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On existence theorems for some class
of non-linear Tchebycheil approximations

1. In the sequel the following notations will be used: X denotes
an arbitrary compact topological space; O [ X] the linear space of real-valued
continuous funections, defined on the space X, with the Tchebycheff’s
norm:

Ifllz = sup |f(@)l;
xeX

E, denotes a given n-dimensional real Euclidean space; we say that
a set of vectors a = (ay, @y, ..., a,) cH, is bounded if max|a;| < M holds
P

for every element of this set with some M. B denotes an arbitrary compact

space; a mapping B X X X B, — H;is denoted by w(b, &, ¥); 4 = (¢1y -+-5 Gn)
denotes an n-tuple of real-valued continuous functions defined on X;

(@, g@): = X aigi@); ra(@): = w(b, @, (a, g(a)).

Let us assume:

1.1. For any given b,¢B the exists a subset X, < X, dense in X such
that w is continous at (by, 2, y) for be B, we X;, y ¢ Hy, simultaneously.

1.2, For every ¢ > 0 there exists M, >0 such that for every beB
and xeX, the inequality |y| > M, implies [w(b,x,y)| > c.

2. With respect to 1.1 it is seen that the function

Tap (%o) for e Xy,
Pas(®0): =1 Tim rgy(w) for mpeX\ X, (1),

is well defined for every acF, and beB.
Let us now put P: = {pg: ackl,, beB}. As usually the real number

d: = inf |f— pallr is called the distance of f from P: a function pgwseP
Papel

(1) We take lim rgp(2) if [lim rgp(w)| > [ﬁ Tap(w)| and lim 7ap(x) otherwise.
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such that ||f— pa«pllr = d is called a best approximation to f in P; let us
set w(b,®,y) = min(jw(b, , |y)), w(d, 2, —ly))]|).
2.1. It is seen that

(+) w(b,z,y) >0 for any (b, 2, y)eBX XX Ey;

(+-+) for any beB and any ¢ > 0 there exist a positive constant M,
independent of b, and a subset X, dense in X such that
the inequality w (b, z,y) > ¢ holds for |y| > M, and xeX,;

(+4+) @b, @, y) < lwb,a,9)| for any (b, a,y)eBx X x By

2.2. If gy, ..., gn are lnearly independent on X, then there ewists
a positive constant w such that maxla)| =1 implies |(a,g)llr = u > 0.

Proof. See e.g. [9], p. 24.

23. If feC[X] is bounded and the functions ¢,y ..., ¢, are linearly
independent on X, then the set {(ak,bk):an=(a’f,...,aﬁ)eEn, byeB,
kE=1,2,...} of parameters for which

(+) li;n”f—pakbk lr =d < oo.

has a cluster point (ay, by), ayek,, bye B, and all components of the vector a,
are finite.

Proof. From 2.2. it follows that for any positive constant ¢ < u there
exists an open subset X, dependent on ael, and such that ]( a, 9@ ))I
> u—e¢ for any zeX,, with max|a;] = 1. From 2.1 (+ ) it follows that
for ¢ = ||fllr+ d- 1 there exists a constant u, > 0 such that for all Jy| > u,
and all zeX, ~ X, # 0, beB, the inequality
(++) w(b, @, y) >ec

holds. _ .
a=(ay,...,a,) with max|a; > u,/(v—e) = M,, then

(@, g(@)] = max|as|| 3 (as/max la;]) gs(a)| > max oy} (u—e) > u,
7 i=1 7

for weX,,, a; = a/max|a,.
i

Hence, in view of 2.1 (+++) and 2.3 (++), and the definition
of py we get
(++4)  o<(b,a,(a,9@)) <|w(b, o, (@, 9@)) < IPale-

On the other hand, for sufficiently large K, & > K, by our assumption

2.3 (+) we get ||f—papllr <d+1. Hence ”pakkaT < flr+d+1 = ¢
So, by 2.3 (+++) it follows that ma,xm[ < M,. By the Bolzano-
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Weierstrass Theorem the sequence a; has a cluster point a, = (a3, ..., ap)
with max |a}] < M,.

3. Simple examples show that in general there does not exist a best
approximation by a function from P; see e.g. [2] and [5].

3.1. If f, 91, .-.y gm are bounded functions in C{X], X an arbitrary
topological space, w a real-valued function satisfying 1.1 and 1.2, and there
exist a e B, and beB such that ||pgp— fllo << oo, then there exists a best Tcheby-
cheff approximation pesps to f on X.

Proof. Let ¢,,...,¢n» be a maximal linearly independent subset
of gi,..., gn, Let (az, by) be the sequence of vectors ajel,, byeB with
|Pagp, —fllr < d+1/k. For this sequence, by 2.3, there exists the cluster
point (a,, by), @yely, byeB. We have

|pa0b0 (w)——f(w)] < [paobo(m) ”“pakbk(wn + |pakbk(w)—f(w)|
< !paobo(x)l _pakbk(w)‘ + d+ 1/k'

As (a, g(w)) is continuous in zeX, then [ Pagby (%) — Pagy, (@) — 0 for
k — oo and weXy, and thus

(+) [Dagp, (@) —f(@)] <d  for zelXy,.

Hence, from the definition of pg, () and the continuity of f we may
choose a sequence z; - xeX ~ KXoy @jeXy, such that Ipaobo(w)—paobo(mj)]
< 1/j, If(@)—f ()] <1/[j holds. S0 |pagpy (@) —F ()] < [Paghy (€)= Pagp, (@11 +
+ [Pag( @) — (@) + If (@) —f ()] < 2[j+dTor e X\ X, Henee [pap, (#)—
—f(@)] <d for we X\ X, . So, from 3.1 (+) and the last inequality
we obtain ||pay,—fllr < d. Since ayeH, and b,eB, there exists a best

approximation pep, to f in P.

4. Let us measure a distance between f and p, by means of the
functional ||s(pe—f)llr, Where seC[X] is a given weight function see
e.g. [1]. This problem of weighted Tchebycheff approximation may be
reduced to the previous one by the following substitutions: f;, = sf,
w; = s*w. The proof of 3.1 is valid if the coefficients are restricted to
a closed set R < E, X B containing at least one vector (ay,b,) such
that [|s(pag,—fllr < co. :

4.1. If f, 8,01, ..., gu denote functions belonging to C[{X] such that
$yfy @1y ..y gn are bounded on X and s-w = w, s a real-valued function
satisfying 1.1 and 1.2, then for any closed subset R < B, X B including
a wector (ay, by) With [|8(Pap,—fllr < co there ewists a best weighted Tche-
bycheff approximation p,sp« to f, and

18 (Pasor—Pllr = inf ||s(pay—lle-
. (a,b)eR
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From 3.1 and this theorem we may obtain the existence of the
best Tchebycheff approximation by functions of the form

pltmiégtu-ngv»
Do, jg{ b; - hy (w))

where ¢; and b; (41 =1,...,n, j =1,..., m) are continuous real-valued
functions on X; ; have the dense non-zero property in X for a given
closed, bounded subset B < E,, (for the definition of dense non-zero property
see e.g. [2]) and h; are bounded in X ; p;(x, ), i = 1, 2, are real-valued con-
tinuous functions defined for (x,y)eX X H,, pi(x,y) =0 if and only
if y = 0; pi(x,y) »> oo if |y| - oo uniformly on X, ¢ = 1,2. Moreover,
we assume that p,(x,y) < co for |y| < co and weX.

The results presented in this note generalize some theorems on the
existence of approximations which may be found in [1]-[10].

Top (@) =
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