shall denote by 8,(2) the n-th partial sum of the
Fourier series (1) of a function f(z) with respect to the system {p,(x)}.
Then

b

Sa(@) = [ f() Kalt, @) (0)dt,

where the function

Kou(ty @) = X pi(t) ps(a)
i=o
is called the kernel of the above integral.
The following Christoffel-Darboux formula holds in case of the system
of polynomials wunder consideration:

on P (®) Py () — Do (8) Pryi ()
an+1 t—a}

(2) Kn(t, 2) =

J

where a, and a,,, are the positive coefficients by the highest power in
polynomials p,(x) and p,,(x), respectively. Moreover, it is known ([1],
p. 33) that a,/au,; < max(la], |b]).

We may limit ourselves without loss of generality to the interval
{—1,1) in place of <a, b>, because the general case of {a,b) may be
reduced to the case (—1,1) substituting ¢t = —142(x—a)/(b—a).

2. Now, we formulate a new test of Dini-Lipsehitz type.

THEOREM. Let {p,(x)} be a system of polynomials orthonormal in
{—1,1> with a weighi-function o(x), mentioned above, satisfying the fol-
lowing conditions : there exist constants ¢, > 0,6, = 0,63 > 0,0, = 0, ¢34 ¢, <1
such that
01 Cs
(3) 0<o(r) < a9 [pn(®)] < oL
where xe(—1,1), n = 0,1, 2, ... Let a function f(x) be Lebesgue-integrable
over every interval {a,b) < (—1,1) and

~ (D)0 ()
_[—(]_——Wdt< oo

Suppose further that, for a fived Ee(—1,1),
(4) fELR)—F(&) = O(llogyh-10g,h ... 1og,_1h|~" logmh]|™®)
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as h — 0+, where a >1, m >1 and
log, b ="loglog ... logh.
N —
m times

Then the Fourier series (1) of f is convergent at v = & to the value f(&

The above a,ssumptlons are satisfed, e.g. by the normalized Jacobl
polynomials {p{*? ()} with the weight-function p(z) = (1—2)"(1+ ),
where o > —1, > —1 (see [2], p. 89, footnote (2)).

The proof of the Theorem will be based on the following two aux-
iliary results.

LEMMA 1. Suppose that condition (3) holds and that {a, by < (—1, 1).
Then there is a positive constant C' such that for each n >k > 0,

| f (@) pi(@) 0 (2)de| <

uniformly in «, f, provided a <a<<f <b
This Lemma is proved in [2], pp. 91-92.

LeMMA 2. Let {@n(t)} be a sequence of measurable functions uniformly
bounded in a finite interval {a,b). Suppose that for every cela, b,

hmf@ (#)dt = 0.
N—00 p

Then given any f Lebesgue-integrable over <a, by, we have

lim [ f(1)® (t)dt = 0.
(see [3], pp. 240-42).

3. In order to prove our Theorem we first observe that, by (2), (3)
and (4),
&+m

lim f {fO)—F(EKult, &) o(t)dt = 0

N0+ g~

uniformly in n. Hence, for any positive ¢ there is a positive § (—1-+6
< & < 1—9) such that

é+6
(5) ]f FO—F (VKL Heat| <& (n=0,1,2,..).
Write
—0 £46
8, (&) (f - f + f){f FENEL(L, &) o(t)dt
-6 &+6

= A7L+Bn+0n-
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The function {f(t)—f(&)}/(1—12)* is Lebesgue-integrable with the

weight-funetion ¢(¢) over (—1,1); whence
—1+7
i | FO=FO .

6 A
) el T
In view of (2),

~1+4n

[ O—F@ K, §o dt[

—lin
t —
< [ HOZSOL e it
(Ln+1 * |t_‘§1

—147
b SO T 0 P (N 0 (.

Jt— ¢

Opp1 ~

Thus, by (3) and (6), there is a positive 4; (—1+4 J, << £&— 9) such

that
—146;
(7 {f {FO)—FEN KL, o)A <e (n=0,1,2,...).

It is easily seen that the functions
Dy () = Kn(t, &) o() (n=20,1,2,...)

satisfy the assumptions of Lemma 2 in {a, b) = {(—1+ 4,
formula (2) and estimates (3) lead to
" w1 (t [4
Do) < . PO P O PO Paca ]
Op g [t— £]
), with a certain constant M. Taking

&— 6>, Indeed,

for every tela,b> (n =0,1,2,...
ce{a, by and applying (2), we write
c 14 [

- Qa (1 t
[oua =" puue) [ 2D it~y [22D oy
4 Up g1 4 §—1 On 41 g §—1t

By the second mean-value theorem,
1 4

= — [mowat (@
5_0 Uy,

Then, Lemma 1 gives

Pn t)dt~0( ) as n — oo,

Uy < ).

N

cpn(t)
£ ¢
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and, consequently,

(4
lim [ @, ()t = 0.

7—>00 ¢

The function f(f)— f(&) is Lebesgue-integrable over {—1+4 d,, &— 6>.
Hence, by Lemma 2,

£
lim f

N—>00 —1+61

é

{f(t)'—f(S)}Kn(ty Eo(tydt = 0.

Applying (7), we conclude that
[An] < 26

for sufficiently large n. Analogously, |C,| < 2¢. Estimate (5) shows that
(Byn| < & for all n. Thus

18n(8)—f(£)] < Be,

provided = is large enough, and the Theorem is proved completely.

It can easily be observed that if condition (4) of the Theorem holds
uniformly with respect to & in the whole interval {a,, b,> = (—1,1),
then the eonvergence of the geries (1) at ® = & to f(£) is uniform in every
closed subinterval of the interval (a,, b,).
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