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Irregularities of distribution

1. If f and g are distributions defined in the one-dimensional interval
(—o0, 4+o0), then we write f ~ g to mean that f—g¢g is a smooth funec-
tion, i.e., f—geC™.

It is easy to verify that ~ is an equivalence relation.

We denote by fthe class of distributions equivalent to f. This class
is called the drregularity of the distribution f.

The irregularities preserve only some of the properties of distri-
butions, for example the order, but do not preserve others, for example
the growth.

We can differentiate and integrate irregularities. It is interesting
that, if we define the integration of irregularities as an inverse operation
to differentiation, then this integration is determined uniquely, contrary
to the usual case.

It is also possible to define integration of non-integral order, and,
as we shall see in the sequel, in two different ways.

THEOREM 1. Given any positive continuous function y, and any distri-
bution f of order k, there is a smooth function o and distribution g such that
f=g+o, where @ =g and |G| <y in (—oo, +oo).

It is easy to verify that Theorem 1 follows from

LEMMA 1. Given any positive continuous function p, and any contin-
uous function f, there is a smooth function w and a continuous function g
such that f = g+ w and |g| <y in (—oo, +oo).

Proof of Lemma. We divide the interval (— oo, 4 o0) into a sequence
of non-overlapping intervals [a,, b,] such that the variation of f in [a,, b,]
is less than the maximum of vy in this interval. Let o, be a monotonic
smooth function such that o,(x) = f(a,) for x <a, and o,(z) = f(b,)
for > b,. Then the function w(z) equal to o,(z) in [a., b,] for all =,
has the needed properties.

Lemma 1 follows also from a lemma of Whitney (see [5], p. 79,
Lemma 6).
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Remark. Theorem 1 says that in the class of equivalent distribu-
tions there exist distributions which are in a sense sufficiently small.
We define addition and scalar multiplication in the usual manner:

~ ~ — ~ e
fte=7Fr+tyg, if=1f,
and it is clear that the irregularities form a linear space over the field
of real numbers. We put ( f)' = f
We denote by £° (a >0), the class of all functions which vanish
identically for z < 0, are smooth for z > 0, equal to I"'(«)2" " in a right
neighbourhood of the point ¥ = 0, and vanish identically outside a right
neighbourhood of the point # = 0. (These neighbourhoods need not to
be the same for different funections.)
Now, let f be a distribution in (—oo, +oo) and ¢ an integrable funec-
tion vanishing for |z| > x, > 0. Let (a, b) be any given bounded interval.

Then there exist an index £ > 0 and a continuous function ¥ in I = (a— x,,
b+ax,) such that F® —=f in I. We put

Zo

oo f = [ o F@—0a)”, aea,b),

—xg

the derivative being understood in the distributional sense. The consistency
of this definition is easy to verify. If we take a subinterval (¢, d) of (a, b),
then in the respective construction for (¢, d) £ and # may be taken the
same as for (a, b). Thus, the convolution ¢*f defined on (¢, d) coincides
in (¢, d) with the distribution ¢*f defined on the whole interval (a, b). Now,
if we have two overlapping intervals (a, ) and (¢, d), say a < ¢ << b < d,
and if we define g*f on each of them, then both convolutions coincide
in the eommon part of the intervals, i.e. in (¢, d). Now, if we define the
convolutions ¢+*f on all bounded intervals, they will coinecide in common
parts of overlapping intervals. Thus, after a known theorem of Schwartz,
there is a unique distribution in (—oo, +oc) which coincides with the
convolution ¢ *f defined in any bounded interval. This distribution will
be considered as convolution ¢*f in (—oo, 4+o0). (Compare the defi-
nition of a convolution in [2].)

The convolution has the following properties:

1° If f and g are distributions in (—oo, +-o0), p and y are integrable
functions with bounded support, then

(pFw)xf = p*fEy+f,
o* (g f) = p*gF f,
(@) = g fO.
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2° If g is an integrable function with bounded support and F is a contin-
uous (smooth) function, then the convolution ¢*1F is a continuous (smooth)
function (compare [2]).

Now, we introduce the definition of the operation I°:

() Cf =o*f  (pe 2.

If does not depend on the choice of f from f and ¢ from #“. In fact,
it f1, faefy @1, ae L7, then gi*f; ~ @a*fy, since o1*f1—@o*fo = @i* (fi—f) +
+(pr—@a)*fe and @*(fi—f2)eC® by 2° and (¢,—g@y)*f,e0%, in view
of the Theorem 16.3, v. [3].

LEMMA 2. For every positive integer k and positive real «, (1°f)®
— lﬂf(’v‘)

Proof. Let If®c1*f® and (1°f)®e(1*f)®. Because (I°f)® = (pxf)®
= gxf® = 1*f® therefore 1°f® ~ (1°f)®,

THEOREM 2. For any positive real numbers o and f, 1*(I°f) = 1*t7f.

Proof. 1° First, we consider the case when f is a class of distri-
butions equivalent to a continuous function. Let ¢e#*, pe#’ and
@@) = I Ya)a "y, y(@) =I""p)a" " for 0 <@ <z, Then h =g*y

+o00
= (x—t)p(t)dt belongs to #*T# In fact, if & < 0, then h(z) = 0.
Y ¢ g y

If 2 >0, then h(x)eC® and in a right neighbourhood of zero k(x) is of
the form I '(a+ B)a**#~!, since for 0 < x < x, we have

@) = TN () [t Ho— 1) dt = I (a+ fa™+?=".
0

Furthermore, » vanishes identically outside a right neighbourhood
of zero since ¢ and y have that property.

Now, if f is a continuous function, ¢pe2*, e %", we have I°(I’f)

*(p*f) = (p*y)*f = h*f = I""Pf, where he 2**". Thus 1**%f = 1°(I%f).

2° Now, let f be an equivalence class of an arbitrary distribution f.
For every bounded interval (@, b) there exist an index % > 0 and a con-
tinuous funetion ¥ in (—oo, 4o00) such that F* = f in (a, b). Applying
Lemma 2 and the case of the Theorem just proved, we get

la(lap(k)) (lﬂp)(k) [la(lﬁp)](k) (1% ﬁp)(k) o+ Py
Since 1*(PF®) = 1°(If) in (a, b) and 1" F® = 1"**f in (a, b), we
get 1" f_1°(1°f)eC*® in (a,b).
If we take a subinterval (¢, d) of (a, bd), ie. if a <e¢ <d <b, and
in (&, b),

la+l3f___ Za(lﬁf) —

w, in (¢, d),
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then w, = w, in (¢, d). Now, if we have two overlapping intervals (a, b)
and (¢, d), say ¢ <c¢<b<d, and if

) in (a, b

Za+ﬂf__la(lﬂf): 1 . ( ’ )7
w, in (¢, d),

then w, = w, in (¢, d). Thus the difference I°*’f—1°(1’f) is a smooth

function in every bounded interval. We ghall prove that

o =P f—1"(FPf)eC® in (—oo, +o0).

Suppose the contrary. Then there are a point z, and an integer & = 0

such that »® is not continuous at x, Thus, for each bounded interval
(a, b) containing x, we have w¢C*® in (a,b), a contradiction.

THOEREM 3. For every class f and every positive integer m
(1) @n" =1,
(2) i = 1.

Proof of (1). a) First, we consider the case of the class f of distri-
butions equivalent to a continuous funection.

Let m = 1, pe £, and let f be an element off By Lemma 1 f = w4y,
where weC™ and g is an integrable function satisfying |g] < e~ -

Since ¢ = H -+ w,;, where H is the Heaviside function and w,eC%,
we get U'f = (H+ w,)*f. Evidently I*f ~1lg and (I}f)' ~ (I*g)’. Using
the properties of convolution we get ¢

(Itg) = [(H+ o) *g)
= (H+ o)) *g = (0+w))*g = d*g+w,%g = g+ w1%g.

From w;*geC™ (see [1] and property 1°), it follows that the differ-
ence (I'f)’—g is a function of the class 0. Therefore (I*f)’ ~ f.

To get the general result (for m >1) we apply the induction on m.

b) Now, we consider the case when f is the class generated by an
arbitrary distribution f. For every bounded interval (a,b) there exist
an index k >0 and a continuous function F defined in (—oo, +o0)
such that F® = fin (&, b). Using the result of the first part of the proof
we get (I"F)™ = F. Beecause of (I"F®)™ — [@"F)™® [ F)™®
~F® and ("FO™ = @)™ in (a, b) we have (I"f)™—feC™ in
(a,b). Thus, in a bounded interval, the difference (I"f)™—f belongs
to C°. Hence (I"f)™—feC> in (-—oo, +o0) and (I"f)™ ~f.

The proof of (2) is similar. 3

Remark. Theorem 3 implies that the operation I* is the converse
of differentiation. This operation is defined uniquely on the irregularities.
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However, this is not surprising, because the difference of two primitive
distributions is a constant, i.e. a smooth funetion.

We introduce the definition:
For every real number « and every irregularity f we put

) I°f = ™,

where m is a positive integer such that a+m > 0.

If, in particular, a = 0, then from (II) we get l°f f

This definition is consistent, i.e. the right side of (II) does not depend
on the choice of the number m, viz., for any positive integers m and m,

we have (l“+mf)(m) = (I**™f)™, Indeed, let 7 > m. In view of Theorems 2
and 3 we have

(la+'1'n‘f")(in') _ [lm' la+Mf)](m) {[lm la+mf (m—m)}(m) — (la4-mf)(m)-

Note that the definitions (I) and (II) are compatible, if o > 0. In
fact,

If = (") = [ EHI™ = 197,
THEOREM 4. For every class f and any real numbers o, f, 1°7° f~ =1 f).

Proof. In view of Definition (II), Theorem 2 and of Lemma 1, we
have, for a+n >0 and g+4m >0 (m,n — positive integers),

la(lﬁff) —_ la(lﬂ+mf)(m) — [la(lﬂ-{-mf)](m) — [la+n(lﬁ+mj)](n+m)
— (la+ﬁ+m+n}) _ la+ﬂ}-

THEOREM 5. For every class f and every positive integer m, I™™f = f™.

Proof. Let k& be a positive integer such that t—m > 0. Then, by
Definition (IT), I=™f = (I*~™f)®). If k = m -+ n, then in view of Theorem 3,
we have I""f = (I'f )<’"+”> [(I"F M) = Fom,

We denote by 7 the set of all irregularities f such that feZ.

THEOREM 6. If f eC — the class of continuous functions) and o = 0
then l“fe(:‘.

Proof. For the case o = 0 of the Theorem, see the Definition (II).
In the case « > 0 it suffices to prove that for any function feC we have
UfeC. Since I°f = ¢ +f, where p 2", feC, we get I*f<C by the property 2°
of the convolution. Thus l"f <C.

The following classical theorem, due to Young, plays in the Theo-
rems 7 and 8 an important role:

b

1 1 1 -
I fell, gelfand - =-+-—1>0 (1 <p,q < o), then frgel
r q
(see [4]).

3 — Prace matematyczne XII
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THEOREM 7. If ]7 el (L — the class of integrable functions) and a = 0,
then 1'feL.

Proof. For the case « = 0 of Theorem, see the Definition (1I). In
the case a >0, it suffices to prove that for any function fe L also I“fe L.
Since I°f = @*f, where pe¢ £“, feL, we see that ¢ and f satisfy the hypo-
theses of the Young theorem (p = q = 1). Thus, I"feL.

THEOREM 8. If fei2 (L2 — the class of 2-integrable functions) and
a >0, then lafef}z.

Proof. For the case a = 0 of Theorem, see the Definition (1I). The
proof in the case a > 0 follows from Young’s theorem for p = 2, ¢ = 1.

2. We denote by %, (a > 0) the class of all functions which vanish
identically for # > 0, are smooth for z < 0, equal to /""'(a) (—a)"" in
a left neighbourhood of the point z = 0, and vanish identically outside
a left neighbourhood of the point x = 0. (These neighbourhood need
not to be the same for different funetions.)

We formulate the definition of the operation laf and the Theorems
2'-8’ and Lemma 1’ in a way quite analogous to that used in the first
Section.

THEOREM 9. For every class f and every integer a,
(3) Uf =1.f.

Proof. For the case « = 0 of the Theorem, see Theorems 6 and 6’.
In the case when a is a negative integer the Theorem is satisfied, by
Theorems 5 and 5H'.

Let a = m (m — a positive integer) and let lm} = é, lmf = F. In view
of Theorems 3 and 3’ we get (") = F™ = f and (I,f)™ = ¢™ = {.
Thus #™ — @™, This means that F = G-+ P, where P is a polynomial
of degree less than m.

Remark. In case when « is a fraction (not integer) the equality
(3) need not to be satisfied, since it is possible that I°f—1,f ¢C™.

ExAaMPLE. Let
(Va)? for 2 >0,

() = o
T —(V =)' for < 0.

We shall show that the difference I*f—I.f (¢ = }) is not continuous
at the point x = 0.

Let # >0 and suppose y is an element of %, such that
|/ =tr@)t tor —s <t <o,
0 for ¢ < —1,.

p(1)
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Then
+oo 46 T4ty B
Lf= [ w—0f®dt= [ P, na+ [ pe—t(/)a,
“ o0 x 46
where F(z,t) [l/t—wl/tl/rc]“ Since
ZT+0

[ F,tdt = f[l/m/z (z+ o)1 de > (Vr) ' In| (6 + @)Y

and

z+t, _ —8 . -6 -

[ v@—n0/nat= [ w@Va—s)de < [ p@V =2 de=D(d,1),
x4 —1 —t

we conclude that I,f tends to oo as & - 0_.
+00
Similarly, let ge#” ThenlI'f = [ @(x—1)f(t)dt > —oo, as © > 0,.

Therefore, if # — 0., then [,f—1°f tends to —+oo.

Similarly if « < 0, then I,f—1"f tends to +oo when = —0_.

We introduce the definition:

Let Z denote one of the classes ¢, L or L2 The right-order of the
distribution f with respect to Z is the infimum of the set of « for which

l"f Z. Similarly, the left-order of the distribution f with respeet to Z

is the infimum of the set of a for which laf Z.
These orders we denote by Rf and R*f, respectively.
From this definition and Theorem 8 we get |[Rf— R*f| < 1.

3. Note that from Theorem 1 it follows in particular that when
defining the Fourier Transform for distributions, it is suficient to take
in to acecount smooth functions only. Then the definition for an arbitrary
distribution follows almost automatically.
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