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The integral representation
of a bounded linear functional in a symmetric space

1. This note contains the representation theorem of a bounded
linear funectional in a subspace of a symmetric space made of functions
with absolutely continuous norm. As an easy corollary of this theorem
we obtain that every symmetric space is included in the space L; of in-
tegrable functions. The proof of this in a special case, when the domain
of functions is the interval [0, 1], is given in [2]. Moreover, we compute
in this note the norm of a characteristic function in the space dual to
a given symmetric space.

I am very much indebted to Professor W. Orlicz for his valuable
suggestions (').

2. In what follows we shall denote by 2 a non-empty set, by 4
a c-algebra of subsets of 2, and by 4 a non-negative and non-atomic
countably additive measure in A. It will be assumed that u is totally
finite and p(2) > 0. The collection of all p-measurable extended real-
valued functions (i.e. the measure of the set where a funection is +oo
may be positive) will be denoted by M. Funections from M differing only
on a set of measure zero will be identified. If x, ye M, then z <y will
mean that z(w) < y(w) holds almost everywhere on (2. The notation
[du will denote integration with respect to u over the whole set Q. The
characteristic function of the set e will be denoted by ..

For every function # from M the funection

a* (1) = sup {s: 1 < u{weQ: [v(o)] > s}

is defined. 2*(f) is a non-negative, non-increasing, right-continuous funec-
tion on ¢ > 0 such that the y-measure of the set where |z| > h is the same
as the Lebesgue-measure of the set where «* > & for all & > 0. For
t> p{we Q: [z(w)| >0}, 2*(t) = 0.

—_—

(1) The results of this paper were presented 18. 3. 1968 in the Professor W. Orlicz’s
Seminar on modular spaces.
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If |@,] 41 ||, then @ 12™ and moreover, #"(0) = supess |z|.
We define

t
iy = [%-fw*(s)ds for t >0,
0
lw*(()) for t =0
(see [1]).

In this note under the term norm we shall understand a homogene-
ous norm which may assume an infinite value, too (in the situation 0- co
we assume that this symbol is equal to 0). Let ||-|| be a norm on M and
let this norm have the following property: ‘

(x) i & <y*, then |l < |yl

By X we denote the collection of all xe M satisfying |ja|| < co. It
is evident that every function from X is almost everywhere finite-valued.
Hence X is a linear space with respect to addition and multiplication
by real numbers,

If X is complete, then X is called a symmetric space.

In what follows we shall assume that X is a non-trivial symmefrie
space, i.e. such symmetric space that for some function # from X we have
ui{we Q: [x(w)| >0} > 0. Obviously, then y,¢X and hence the space
L, of bounded funections is included in X (see [2]). Let X, be the collec-
tion of all xeX satisfying

lim [z = 0.
H(e)—0
3.1. TeEOREM. If X # L, then X, is a non-trivial symmetric space.

Proof. We omit the easy proof of the fact that X, is a symmeftric
subspace of X.

Assume now that X # L, and X, = {0}. Then there exists a sequence
(€,) of measurable sets such that limy(e,) = 0 and lixe,ll = a for some
positive number « and each positive integer n. Let e be an arbitrary set
of positive measure. There exists n, such that ,u(éno) < u(e). Then xfno <
and hence a << HX;%H < |lxell. Liet now xe X\ L. For each positive integer
n we have pu(e,) >0, where e, = {we Q: [#(w)| >n}, 80 na < nly,|
< e, )l < - ,

Hence ||#|| = co. This contradicts the fact that xeX.

3.2. LEMMA. Simple functions are dense in X,

Proof. Let y be a non-negative function from X,. Let (v,) be a se-
quence of non-negative simple functions such that v,{ty. 0 <y—v,0
and hence [y —wv,[l{a > 0. Let ¢, = {we Q2: y(0)—v,(0) > Lalyol}, and
e, = 2\ e,. We have

q < ly—ol < ”(y_'vn)chH"l' H(y—vn)xe;,” < Iy —va) Xe.,,“‘*‘am .
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Thus |yxe,!l = (¥ —vn)2e,/l = /2 and hence o < 2lim|yy, || = 0.

If 2 is an arbitrary function from X, then there are two sequences
(uy) and (u,) of non-negative simple functions sueh that w, {2t and
Uy Y@, where 7 = max(x,0), = = max(—x,0). Let u, = u;, —u,.
It holds [w— u.l < {]x*—un 4 o™ —uy || — 0.

Let || = sup{[z(w)y(w)du(w): |yl <1} be a new norm on M.
In [6] it is proved that X’ = {xe M: |z|| < oo} is a Banach space, and
that the norm |-/ is monotone, and || = sup{f[:v(w)y(w)[d,u(m):
lly]l < 1}. X'is called the dual space to X. It will be proved that the norm || - ||’
possesses property (). First we shall prove the following lemma:

3.3. LEMMA. For two arbitrary non-negative simple functions w and v
there exisis a non-negative fumction © such that v° = v* and

fu(w) (w)dp(w) = fu *(t) dt.
Proof. It is known that every non—negaﬂowe simple function «

can be written in the following form w« = Zazxe, where a; > 0 for
t=1,...,%n and €, c e, < ... < &, i=
Let u and v be two arbitrary non-negative simple functions and let

n

m
U = Zaixep v = ZﬁiXap
i=1 i=1
where o; >0 for 4 =1,2,...,n, f; 20for i =1,...,m, ¢, ce, c ...

.ce, and g, € ¢y © ... € Gne
Since p is a non-atomic measure, there exist measurable sets g, < &,
C ... < &, such that u(&) = wu(gy) for ¢« =1,...,m; if wu(e) < u(E),
then e; = éj and if u(g) < pu(e;), then e ce for ¢=1,...,n and
j = 1 m

It is qulte easy to see that 7 = Zﬂﬁ(e possesses the properties in
the thesis of the lemma.

3.4. THEOREM. [zl = sup {[«*(t)y* () dt: [yl < 1).

Proof. Let (u,) and (v,) be two sequences of non-negative simple
funetions such that w, 1 |#|, v, 1 |y], where |ly|| < 1. From 3.3 it follows that
there exists a sequence (7,) of non-negative simple funetions sueh that
T = vp and [, (@) B (0)du(0) = [u;(t)vy(t)dt

We have

[un @i dt = [un()Bulw)du(o) < Jua) < 2|

and hence

fac*(t)y*(t)dt < Jeef]-
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Since it holds the inequality
[l@(@)y(o)ide(o) < [ @©)y* @)

([4], p- 278); the proof is complete.
Obviously from 3.4 it follows that the norm |-|| has property (x)
and consequently, X' is a symmetric space.
3.5. THEOREM. For an arbitrary bounded linear functional & in X,
there exists yeX' such that
= [w(0)y(0)du(o).

Proof. This proof is similar to that given in [5] on pp. 150-151 by
Krasnoselskii and Rutickii.

Let & be a bounded linear funetional in X, and let f be a set function
defined as follows: f(e) = &(yx.). f is additive and absolutely continuous
with respect to the measure u. Let (e,) be a decreasing sequence of sets
such that their intersection is empty. Then limu(e,) = 0 and from
this it follows that limf(e,) = 0. This means that f is countably
additive.

By the Radon-Nikodym theorem, there exists y< M such that

$e) =0) = [y(w)dp(w) = [ ze(@)y(0)dp(w).

Hence for an arbitrary simple function # we have

() = [u(0)y (o) du(w).

Let xeX and let (u,) denote a non-decreasing sequence of non-
negative gimple functions tending to [#]. The following inequalities
hold :

| Ja(@)y(@)du() | < [ o)y (o)seny () duo)
= sup [un(@)y () sgny () du (o)

= sup E(unsgny) < sngH&H flunll <& [l2]] < co.

Therefore y<X'. Since simple functions are dense in X,, the pfoof
is’ complete.

Obviously, if &(2) = [#(0)y(o)du(w), where yeX', then [|&] = |ly|l".

4. From the above and the Hahn-Banach theorem it follows:
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4.1. COROLLARY. If wxeX,, then

lell = sup { [ @()y (@) dp(@): [y <1}.

Moreover, if the norm ||-|| has the Fatou property, i.e. from xpta* it
follows ||z, 4 ||xll, then this formula holds for every x from M.

4.2. COROLLARY. X < L.

Proof. If X = L., nothing is to prove. Therefore, assume that
X £ L. Then X, is non-trivial. Let £ be a non-trivial bounded linear
functional in X,. From 3.5 it follows that there exists yeX’ such that
£(w) = [2(0)y(w)du(w). Since & +# 0, therefore y = 0. This means that X’
is a non-trivial symmetric space. Then L, = X’ and in particular, y,¢X’.
Therefore for each ze¢X we have

[ i(o)du(w) = [ lo(w)] zo(w)dp (o) < o]zl < oo.

4.3. COROLLARY. If u(e) >0, then |xll' = w(e)/lxel.

Proof. First we shall prove that for zeX, from 2™ <y** follows
Izl < lly]| (see [3]). Let » be an arbitrary non-negative simple funection.
% can be written in the following form:

n

W = Zaixw where a; >0 for ¢ =1,...,n

t=1
and ¢, c ¢ < ... < €.
It is evident that

n n
* *® —
U = Ui Ye; = A X0, ucep).
P

i=1

From this we have

noHE) noue)
[a* @yu* () ae =2a,if a* (t)dt gzaif v ()t = [y*(@)u* @)t

The above inequality holds for every simple function. Hence and
from 3.4,

[a* e ar < [y @)= 0 a < lly)llel
for every z¢X’, and since xeX,,
lall = sup { fa(w)2(o)du(w): )’ < 1} <sup{[a* B @) dt: Il <1} <yl

Now we shall prove our formula. If X = L, there is nothing to
prove. Therefore, assume that X £ L. Let e be an arbitrary measurable

6 — Prace matematyczne XII
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set and let its measure be positive. Let u be a non-negative simple function
not equivalent to zero:

n
- '
u=2aixei, where ai>0f0r 1,:1’“.’%

-

and e; c e, © ... < e,
Let w(e,) < u(e), then

tllellz, w** (8) — iz, 22" (1)

8)2(1 min (t, u(e;)) —min (¢, u(e)) Y‘W( er) = 0.

=1 1,_1

Hence

ok
u
> Xe

lullz, ~ wle)’
From the last inequality it follows that
el II il
=S n eu
Let now xe¢X and let (u,) be a non-decreasing sequence of non-nega-
tive simple functions tending to |x|x.. It holds

wle), )
lwnll, < il luall < ™ llzll.

Hence

(
and

u(e)
lizell

HnH = sup {llegelz, : ol <1} <

On the other hand, for # = y, we have

loxell,  wmle)

flael lzell

From 4.3 it follows the theorem given in [1] without proof:

4.4. COROLLARY. X < X, where

Xy = {me M: sup — el flm (o) dp(w) < oo1
wey>o p(e J
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