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On a compact border in closed m-arrangement

It was shown in an earlier paper [2] that if a space X and geometry &
form a closed m-arrangement, then Bd X need be neither compact nor
connected. A simple modification of the counterexample given in [2]
shows that Bd X might even be connected and still fail to be compact.
The purpose of the present paper is to prove

THEOREM 1. If X and G form a closed m-arrangement such that Bd X
18 compact, then BAd X is homeomorphic to dC(8S), where C(8) is any m-
simplex contained in IntX.

Proof. Let 8 = {®,...,2n} be a linearly independent subset of
IntX. Then C(8) <« IntX by [1], 4.10. Choose y,eIntC(S) and define
j:dC(8) - BdX as follows: If wyef, where f is a 1-flat, and xef— {w,},
let ray (w,, #) be w, together with the component of f— {w,} which con-
tains x. Then if zedC(S), ray(y,, #) ~ BAX consists of a single point z.
Set j(#) = 2. j is easily seen to be 1-1 and onto. We now show that j | F*C(8)
is a homeomorphism.

If X and G form an m-arrangement, then any component of X—f,
where f is any m— 1-flat of X will be called a half-space of X. We set

= {A| A is a half-space of X}. From [4] we have the following results:

LeMMA 1. a) If X and G form an open m-arrangement, then # forms
a subbasis for the topology on X.

b) Let S = {xy, ..., Tm} be a linearly independent subset of X, where X
and G form an open m-armngement. Set 8; = S— {@;} and let A; be the
component of X — fm_ 8;) which contains a:l Then ClA; = A; O fr_1(8;);

moreover, IntC(8) = ﬂA and C(8) = ﬂ Cl4,.

What follows refers to the situation of Theorem 1.
LevMMA 2. If wyeg, an (m—1)-flat and ye A, a component of X —y,
then ray (wy, y)— {wo} < A.

Proof. If Lemma 2 were not true, then ray(w,, ¥)— {w,}, a compo-
nent of f,(w,, y)— {w,}, would be disconnected by g, and hence f,(w,, y)



228 M. C. Gemignani

would necessarily intersect g in some point other than w,, which would
imply fy(w,,¥) = g, a contradiction.

LEMMA 3. Let f be any (m—1)-flat which contains y,. By [1], 4.12,
f disconnects X into open, convex, non-empty components A and B. Then
FrA = FrB = f; consequently, ClA = A o f and ClB =B U f.

Proof. Since A is open and 4 v fis closed, Fr4 < f. Suppose xef—
—FrA. Then some neighborhood V of # lies entirely in 4 o f; assume
VecAdof Now V ~fc BdX. For suppose h is some 1-flat such that
h & f,but b ~ (V ~ f) = {v} and v is a cut point of . Then h = (h ~
~{(V o A)) v (b ~ B), hence &L is not connected, a contradiction.

Consider ay,. @y, can be totally ordered in accordance with chapter
II, [1}; we may assume & << ¥, If zexy, ~ IntX, then 2y, = Int X since
Int X is convex. Let D = {zewyy|zeInt X}; then if ueD, {z::v?/olu <z
<%, = D. By 2.28 of [1], D has a greatest lower bound p. If peInt X,
then ay, = (xp—{p}) v pyo) is not conneoted for r ap— {p} is open in
the order topology, and py, is open sinece pyo = wyo ~ Int X and IntX
is open. Since ay, is conneeted, p¢IntX. Suppose then that p<Bd X,
but p # 2. Then there is wdntfl(w,yo ~ BdX, which by the results
of [2] implies f (%, y,) = BdX, hence y,¢Bd X, a contradiction. There-
fore p = @, but this implies that {x} is an open and closed subset of the
connected space axy, again a contradiction. Therefore f—Frd = @,
hence f = FrA. Similarly, f = FrB.

Lemmas 2 and 3 give

COROLLARY. If wyeg, an (m—1)-flat which disconnects X, and yeA,
a component of X —g, then ray(wy, y)— {w,} < A.

If y e X, the set 5, of y-half-spaces of X is defined by o, = {A e # 1A
is determined by some (m— 1)-flat which contains y}.

LeMMA 4. Since S is a subbasis for Int X (Lemma 1 together with
4.10.1 of [1]), # | F°C(8S) = {A ~ FOC(8)| Ae #} is a subbasis for F°O(8).
Hy, | FOC(8) is also a subbasis for F°O(8).

Proof. Lemma 4 follows at once from the following observations:
If ¢ is any (m—1)-flat such that F°C(8) ~ ¢ 7&@ then ¢ ~ fn_1(S))
is an (m—2)-flat h. Then fo._,(h v {Yo}) A fru1(8) = g ~ fu_1(8)-

LEMMA 5. Let S; =8— {2y, 2}, j=1,...,m, and consider the
(m—1)-flats fum_1(Ses v {Mo}), 3 =1,..., m. Hach of these flats discon-
nects X into two non-empty, convexr components (cf. Lemma 3). The
component of X —fm_1(So v {yo}) which contains x; will be denoted

by Ay. By Lemma 3, ClAdy = Ay © fm_1(Sy v {yo}). Then (Cl4y =
= {weray (¥, 7) |0 FOC(S)). =
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Proof. Lemma 5 is true for m = 1. Assume it is true for all & such
that 1 <k <m—1. It is clear from the corollary to Lemma 3 that

m
{weray (y,, ) lwe F°O(8)} = () Cl4,. Since f(8,) disconnects X (for
=1 m
IC(8) = f(8,), hence f(8,) ~IntX # @), f(S,) disconnects ClA;
=1

J
into two convex components; for each ClA4; is also convex by the same

argument as was used in [4], proposition 9, ¢). One of these components

is C({yy, @1y -y Xw})—F°C(8). If we(YClAy;, and if ray(y,, w) ~ F°C(S)
=1

= (J, then either ray(y,, w) lies entirely in IntC(S), contradicting [1],
3.24.1, or ray (Yo, w) < fi_1(Se; v {¥o}) for some j, in which case by the

induction hypothesis, ray(y,, w) ~ dF°C(8) == @. Therefore ﬂ Cldy; <
< {weray(y,, x) | xeF°C(8)} and Lemma 5 is proved. =1

Proof of Theorem 1 concluded: Lemma 5 shows that the image of
JIEC(8) is a closed subset of BdX. Since X is T',, this image is compact.
But we also have from the above lemmas, particularly 3, 4 and 5 that
j1F°C(8) is open, hence is a homeomorphism. Similarly, j|F'C(S) is

m

a homeomorphism for ¢ =1, ..., m. Since dC(8) = {J F'C(S) and each
i=0
face of C(8) is closed, j: dO(8) - BdX is a homeomorphism onto.
COROLLARY. If X is a second couniable space such that X and G form
a closed m-arrangement, then BA X is homeomorphic to the m-sphere if and
only if BdX 4s compact.

Proof. Theorem 1, [3].
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