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The integral representation 
of a bounded linear functional in a symmetric space

1. This note contains the representation theorem of a bounded 
linear functional in a subspace of a symmetric space made of functions 
with absolutely continuous norm. As an easy corollary of this theorem 
we obtain that every symmetric space is included in the space L x of in- 
tegrable functions. The proof of this in a special case, when the domain 
of functions is the interval [ 0 , 1 ], is given in [ 2 ]. Moreover, we compute 
in this note the norm of a characteristic function in the space dual to 
a given symmetric space.

I  am very much indebted to Professor W. Orlicz for his valuable 
suggestions (*)•

2 . In what follows we shall denote by Q a non-empty set, by A  
a or-algebra of subsets of Q, and by ^ a non-negative and non-atomic 
countably additive measure in A. It will be assumed that у is totally 
finite and / i (Q )>  0. The collection of all /«-measurable extended real­
valued functions (i.e. the measure of the set where a function is ±oo 
may be positive) will be denoted by M. Functions from M  differing only 
on a set of measure zero will be identified. I f  x, у e M, then x у  у will 
mean that x((o) ^y(co ) holds almost everywhere on Q. The notation 
/ d/л will denote integration with respect to /л over the whole set Q. The 
characteristic function of the set e will be denoted by %e-

For every function x from M  the function

x*(t) =  sup [s: t <  /л{оо eQ: \x(co)\ >  s}}

is defined. x*(t) is a non-negative, non-increasing, right-continuous func­
tion on t >  0  such that the /«-measure of the set where \x\ > h  is the same 
as the Lebesgue-measure of the set where x* >  h for all h >  0 . For 
t ^  /л{о)€ Q: |ж(со)| >  0 },  x*(t) =  0 .

p) The results of this paper were presented 18. 3. 1968 in the Professor W. Orlicz’s 
seminar on modular spaces.
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I f  \xn\\\x\, tlien Xn\x* and moreover, x* (0) =  sup ess \x\.
We define

for t >  0 , 

for t =  0

(see |1J).
In this note under the term norm we shall understand a homogene­

ous norm which may assume an infinite value, too (in the situation 0  • oo 
we assume that this symbol is equal to 0). Let ||-|| be a norm on M  and 
let this norm have the following property:

(*) i f  x* then \\x\\ <  ||y\\.
By X  we denote the collection of all xe M  satisfying ||ж|| <  oo. It 

is evident that every function from X  is almost everywhere finite-valued. 
Hence X  is a linear space with respect to addition and multiplication 
by real numbers.

I f  X  is complete, then X  is called a symmetric space.
In what follows we shall assume that X  is a non-trivial symmetric 

space, i.e. such symmetric space that for some function x from X  we have 
y{(0 € Q: \x(co)\ >  0} >  0 . Obviously, then and hence the space

of bounded functions is included in X  (see [2]). Let X a be the collec­
tion of all x eX  satisfying

lim Haweli =  0 .
/u(e)-*o

3 .1 . T h e o r e m . I f  X  Ф then X a is a non-trivial symmetric space. 
P roo f. We omit the easy proof of the fact that X a is a symmetric

subspace of X.
Assume now that X  Ф L and X a =  {0}. Then there exists a sequence 

(en) of measurable sets such that Ит/л(еп) =  0  and \\%ij\ ^  a for some 
positive number a and each positive integer n. Let e be an arbitrary set 
of positive measure. There exists n0 such that р(ёПо) <  y(e). Then х*По <  X* 
and hence a <  \\%ёп \\ <  1Ы1- Let now x e X \ L 0O. For each positive integer 
n we have p(en) > 0 , where en =  {me Q: \x{a>)\ >  n}, so na^n\\Xen\\
<  ItaJI <  INI-

Hence |N! =  oo. This contradicts the fact that xeX.
3 .2 . L e m m a . Simple functions are dense in X a,
Proo f. Let у be a non-negative function from X a. Let (vn) be a se­

quence of non-negative simple functions such that vn\ y. 0  < y  —-vn\Q 
and hence \\y — vn\\\a >  0. Let en =  {me Q: y{m) — vn(m) >  \a\\%Q\\}, and 
en — Q\en. We have

«  <  \\y-vn\\ <  \\{y-vn)xen\\+\\(y-vn)Xe'J <  \\(y-vn)Xen\\+al2.

x**(t)
j  x*(s)ds

x*(0)
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Thus \\yxen\\ >  ll(2/-V)ZeJI ^  a 12 and hence a <21im||^eJl =  0 .
I f ж is an arbitrary function from X a, then there are two sequences 

(u i )  and (Un) of non-negative simple functions such that u% f  x+ and 
Un |ж_ , where x+ =  max (ж, 0), ж~ =  max ( — ж, 0 ). Let un =  и£ — ий. 
It  holds \\x— un\\ <  ||ж+ — Un ||+ Цж~ — Un\\ -> 0.

L et ||ж||' =  8 ир{/ж(о))у(со)й/г(о): j|y|| <  1} be a new norm on M. 
In [C] it is proved that X '  — {xe M :  ||ж||' <  oo} is a Banach space, and 
that the norm ||-||' is monotone, and ||ж||' =  sup{J^(ro)y(w )|^(w ): 
\\y || <  1}. X '  is called the dual space to X. It will be proved that the norm || • ||' 
possesses property (*). First we shall prove the following lemma:

3.3. Lemma. For two arbitrary non-negative simple functions и and v 
there exists a non-negative function v such that v* — v* and

J  и (w) v (со) dpt (co) =  j  и* (t) v* (t) dt.

Proo f. It  is known that every non-negative simple function и
П

can be written in the following form и =  ]?щ%ер where cq >  0  for 
i =  1 , ..., n and q  с  e2 cr ... c  en. 1=1

Let и and v be two arbitrary non-negative simple functions and let

n m
u  ~  ai Xej » V —  ^  P i Xoi »

i= 1 г= 1

where щ >  0  for i  =  1 , 2 , ..., n , fo >  0  for i =  1 , ..., m , ex с  e2 c  ... 
• •. <= en and gx a g2 cz ... a gm.

Since pi is a non-atomic measure, there exist measurable sets ёх с  ё2  

c  ... с  ёт such that ptfa) =  pt(gf) for i —  1 , ...,m ; if pt(ei) 
then e* c  ej and if pt(ćj) <  pt(ef), then ёх c= ^ for i =  1, ..., n and 
j  — 1 , ..., m. m

It  is quite easy to see that v =  J^piX^ possesses the properties in 
the thesis of the lemma. г = 1

3.4. Theorem. ||ж||' =  вир{/ж*(<)у*(/)й#: [|y|| <  lj.
Proo f. Let (un) and (vn) be two sequences of non-negative simple 

functions such that un f |ж|, vn f \y |, where ||y|| <  1 . From 3.3 it follows that 
there exists a sequence (vn) of non-negative simple functions such that 
К  =  Vn and f  un(a>)vn(to)dju (со) =  f  ut(t)v*(t)dt.

We have

J u*(t)Vn(t)dt =  f u n((o)vn((D)dp(co) <  \\un\\ <  ||ж||

and hence

/ x* (t)y* (t)dt <  ||ж||.
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Since it holds the inequality

j\x(co)y(oj)\dy(<x>) <  Jx*(t)y* (t)dt

([4], p. 278); the proof is complete.
Obviously from 3.4 it follows that the norm ||*|| has property (*) 

and consequently, X ' is a symmetric space.
3.5. T h e o r e m . For an arbitrary bounded linear functional £ in X a 

there exists yeX ' such that

£(ж) =  j x ( a ) ) y ( c o ) d f j , ( a > ) .

Proo f. This proof is similar to that given in [5] on pp. 150-151 by 
Krasnoselskii and Butickii.

Let £ be a bounded linear functional in X a and let / be a set function 
defined as follows: /(e) =  £(#e). f  is additive and absolutely continuous 
with respect to the measure y. Let (en) be a decreasing sequence of sets 
such that their intersection is empty. Then lim/^(e№) =  0 and from 
this it follows that \imf(en) =  0. This means that / is countably 
additive.

By the Eadon-№kodym theorem, there exists у e M  such that 

HXe) = /(«) = /  y(a>)dy(co) =  J xe(co)y(a))dy{co).
e

Hence for an arbitrary simple function u we have 

£(0 = j  u(co)y ((o)dy(oj) .

Let xeX  and let (un) denote a non-decreasing sequence of non­
negative simple functions tending to \x\. The following inequalities 
hold:

jfx(co)y(co)dy(a)) j \x{o))\y((x))sgny(oj)dy{o))

=  sup \un(co)y (a>)sgn.y((o)dy(a))

=  sup£(%,sgny) <  sup||£|| \\un\\ <  ||£|| ||a?|| <  oo.
П П

Therefore yeX'. Since simple functions are dense in X a, the proof 
is complete.

Obviously, if £(ж) =  fx{w)y(w)dy{a)), where yeX ’, then (|£|| =  ||y||'.

4. From the above and the Hahn-Banach theorem it follows:
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4.1. C o r o l l a r y . I f  x eX a, then

INI =  sup{Ja?(fi>)y(w)<fy*(fi)): I\y\\' < l } .

Moreover, i f  the norm ||-|| has the Fatou property, i.e. from Xn\x* it 
follows ||жи|] f ||ж]|, then this formula holds for every x from M.

4.2. C o r o l l a r y . X  c  L v
Proo f. I f  X  =  Xoo, nothing is to prove. Therefore, assume that 

X  Ф L oq. Then X a is non-trivial. Let £ he a non-trivial bounded linear 
functional in X a. From 3.5 it follows that there exists yeX ' such that 
£(x) =  fx  (со) у (со) dp (со). Since £ ф 0, therefore у Ф 0 . This means that X '  
is a non-trivial symmetric space. Then L <= X '  and in particular, %QeX '. 
Therefore for each x eX  we have

f  \x(ao)\dp(ao) =  j  \x((o)\xn(oo)dp(co) <  Ц®||1Ы Г  <  °°-

4.3. C o r o l l a r y . I f  p (e )> 0 ,  then 1ЫГ = /Ф)/Ы1-
Proo f. First we shall prove that for x eX a from x** < y **  follows 

INI ^ II2/II (see [3])- Let и be an arbitrary non-negative simple function. 
и can be written in the following form:

П
u =  JP o.iXê  where ai >  0  for i  =  1 , ..., n

i = l

and ex cz e2 c  ... c  en.
It  is evident that

П П

u* =  £  aiX*i =  Лг= 1 г= 1

From this we have

n Ąef) n Ąet)
Jx*(t)u*(t)dt =  JjP сц f  x* ( t )d t^^a .i  j  y*(t)dt =* J y*(t)u*{t)dt.

i= 1 0  i=l 0

The above inequality holds for every simple function. Hence and 
from 3.4,

j  x*(t)z*(t)dt <  J y*(t)z*(t)dt <  ||у|||И1' 

for every zeX ’, and since x eX a,

INI = sup {fx(co)z(oo)dp(co): \\z\\' < l j  < sup {JV^/)z * {t)dt: ||г||' < l j  < ||y||.

Now we shall prove our formula. I f  X  =  L^, there is nothing to 
prove. Therefore, assume that X  Ф L^. Let e be an arbitrary measurable

6 —■ Prace matematyczne XII
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set and let its measure be positive. Let и be a non-negative simple function 
not equivalent to zero:

и — Tj wllere ai >  0 for i =  1, •••, n
г= 1

and ey c  e2 <= ... <= en.
Let ft(en) <  then

fi(e) ^  a,min(«,«(«,)) — liiiiijf, /ф)) V ицЦе,) > 0.
г=1

Hence
и__>  /в

\M\l x p { e )

From the last inequality it follows that

/Ф) „ и
IM k <

\\Xe

Let now x eX  and let (un) be a non-decreasing sequence of non-nega­
tive simple functions tending to \x\xe- It holds

K lk  < y~ IK I! < j^ rN -
\\Xe\\ \\Xe\\

Hence

t a l k  <
1Ы 1

and

M f)
\\Xe\\

llXeW =  s u p d ta lk -*  N !  <  1 } <

On the other hand, for x =  %e we have

t a l k  =  p{e)
' ■ in  ы Г

From 4.3 it follows the theorem given in [1] without proof: 

4.4. Co r o l l a r y . X  a X Ml where

X M =  lx€ M : sup Г |£c(oj)|г7̂ (
l //(e)>0 /л(е) J

(o) <  o o l.



Integral representation of a bounded linear functional 265

R eferen ces

[1] A. P. Calderon, Spaces between L 1 and L °° and the theorem of Marcinkie­
wicz, Studia Math. 26 (1966), pp. 273-299.

[2] E. M. Семенов, Теоремы вложения для банаховых пространств изме­
римых функций, ДАН СССР 156 (6) (1964).

[3] — Интерполяция линейных операторов в симметричных пространствах, 
ДАН СССР 164 (4) (1965).

[4] G-. Н. H ardy, J. Е. L i t t le  wo od and G-. P ó ły  a, Inequalities, Cambridge
1934.

[5] M. А. К р асн оселск и й  и Я. Б. Рутицкий, Выпуклые функции и про­
странства Орлича, Москва 1958.

[6] W. A. J. Lu xem b u rg  and А. С. Zaanen, Notes on Banach function 
spaces, I V ,  Indag. Math. 25 (3) (1963), pp. 251-263.

INSTITUTE OF MATHEMATICS OF THE POLISH ACADEMY OF SCIENCES 
INSTYTUT MATEMATYCZNY POLSKIEJ AKADEMII NAUK


