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On a property of approaching maps in Euclidean spaces

Let us consider an arbitrary bounded subset G of the real Buecli-
dean space F,. Let us denote by (@) the radius of the smallest closed
n-ball containing G. The function r is defined for each bounded subset
G of E,.

Let f be an approaching map which maps the set @ onto a subset
f(G@) of E,, ie. let f be a map such that for each couple of points 2,¢ G
and z,eG there is

(1) If (22) = F(z)l] < lley— 2l

where |lu— v|| denotes the distance between » and v.

Professor H. Steinhaus raised the problem whether for each finite
subset G of E, and for an arbitrary approaching map f defined on G there
is r(f(@) < r(@)?

A positive answer to this problem in the case of E, is given in [3].

The aim of this paper is a generalization of the result of [3] to arbi-
trary Eueclidean space F,. Namely, we shall prove the following

THEOREM. If f is an approaching map of a compact subset G of E,
onto the subset f(G) of En, then r(f(@) < r(@).

In the proof of the Theorem the following five lemmas will be used.

LemMMA 1. If each system of n+1 points of G = E, is contained in a
closed n-ball with the radius R, then the whole set G is contained in a
closed n-ball with the radius R.

This lemma follows immediately from Helly’s theorem for convex
sets [2].

Denote by S(z;, R), 1 =1,...,k 2 <k <n-+1, a family of closed
n-balls with centers in z; and with the radius K. Let A4 be the smallest
convex set containing z;, ¢ =1,..., k.

LEMMA 2. If a family of n-balls S(z;, RB) satisfies the condition

[ 8(z;, R) + O, then there exists at least one point of A belonging to each
1=1
ball of this family.
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Proof. Let ae() 8(z:;, R). There exists a (unique) point 2" A such
i=1

that (see [1], Chapter V, §1, Theorem 1)

la—z%| = inflla—z| and (a—2*,2—2") <0
2zed

for each ze A, where (a—z*, z—2") denotes the sealar product of vectors
a—2" and z—¢". In particular, (a—2%,2,—2") <0 for i =1,..., k.
Hence,

lei— 21t < lla—2"E—2(a—2", 25— 2") + s — 2" = Jei—al? < B2,

1=1

k
which means that 2*¢() 8(z;, R).

LeEMMA 3. If an approaching map f maps points z;eE, into points
g =fz), 1 =1,...,k 2<k<n+1, and if the condition

k
(2) QS(zi,R) #0

holds, then there exists a positive real number R < B such that
k

Sz, B') # O.
i=1

Proof. Since f is an approaching map then, as was shown in [4],
the condition (2) implies that the set

k
(3) n 8(zi, B)

is not empty. Thus the lemma will be proved if we show that the set (3)
contains more than one point.
Suppose, on the contrary, that set (3) consists of only one point 2,
k

Let 2z, be an arbitrary point of () 8(z;, B). The existence of z, follows
i=1

from (2).
Let u; = 2;— 2y, u; = 2;—2, for ¢ = 1,..., k. From the definition
of z, and from (2) we get

(4) fludl < R.
By the assumption, the set (3) is a one-point set, hence there exist

at least two vectors in the family {w;,..., u;} of vectors such that the
equality

(5) Juil] = R
holds.
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Let I, 2 <1<k, denote the number of such vectors in {u;, ..., u}
for which the condition (5) holds. Without loss of generality we may assume
that these vectors are ui, ..., u;. Then, by (4) and (5), we have

(6) el < Il for & =1,...,1

Moreover, from (1) we get |ju;— ujl| < [lu;—wl| for i,j =1,..., %
i# j. Hence, by (6),

(7 (uiy uj) < (wiyus) for i,j =1,...,1, i .
Since 2, is the only point in the set (3), and since z, is an interior point

of the set ﬂ S(z;, R) for 1 <k, then ﬂS 2, B) = {2}

T=l+1
In the c;;se !l = k the last equality holds, by the contrary assum-
ption, too.
Let A be the smallest convex set containing the points z, ..., 2.
By Lemma 2, zyeA.
By the deﬁmtlon of A4, there exist real numbers a;,t =1,...,1,
such that a; > 0 and Za, = 0 and such that Zalut = 0.

i=1

Multiplying the 1nequauhb1es (7) by a;a;, respectively, and then sum-
marizing, we get

(Z agu;, ya,u,) (2 @i, Zaju}) =

=1 i=1 7=1
a contradiction.
From Lemma 3 we get immediately
LEMMA 4. If 8 = {21, ..., %}, 2 <k <n+1 is a subset of E, and f
is an approaching map defined on S, then r(f(8)) < r(8).
Let G"*! denote the Cartesian product of n--1 copies of G.

n41

It 3= (21500 #nya)e G"*', then r(3) means T(U {z’})
i=1

LemMMA 5. If G is a compact subset of B, then there exists 3¢G™*" such
that r(G) = r(3).

Proof. By Lemma 1, 7(G) = sup{r(3): 3¢ @"*'}. By the definition
of the supremum and by the compactnes of @', there exists an infinite
sequence 3¢ G"*!, such that

(8) T(ﬁk) - T(G) and 3 —>3€ QL.

We shall show that »(3) = r(G).
Suppose, on the contrary, that r(3) < r(G). Let & be a positive number
such that

(9) e < r(@)—7(3).
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By (8), there exists k, such that r(3x,) >#(G)—e/2 and such that
7 (3k,) <7(3)+¢/2. Hence r(G)—e/2 <7(3) <7(3)+¢/2. Thus, we get
r(G)—r(3) < ¢ contrary to (9).

Proof of the Theorem. Since G is compaet and f is, by (1), contin-
uous on @, the set [f(G)]""' is compact. Henee, by Lemma 5, there exists
3 e[f(@T"H! such that #(f(@)) =r(3'). Let 3’ = (g1, ..., ¢ny1) and let
¢ic@, i =1,...,n+1, be such that ¢; = f(g:). Then, by Lemma 4, we get

n4-1 n4l

(7€) = (U ) < (U ta) < r(@.

Thus, the Theorem is proved.

Note that the Theorem remains true in case when G and f(@) lie in
arbitrary real vector finite dimensional spaces. The proof remaing the same.
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