
ROCZNIKI POLSKIEGO TOWARZYSTWA MATEMATYCZNEGO 
Seria I: PRACE MATEMATYCZNE XII (1969) 

ANNALES SOCIETAT1S MATHEMAT1CAE POLONAE 
Series I: COMMENTATIONES MATHEMATICAE X II (1969)

E. Śliwiński (Kraków)

On the oscillation properties of certain power series

The object of this paper is to give some generalizations of theorems 
on the oscillation and non-oscillation of the trigonometric and hyper­
bolic functions.

Definition 1. A  continuous function f (x )  in ( — 00, + 00) will be 
called oscillatory if and only if for any given r >  0  there exists a point 
x0 such that |a?0| > r  and the function/(ж) changes its sign at x0.

Let us consider a power series of the form

Notice, that the functions ex, e~x, cosh# and sinha? are not oscilla­
tory although they have developments of the form (1 ), and sina? and cos a? 
are simultaneously oscillatory. We shall construct series of form ( 1 ) 
which have oscillatory sums.

where a is a non-negative integer and й >  2 , Tc >  a is an integer. Ob­
viously series (2 ) converges absolutely and almost uniformly and its 
sum is continuous for a?e( — 0 0 , + 0 0 ).

Theorem 1 . The function s(x) defined by (2) is an oscillatory func­
tion.

Proo f. One may easily prove that s(x) satisfies the differential 
equation

OO

(1) where e$ =  0 , ± 1 .
г=0

(3) s (fc)(a?)-f-s(a?) =  0

with the initial condition

(4) 8{1) ( 0)  =  ty.« (j =  0 , l , . . . , fc - l ) .



268 E. Ś l iw i ń s k i

Now we have to consider the two cases: (a) if к is even, (b) if к is 
odd. In the case (a) a general solution of (3) is of the form

s(x) =  СхвЪ*+... +  Ок<?*,

where у +  are k-th roots of — 1, j  — 1, ..., k, fa Ф 0 and 
— 1 <  ax <  a2 <  ... <  a* <  1. Condition (4) yields the following system 
of equations for the coefficients:

к
^ C i r T = » m , a  (m = 0 , 1 , . . . , * !— 1 ).

We see that Ck =  W~1Wk, where W and Wk are Vandermonde de­
terminants. Hence we have

к к
(5 ) s(x) — eaix (dj cos fa x +  lj sin fa x) — ^  e?ixMj sin (/3,- a? -f N,j),

7 = 1  j—l к
where Nj and Mj  are constants, and Mj  satisfy the condition Mj  > 0 .

Let Mp =  min M j, Mp Ф 0, and M q =  max Mj, M q ф 0 . Then

s(x) =  eapxMp[&m(PPx-\- V p) +  o{ex)~\ for x -> —oo 
or

s(x) =  еа̂хМ а[8т(/9ахфЖд)фо(е~х)] for x -> +  oo.

It  follows from these formulae that s(x) is oscillatory in ( — oo, -f oo). 
In case (b) the general integral of (3) is of the form

( 6 ) s(x) = D 0e-x +  D 1e*'x+ . . .  +  Dk„ ге ^ х,

where Qj =  щфЩ  are k-th roots of — 1, j  =  1, 2, ..., к— 1, and bj Ф 0 
and — 1  <  ax <  a2 <  ... <  ak_ x <  1  and D} are constants coefficients 
which satisfy (in view of (4)) the equations

k-l
]?DfQi =  &i,s (г = 0 , 1, ..., к— 1).
7 =  0

We see that D 0 =  Ж_ 1 Ж0, where W and TV0  are Vandermonde de­
terminants Ф 0 i1). Hence we conclude by ( 6 ) that

. k-l
(7) s(a?) =  D0e~x-\- ^  eafx{fi cosbjX +  gjBmbjX)

7 =  1

k-l
=  Ą e -*+  ̂ e°fcPitin{b,x+ Qf),

______________ 7=1 . .

(x) See A. P. M iszyna  and I. W. Prosk u riakow , Algebra wyższa, Warszawa 
1966, p. 24.
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к- 1
where P?- and Qj are constants, and P?- satisfy the condition £  P|>  o. 
Let P p =  minP,-, P p Ф 0 and P a — maxP,', P q Ф 0. Then 1~l

s(x) =  DQe~XjreapxP p[ sm(bpocPQp) P o (%)] for x -> —oo 
or

s{x) =  D 0e~Xjr ea(P P q[sm(bqx JrQ(1) Jro {x ) ]  for x -> +  oo.

Remark 1. I f  6  is a non-negative integer, Z>max(2,&) and l is

: - I

even, then the function

xb
( 8 ) S(x) =  8b.i(x) =  —

xb+li i - Л 1  -
xl

(b +  l)l
• 1 tA/ 1

L&! 1 {b+l)\
is not oscillatory.

From Theorem 1 we infer
Theorem 2. I f  b is non-negative integer ?>max(2,&) and l is 

odd, then the function S(x) is oscillatory.
Proof.  In this case we have $( — x) — ( —1 f  sb>i{x).
Theorem 3. I f  a, b, p and h are non-negative integers, 2p >  2, 2p >  b, 

2k >  2  and 2 h >  a, then the function

(9) HI [x) — $b,2p (*®) ~t~ &а,2к 
is not oscillatory.

Proof.  S{x) satisfies the differential equation

( 1 0 ) 8{2p)( x ) - S ( x )  =  0 
with the initial data

(11)
Let

У'к

SV)(0) =  д,,„ U =  0 , l , . . . , 2 p - l ) .

( 7lk\ . . / 7zk\
cos^— j +гвш^— j =  tk-\-ihk (fe =  0 , 1 , , 2p 1 ).

The general solution of equation (10) is of the form

8{x) =  T0e^x +  T 1e^x+ .. . -\ -T 2p_ 1e(î - i x .

From (11) it follows that the constants Ti satisfy the system of linear 
equations

2 P — 1

£  =  db,k {k =  0, 1 , . . . ,  2p —  1 ).
7 =  1

The Vandermonde determinants

W0  =  ( —l ) 6 +1 det||/4|!, ft ,j  =  0,1, . . . ,2p, ft ФЪ, j  Ф 0,

ft,j =  0 , l , . . . ,2 j> ,  к ф Ъ , ) ф Ъ ,
(12)
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and W0 Ф  0, Wp ф  0 (see footnote on p. 268). Hence W0 and W p are 
Cramer determinants. Thus

 ̂ 2 P - 1

(13) 8{x) =  T0ex+  Tpe~Xjr ełix{mjCoshjX +  nj$mhjX),
?=i ?ФР

where — 1  <  tx <  ... <  tp_ x <  tp+x <  ... <  t2p_ x <  1, and m7-, %, T0 and 
Tp are constants and T 0 Ф  0, Tp Ф  0.

Hence 8(x) =  ех[Т 0ф 0(et2P~lX)] for x -> + o o  and 8{x) =  е~х[Т рф 
ф0(е~х)1 for x - >  — oo From (5 ) we have s(x) =  0{eaiX) for x - >  — oo 
and s(x) — 0(ea/cX) for x -> +oo. Hence

M {x) — 8{x)-\-s(x) =  ex[T 0-\-0{et2v - lX) ] Jr0 (e c‘lX)->{8gn.TQ)oo for x -> oo  
and
M  x) — 8{x) +  s(x) =  e -x[T p + 0 {e tlX)-] +  0{eak?) ^(sgnTp)'» for x - * - o o .

Let
(14)

where l — 0 , 1 , ...,2k  and щ — cos
/ 7T+27rj

\ 2fc+l
+  isin

7Г -(- 2 tcj 

2&+1 =  P1+ 4 i,

(15)
V — det||ij}||, j,?  =  0 , l , . . . , 2 4 ,

V„ =  ( - l ) “+1 d e t y i ,  j ,  г =  0 ,1 , . .  .,2k, } ф 0 ,  1фЬ.

T h e o r e m  4 . I f  а, b, p and h are non-negative integers and 2p >  2 , 
2p >  fe, 2 & + 1  >  2 , 2& +  1 ^  a, cmd TPWy1 Ф  — F F y 1, where Ж0  and W 
are defined by (1 2 )  and V0 and V by (1 5 ) , then the function M (x )  =  S b t2p (% )  +  
+ saf2 fc+i(#) is not oscillatory.

Proof .  The function $(ж) satisfies the differential equation

(16) $(2 А:+1) (а?) +  $(а?) =  0  

and initial conditions

(17) s(’>(0) =  daJ (! =  0 ,1 , . . . ,24 ) .

The general integral of (16) is the function

(18) s(x) =  E 0enf>x+ E xen'x+ . . .  +  E 2ken̂ .

From (17) it follows that the constants Ei satisfy the system of linear 
equations (14). From (13) and (18), we have

M (x ) =  T0ex+ (T p  +  E 0)e -x+
2 P — 1 2 k

+ 2  ełtx(mjCOBhjX-lr щппЬ}-х) +  JT1 eYlX {Mj cos о^хф Nj^majx)
7 =  1 7 =  07ФР 1фк
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where Mj, N j, yj and oj are constants and \yf <  1. Hence M (x )  is not 
oscillatory.

T h e o r e m  5. I f  a ,b ,p  and h are non-negative integers, 2 p Ą -1^ 2 ,  
2p-\ -l^b , 2Jc-\-l >  2, 2Jc-\-l ^  a, then the functions M (x ) =  $ь,2р+i(®) +  
+  sa,2 fc+i( )̂ is not oscillatory.

Proof.  The function S(x) satisfies the differential equation $(2fc+1)(x ) — 
— 8{x) = 0  and initial data S®{0) =  da>j ( j  =  0 ,1 , . . . ,  2k). Then

2 к

(19) 8(x) =  T0eXjr ectx(gjcosdjX-f-hjSmdjX),
)=i

where T0, gj, d?- and h}- are constants and \cf < 1 . From formulae (7) 
and (19) we get theorem 5.

T h e o r e m  6 . I f  a, b,p and к are non-negative integers and 2p -f-1 > 2 , 
2p-\-l >  b, 2k-\-l >  2 , 2 & - + - 1  >  a, then the function M (x )  — $&>2l3+1(%) +  
+  $a,2 fc(#) is n°t oscillatory.

Proof .  Thus
2 к

(2 0 ) s(x) =  G0e~x + ^ e rtx(A }-cos bj-x +  Bj sin b7-x),
7 = 1

where A x, B}, bj, G{) and r,- are constants and G0 Ф 0, and |r,| <  1. From 
formulae (19) and (20) we get Theorem 6 .

Let g(x) be a continuous and increasing function in ( — 0 0, + 00) 
and g(x) -> + 0 0  for x -> +  00, and g{x) -> — 00 for x -> — 00. Theorems 
1 - 6  immediately imply the following theorem:

T h e o r e m  7. The function s[g(x)), where s{x) is defined by formula 
(3), is oscillatory.

Proof .  The function s[g{x)) is continuous for ( — сю, +  00). Let 
s(z) change the sign at the point zx. Then we find a point xx such that 
g{xx) =  zx. The function s[g{x)) changes the sign at xx. I f  z2 is another 
zero of s(z) of this kind, then «(#(#)) changes the sign at the point x2 
for which g(x2) — z2. In virtue of monotony of g{x) we obtain xx Ф x2. 
Then s(g(x)J oscillates at the points xx, x 2J... for which g(xx) =  zx, 
9 (^2) == %2 } • • •

Under the assumptions of Remark 1 , 8(g(x)J is not oscillatory. Of 
course, for z =  g(x) and |г| =  \g(x)\ > A  for A  sufficiently large the 
function S(z) does not change its sign.

Under the assumptions of Theorem 2  we conclude that $(#(#)) is 
an oscillatory function.

Under the assumptions of Theorems 3-6 we conclude that M [g{x )) 
is not an oscillatory function.


