
ROCZNIKI POLSKIEGO TOWARZYSTWA MATEMATYCZNEGO 
Seria I: PRACE MATEMATYCZNE XII (1969) 

ANNALES SOCIETATIS MATHEMATICAE POLONAE 
Series I: COMMENTATIONES MATHEMATICAE XII (1969)

K. S k ó r n i e  (Katowice)

Irregularities of distribution

1. I f  f  and g are distributions defined in the one-dimensional interval 
(-o o , -foo), then we write f ~ g  to mean that f —g is a smooth func­
tion, i.e., f — g €(7 °°.

It  is easy to verify that ^  is an equivalence relation.
We denote by / the class of distributions equivalent to /. This class 

is called the irregularity of the distribution /.
The irregularities preserve only some of the properties of distri­

butions, for example the order, but do not preserve others, for example 
the growth.

We can differentiate and integrate irregularities. It  is interesting 
that, if we define the integration of irregularities as an inverse operation 
to differentiation, then this integration is determined uniquely, contrary 
to the usual case.

It  is also possible to define integration of non-integral order, and, 
as we shall see in the sequel, in two different ways.

T h e o r e m  1. Given any positive continuous function y , and any distri­
bution f  of order h, there is a smooth function со and distribution g such that 
f  =  g-foo, where G^ — g and \G\ <  у in ( — oo, -foo).

It  is easy to verify that Theorem 1 follows from
L e m m a  1. Given any positive continuous function y , and any contin­

uous function f, there is a smooth function со and a continuous function g 
such that f  =  g -f ш and \g\ <  у in ( — oo, -foo).

P ro o f  of Lemma. We divide the interval ( — oo, -foo) into a sequence 
of non-overlapping intervals [an, bn] such that the variation of/in [an, bn\ 
is less than the maximum of у in this interval. Let an be a monotonie 
smooth function such that an(x) = f ( a n) for x <  an and an(x) — f(bn) 
for x f- Then the function oo (ж) equal to oa(»t) m for all vt,
has the needed properties.

Lemma 1  follows also from a lemma of Whitney (see [5], p. 79, 
Lemma 6 ).
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Remark. Theorem 1  says that in the class of equivalent distribu­
tions there exist distributions which are in a sense sufficiently small. 

We define addition and scalar multiplication in the usual manner:

and it is clear that the irregularities form a linear space over the field 
of real numbers. We put (/)' =

We denote by SF* (a > 0 ), the class of all functions which vanish 
identically for x <  0, are smooth for x >  0, equal to Г~г(a)xa~1 in a right 
neighbourhood of the point x — 0 , and vanish identically outside a right 
neighbourhood of the point x =  0. (These neighbourhoods need not to 
be the same for different functions.)

Now, let / be a distribution in ( —oo, +oo) and <p an integrable func­
tion vanishing for \x\ >  x0 >  0. Let {a, b) be any given bounded interval. 
Then there exist an index к >  0 and a continuous function F  in I  — (a ~ x a, 
b +  xQ) such that F^k) =  f  in I. We put

the derivative being understood in the distributional sense. The consistency 
of this definition is easy to verify. I f we take a subinterval (e, d) of {a, b), 
then in the respective construction for (c, d) к and F  may be taken the 
same as for (a, b). Thus, the convolution cp*f defined on (c, d) coincides 
in (c, d) with the distribution 9 o*f defined on the whole interval (a,b ). Now, 
if we have two overlapping intervals (a , b) and (e, d), say a <  c <  b <  d1 
and if we define 9 9 */ on each of them, then both convolutions coincide 
in the common part of the intervals, i.e. in (c, d). Now, if we define the 
convolutions <p*f on all bounded intervals, they will coincide in common 
parts of overlapping intervals. Thus, after a known theorem of Schwartz, 
there is a unique distribution in ( — 0 0 , + 0 0 ) which coincides with the 
convolution 9 9 */ defined in any bounded interval. This distribution will 
be considered as convolution 9 9 */ in ( — 0 0 , + 0 0 ). (Compare the defi­
nition of a convolution in [2 ].)

The convolution has the following properties:
1 ° I f  f  and g are distributions in ( — 0 0 , + 0 0 ), 9 9 and щ are integrable 

functions with bounded support, then

f + g = f + 9 ,  W  =  2.f,

(9 9 ^ ) * /  =

p*{g±f )  =<p*9± <P*f, 

(<p*ff> =  cp*fK
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2° I f  cp is an integrable function with bounded support and F  is a contin­
uous (smooth) function, then the convolution cp * F  is a continuous (smooth) 
function (compare [2 ]).

Now, we introduce the definition of the operation Г:

(I) laf  =  ^ f  (cpelT).

laf  does not depend on the choice of / from f  and cp from SFa. In fact,

if <Pi, <P2^ a, then срх*Ъ~<Р 2* и  since <pl* f i-<p2* f2 =  99 i*(/i - / 2) +
+  (<Pi — <P2)* f2 and <px*{fx—f 2)eCco by 2 ° and ( f l ~(p2)* f2 ĈI00, in view 
of the Theorem 16.3, v. [3].

L e m m a  2. For every positive integer к and positive real a, (laf f k) 
— iaf ( kK

Proof .  Let F f k)e F f k) and {laf f h ( F f f l  Because («“/)<*> -  (<p*f){k) 
=  cp*f(k) =  F f {k\ therefore laf k) ~  (F f f\

T h e o r e m  2. For any positive real numbers a and fi, Vх( f f )  =  laJrPf. 
Proof .  1° First, we consider the case when / is a class of distri­

butions equivalent to a continuous function. Let <p e К*1, y> a and 
cp(x) =  Г~1(а)ха~1, гр(х) =  F~1(fi)af~1 for 0  <  x <  xQ. Then h=<p*ip

+ oo
=  j  ip(x—f)cp(t)dt belongs to SFa+p. In fact, if x <  0, then h(x) =  0.

— CO
I f x >  0 , then h(x)eC°° and in a right neighbourhood of zero h(x) is of 
the form Г~1(а-\- fi)xa+p~l, since for 0 <  x <  a?0, we have

X

h(x) =  f  f - ^ x - t f - ' d t  =  r - ' i a - f ( i ) x a+p- \
о

Furthermore, h vanishes identically outside a right neighbourhood 
of zero since cp and гр have that property.

Now, if / is a continuous function, cp eIF'2, xp ejS?'5, we have la( f f )  
=  9 )*(y>*f) =  (<p*,tp)*f =  h *f  =  F+tif, where Ье^°+Р. Thus F+fSf =  F (lpf).

2° Now, let f  be an equivalence class of an arbitrary distribution /. 
For every bounded interval (a, b) there exist an index к >  0  and a con­
tinuous function F  in ( — oo, +oo) such that f  in (a, b). Applying
Lemma 2  and the case of the Theorem just proved, we get

F ( F F ^ )  =  F ( f F f y =  [ F i f F ^ ^ i f ^ F f )  =  F+pF^k).

Since F(lpF& ) =  F ( f f )  in (a, b) and F+pF^k) =  F+Pf  in (a, b), we 
get F+pf - F ( f f ) € C 00 in (a, b).

I f  we take a subinterval (c, d) of (a, b), i.e. if and

cox in (a, b),

co2 in (c, d),
F+8f — F(Ff )
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then со у — ci>2 in (с, d). Now, if we have two overlapping intervals {a, b) 
and (c , d), say a <  c <  b <  d, and if

cox in (a, b),

co2 in (c , d),

then coy — co2 in (c, d). Thus the difference la+̂ f— T ( f f )  is a smooth 
function in every bounded interval. We shall prove that

r +7 -  F(Ff )

со ^  la+̂ f— la(l^f)e{7°° in ( - 0 0 , + 0 0 ).

Suppose the contrary. Then there are a point ж0  and an integer ft >  0 
such that is not continuous at x(). Thus, for each bounded interval 
(a, b) containing oc0, we have co^O0 0 in (a,b ), a contradiction.

Thoekem 3. For every class f  and every positive integer m

( 1 ) (lmf )n = f ,

(2 ) lmf m) =  /.

P ro o f  of (1). a) First, we consider the case of the class / of distri­
butions equivalent to a continuous function.

Let m — 1, 9 9 e «5?1, and let / be an element of/. By Lemma I f  =  w +  </, 
where coe(7°° and g is an integrable function satisfying \g\ <  e~x .

Since <p =H -\r a)y1 where И  is the Heaviside function and aqeO00, 
we get Iхf  =  (H +  coy)*f. Evidently lxf ~ l xg and ( F f Y ^ i F g Y -  Using 
the properties of convolution we get *

(il gY =  № + a > x) * gy

— {H-\-o)xy*g  =  {d +  m'y)*g =  d*g-\-o)x*g =  g+oj [ *g .

From o/ytgtC00 (see [1] and property 1°), it follows that the differ­
ence {lxf Y ~ g  is a function of the class G°°. Therefore {IхfY

To get the general result (for m >  1) we apply the induction on m.
b) Now, we consider the case when j  is the class generated by an 

arbitrary distribution /. For every bounded interval (a, b) there exist 
an index f t > 0  and a continuous function F  defined in ( — 0 0 , +  0 0 ) 
such that F (k) =  f  in (a, b). Using the result of the first part of the proof 
we get (r# )< m) -  F. Because of (lmF {k)f m) =  [ (Г Е ) (м)]<А), [(lm F f m)] (k) 
~ F (k), and (lmF {k)f m) =  (lmfYm) in {a, b) we have (r f f m)- fe C ° °  in 
(a, b). Thus, in a bounded interval, the difference belongs
to <7°°. Hence (r f Y m)~feC°° in ( - 0 0 , -foo) and

The proof of (2) is similar.
Remark. Theorem 3 implies that the operation Iх is the converse 

of differentiation. This operation is defined uniquely on the irregularities.



Irregularities of distributions 215

However, this is not surprising, because the difference of two primitive 
distributions is a constant, i.e. a smooth function.

We introduce the definition:
For every real number a and every irregularity f  we put 

(I I ) F f  =  (la+mf f m),

where m is a positive integer such that a +  m > 0 .
If, in particular, a =  0, then from (II) we get l°f  =  /.
This definition is consistent, i.e. the right side of (I I ) does not depend 

on the choice of the number m, viz., for any positive integers m and m, 
we have (ia+mf f m) — (Г+т/)(т). Indeed, let m >  m. In view of Theorems 2 
and 3 we have

fja + m  _ i-j m - m  ^ja + m J ^ m)   ^ m -m

Note that the definitions (I) and (I I ) are compatible, if a >  0. In
fact,

F f  =  (F +mf ) =  [Г(Г/)1(Ж) =  (̂а)/.

T h e o r e m  4. F o r  every class f  and any real numbers a, (3, la+pf  =  F( f f ) .  
Proof.  In view of Definition (II), Theorem 2 and of Lemma 1, we 

have, for a-\-n>  0  and /3 +  m >  0  (m,w — positive integers),

F (Ff) — (^+mJ)](w+w)
_  ya+p+m+n^ __ fa+Pj

T h e o r e m  5. For every class f  and every positive integer m, l mf  =  
Proof .  Let fc be a positive integer such that k — m >  0. Then, by 

Definition (II), l~mf  =  (lk~mf ) ( k\ I t  к =  m-\-n, then in view of Theorem 3, 
we have l~mf =  (F f ) {m+n) =  [(f/ )W ](m) =  f (m).

We denote by Z  the set of all irregularities f  such that feZ.

T h e o r e m  6. I f  f e C ( C — the class of continuous functions) and a >  0, 

then FfeC.
Proof .  For the ease а =  0  of the Theorem, see the Definition (II). 

In the case а >  0  it suffices to prove that for any function feC we have 
FfeC. Since F f  =  <p*f, where (peJF1, feC, we get FfeC by the property 2 ° 
of the convolution. Thus FfeC.

The following classical theorem, due to Young, plays in the Theo­
rems 7 and 8  an important role:

I f  f e L v, geLa and —
r

(see [4]).

1 1  ' r
— I----- 1 > 0  (1 < p, q <  °o), then f * g e L
ą p

3 — Prace matematyczne XII
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Theorem 7. I f  f e L  (L  — the class of integrable functions) and a >  0, 
then IйfeL.

Proof.  For the case a — 0 of Theorem, see the Definition (II). In 
the case a >  0, it suffices to prove that for any function f e L  also Г feL.  
Since Г/ =  (p*f, where 9oe f e L , we see that <p and / satisfy the hypo­
theses of the Young theorem (p =  q =  1). Thus, Г feL.

Theorem 8. I f  f e L 2 ( L 2 — the class of 2-integrable functions) and 
a >  0, then T~feL2.

Proof. For the case a =  0 of Theorem, see the Definition (II). The 
proof in the case a >  0 follows from Young’s theorem for p =  2 , q — 1 .

2. We denote by (a >  0 ) the class of all functions which vanish 
identically for x >  0 , are smooth for x <  0 , equal to F ~ 1(a ) ( — x)a~l in 
a left neighbourhood of the point x =  0 , and vanish identically outside 
a left neighbourhood of the point x =  0 . (These neighbourhood need 
not to be the same for different functions.)

We formulate the definition of the operation laf  and the Theorems 
2'-8 ' and Lemma 1' in a way quite analogous to that used in the first 
Section.

Theorem 9. For every class f  and every integer a,

(3) laf  =  l l

Proo f .  For the case a =  0 of the Theorem, see Theorems 6  and 6 '. 
In the case when a is a negative integer the Theorem is satisfied, by 
Theorems 5 and 5'.

Let a =  m {m — a positive integer) and let lmf  — G, lmf  =  F. In view 
of Theorems 3 and 3' we get {lmf ) {m) — F (m) =  / and (lmf ) (m) =  &{т) — /• 
Thus F (w) =  6 r(w). This means that F  =  GĄ- P, where P  is a polynomial 
of degree less than m.

Ее mark. In case when a is a fraction (not integer) the equality 
(3) need not to be satisfied, since it is possible that laf — laf4C°°.

E x a m p l e . Let

/(#) =
(Vx) 1 

— (V — x)~X

for x >  0 , 

for x <  0 .

We shall show that the difference laf —laf  (a =  £) is not continuous 
at the point x — 0 .

Let x >  0  and suppose ip is an element of such that

[ ^ ( l ) ] - 1 for - ( $ < < <  0 , 

for t <  —
1f(t) =

0
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Then
+ co ж+<5 ж+<0

laf  =  J ip(x—t)f(t)dt — j  F ( x , t ) d t +  j  ip(x—t)(Vt)~1dt,
-a oo £C £C-fd

where F ( x , t )  =  [V/— /тс]-1. Since
Ж-|-<5 Й

J F(x , t )d t  =  J [Vtz Vz (z -\- x ) ]~1dz >  (/тс)_ 1 1 п | (<5 +  x)x~l\
X о

and
X+t0 —- Ó —(5
f у (х — t)(Vt)~1dt =  f у>(г)(Уж — <  Г ^(^)(>/ — z)~1dz= <P(d,t0),

х+в - t Q -t0

we conclude that laf  tends to -f oo as x -> 0+.
+ 0O

Similarly, let <ре&а. Then laf  =  J cp{x—t ) f { t )dt^>—<x>, as ж -> 0 +.
— OO

Therefore, if x -> 0+, then laf —laf  tends to +oo.
Similarly if x <  0, then laf —laf  tends to + ° °  when ж ^ 0 _.
We introduce the definition:
Let Z  denote one of the classes C, L  or L 2. The right-order of the 

distribution f  with respect to Z  is the infimum of the set of a for which 
lafeZ.  Similarly, the left-order of the distribution f  with respect to Z  
is the infimum of the set of a for which iJeZ.

These orders we denote by E f  and E*f ,  respectively.
From this definition and Theorem 8  we get \Bf— R*f\ <  1 .

3. Note that from Theorem 1 it follows in particular that when 
defining the Fourier Transform for distributions, it is suficient to take 
in to account smooth functions only. Then the definition for an arbitrary 
distribution follows almost automatically.
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