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Fourier series and structural properties of functions

1. Imtroduction. The letter  will stand for a non-decreasing function
defined for A >0, such that

1
limw(k) =0 and liminf nw(—) > 0.

h—o N—>00 n

For a real measurable function f on the interval I = {0,1) which
is periodic (with period 1), we write

1

o®(f, h) = sup (f [f(t—{—s)—f(t)]”dt)l/p, where 1 < p < oo.

o<s<h g

Let L,(I) denote the space of all real measurable functions f for
which [f|” (1 < p < oo) is integrable on I and let

Il = ( [ 1F@rae)™.
0

Let HZ be the set of all functions f in L,(I) such that
o’ (fy h) = O(w(h)) if h —>0.

If (k) = A" (0 < a < 1) instead of H’, we use the notation Lip («, p).

M~ will denote the set of all non-increasing sequences u = {tn}no1,...
of positive numbers such that limy, = 0. If yeIN~, A, will denote the
set of all sequences of real numbers A = {A,}n_1,, ... for which

o]

2 ﬂlnun_}mq_l( < oo.

N=1

In the sequel we shall use the following result (¢f. [6], Theorems
2 and 7):
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THEOREM A. Let 2., x,, ... be a sequence of elements of a Banach space X .

If peM™ and ||wp 1+ Zu ot .. || = O(un), then for each A in A, the series
Zlnxn is convergent in X and for m = 1,2, ..., we have
- Bpor+ gt | .
“ Z Any|| < SUpP I m e (Mm_l [Am| + 2 l/‘nlivn_ln+1‘)-
In=m 0.1 Mn n=m

Conversely, if the series Y} A, w,, is convergent in X for every Ain A, (e M),
then |1+ st ..l = O(un).

The purpose of thise note is to present some applications which deal
with the relation between the Fourier coefficients of a function f in L,(I)
and its structural properties.

The author wishes to express his thanks to Dr. Julian Musielak for
his kind criticism during the preparation of this paper.

2. Remarks on Cesaro summable series. For a series ) «, in a Banach
space X we write

1
Sp =%+ .. F @y, O :%(sl—%...—i—sn), n=1,2,...

LEMMA 1. If pe and ||[v—s,/| = O(w,), then

lo— ) = 0(“—“‘+"'+“”).
n

If, moreover,

1
(1) %(#1-1—----4-%) = O(un),
then |[v— oull = O(pn).
LEMMA 2. If peI™ and |[[@— ol = O(un), then |v—s,| = O(nuy).
Proof. Since
n—1 1

Opn_1— 8

<
n "

xr—

1
fle— on_ill — % l(sn— @) — (ou_1—2)||

= [[o— o,l,

there exists a positive constant K such that
1
; ”(Sn_x)“' (Gn—l —ﬂ'))” < K,“n+ K;un._l

and thus [lov—s,l = O(nu,).
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Applying Lemma 2 we get

(i) If for p in M, llo—oul = O(u,) and liminfnyu, >0, then |3,

(i) If for p in M, |lx—oul = O(un) and liminfwny, = 0, then the
series Y oy, is block convergent to x (i.e. v = lims,, , where ny p,, — 0 if k — oo).

It is possible to strengthen the above results but only in case if we
consider more special spaces; it suffices to mention here the approxima-
tion theorem in L,(I) for the trigonometric system (see below Theorem 1).

(iii) Let ¢, be the n-th Fourier coefficient for f in Ly(I) (n-=1, 2, ...,
1< p <2) with respect to an orthonormal system {@,} such that |p,(t)|
<K for n =1,2,... andtin L. If |[f— oull, = O(u,) and liminfnu, = 0
for p in I, then f = cp,, where ¢ = const.

Indeed, for a fixed n > 1, the function f— ¢, has a sequence of Fourier
coefficients

n—1
0, —Coyeevy— ~CpyChyyy ).
) n

If p~'4q ' =1, the Riesz theorem ([2], p. 211) establishes that

[e=]

= Lo+ oot (=1 el D+ Y lenl® | < K [~ ol
m=n41
hence
leal® ...+ (n—=1)|eu|" = O(n?p3)
and therefore ¢, =¢; = ... = 0.

3. The characteristic of functions of the class H{. Let ag, a,, by
denote the Fourier coefficients of a function f in L,(I) with respect to
trigonometric system 1, l@cos%nt, V2 sin2zxnt, n =1,2,... Let s,
denote the n-th partial sum of the Fourier series of f, let », = f—s, and
o = (814 ...+ 8u)/n. We denote by Ej the L,-distance f from the linear
space of all trigonometric polynoms of (n—1)-th degree. Sometimes,
instead of s,, r,, B, we shall write s,(f), 7.(f), Exn(f) respectively.

LeMMA 3. If feL,(I), where 1 < p << oo, then |ry(f)lp = O(Eﬁ(f)).

Proof. Let ¢, be a trigonometric polynom of (n— 1)-th degree such
that ||f—t.ll, = E&n(f). The Riesz theorem ([2], p. 593) establishes that
lisa(Hllp = Bpllflly, Where B,is a positive constant depending on p. Con-
sequently

“7'7» (f)”p < ”f— tn”p+ Hsn(tn—f)”p < (1 + Bp)Eg (f) .



196 H. Samptawski

THEOREM 1. Let u, = o(1/n) satisfy the condition (1) and let feL,(I)
where 1 << p < oo. The following conditions are equvalent
i f ern
i) |lra(Hllp = O (),
(iii) for every A im A, the series

(2) Z’zn(ancos2nm+ by, sin 2mat)
1

is L,-convergent,

(iv) [If — onlls = O (pin)-

Proof. If (i), then aecording to Jackson theorem ([8], p. 288) we get
E,(f) = O(u,) and (ii) follows by Lemma 3. The equivalence of (ii) and
(iii) is a consequence of Theorem 4, and the implication (ii) = (iv) follows
by Lemma 1. If (iv), theh according to the inequality i (f) < !f— oullp
we have Fj,(f) = O(u,). The theorem established by Timan ([8], p. 344)
and condition (1) give

/4 0 [
w”(f,l) — 0(E1+"'+,E") — O(M) = 0(t),
n \ n

n

hence (i).
Remark 1. If p = 2, the condition (i) is equivalent to the relation

(o]

(Z (a2, + b2, )”2 O (fhn) -

For the equivalence of (i) and (ii) for p = 2and w(h) = 2* (0 < a < 1),
see [1], p. 135 — this is an analogon of the Titchmarsh theorem on Fourier
integrals ([7], p. 117, Theorem 85).

Remark 2. By Theorem 1 we have: A, < (H}, Ly(I)) — concern-
ing the definition of the classes of multiplicators — see [5], p. 222. The
converse inclusion does mnot hold, e.g. i, = {(—1)"’}5(Lip(%, 2), L2(I))
but A, ¢4, where u, =n"" (n=1,2,...). ,

Remark 3. If u, = w(1/n) does not satisfy (1), then (i) = (ii) <
< (iii) = (iv).

Remark 4. Using the results of Ciesielski ([3], p. 313, Theorem 8
and p. 315, Theorem 10) we see that the statement of Theorem 1 is true
also for the Franklin system even for 1 < p < oo.

COROLLARY 1. Let feL,(I), a, = O(n™%), b, = O(n™") where 1/[p
<a<l aond 1 <p <2 Then felip(a—1/p,q).
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Indeed, by the Hausdorff-Young theorem ([2], p. 211) we get
o0 . / o
If=salle < { Y (an+ u®)" = O(n=C7),
and our thesis follows by Theorem 1.

COROLLARY 2. Let feLy(I) where 1 << p << oo, let u, = o(1/n) satisfy
(1) and let

(1
? ) (—-) (ancos2mtnt+ b,sin2znt) = ¢,(1).
n
n=1

Then g,eHb.

Proof. Since for 1 < p < co the trigonometric system is a basis
in L,(I) ([2], p. b94), hence for every f in I, (I) lim|r,(f)l, = 0. For each
fixed f in L,(I) let i

Mn»(f) = Sup{””k(f)”p: k = n}, n=0,1,...

Then u(f) = {un(N}eM™ and |ru(Hly = O(wa(f)). Moreover, 2 =
= {w(l/n)}ed,; which follows from the inequality

% Lo 1\ 5[ (1 1
Z s (f) ! 2 (n) —© (*%:f) I < Slip/"n(f) Z (m (%) —o (;—T—T)) =0(1).

Nn=1

Taking x, = a,cos2nnt+b,sin2zxnt, by Theorem A we get the

estimation
1 - 1 1 \\] 1
(gl < sup ) [“(n) + Z(w ()=l 1)) - O(w (%))

Now we apply Theorem 1.

Results similar to that of Corollary 2 are also true in L,(I) where
1 < p < oo or in the space C(I) of all continuous functions on I and the
Franklin system (see Remark 4), as well as in the space O’ (I) of all functions
fin C(I) for which f(0) = f(1) and the trigonometric system, but under
the supplementary hypothesis that f has uniformly convergent Fourier
series.

COROLLARY 3. Let feLip(a, p) where 0 < a <1, 1 < p < co and let

nP(aycos2nnt+b,sin2nnt) = g,(t) if —1+a<p < a.

De

n

I
-

Then ¢,eLip(a—pB, p).

Proof. By Theorem 1 if 0 < ¢ < 1 and by Remark 3 if « =1 we
have |r, (f)l, = O(n™°). Let p, =n"*for n = 1,2, ... Then 1 = {n’}e4,,
hence according to Theorem A, |ru(g)ll, = O(m~ ). Tt suffices to
apply Theorem 1.
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4. Generalized absolute convergence.
THEOREM 2. Let felip(a,p), 0 < a < 11<p 2, p gt =1,
0<7<q vo=¢q¢ " (1+agq)n—1 and let > n~'v, < co where v, 0. Then

(3) an (laal"+ 1bal") <
where 6 =14 5/p.
Proof. Let u, =n"% i, = n"v,. Then 1 = {i,}e4,, because

Mn—‘znq-ll = l%a(@n_”n+1)_‘[(%+1)a_%a]7)n+11
1 a
< na(@n—vn+1)+%a[(l+ ;) _1] Vpp1 < na(’vn_'vn-;-l)"]'na—l"anrl-

Theorem 1 if 0 << a < 1 and Theorem A as well as Remark 3 if a = 1
give the L,-convergence of series (2) for 1, = n"v,. Applying the Haus-
dorff-Young theorem we get

(4) D (00 (lan "+ bl %) < 0.
n=1

1

Let ¢, = a, or ¢, = by, let r = q/n and let r~'+s~
Let ¢ be a positive number for which ¢ > 1/s. Then

D (i enl’)” = X (" leal ) < oo

=1if n<gq.

Since
o0 (o o]
Z(n—l/%;)s = Zn‘lvﬁf < Y wmle, < oo

(it can be assumed that sup v, < 1), hence by Hélder inequality

(e o]

D )7 < oo,

N=1

Replacing here ¢, by a, and b, successively and summing, we get
(3), whereas

1 1 7 1
an——=an—|l——f= “77—1‘;—1 =;(1+a¢1)77—1 ="

s
and

S=nte>nt =14
=nteznt =1+
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In the limit case 5 = g our thesis follows by (4).
For instance, taking in Theorem 2 v, = (log(n+1))~" for o >1
we get

Zn”o (log(n+1))~"(lal"+ |ba]") < oo,

where 6 > 14 7/p.

Theorem 2 contains well-known results of many authors (ef. [9],
p. 251, 380; [2], p. 647; [4]):

COROLLARY 4. If feLip(a,p), 0 <a<1l, 1 <xp <2, p~'+q¢ ' =1,
0<n<g and y < g '(1+aq)n—1, then

D)0 (la|" 4 [ba]") < oo
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