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Fourier series and structural properties of functions

1. Introduction. The letter со will stand for a non-decreasing function 
defined for h >  0 , such that

For a real measurable function / on the interval I  =  <0 , 1 )  which 
is periodic (with period 1 ), we write

Let L P{I) denote the space of all real measurable functions / for 
which \f\v ( 1  ^  p <  oo) is integrable on I  and let

I f  co(h) =  Jia (0 <  a <  1) instead of HZ we use the notation Lip (a, p). 
will denote the set of all non-increasing sequences p — {pn}n=o,i,... 

of positive numbers such that limpn — 0. I f  реЩ г, will denote the 
set of all sequences of real numbers Я =  {K}n=i,2,... for which

In the sequel we shall use the following result (cf. [ 6 ], Theorems 
2 and 7):

ii/ii,/=( / i/ » i ” <;i)1№.
о

Let HZ be the set of all functions / in L P( I )  such that 

cov( f ,h )  =  O((o{h)) if &->().

OO
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Theorem A. Let x1, x2, ...be a sequence of elements of a Banach space X. 
I f  реШ~ and \\хп+1-̂ г xn+2f - .. .\\ =  0(pn), then for each X in Лц the series 
^ X nxn is convergent in X  and for m =  1 ,2 , . . . ,  we have

oo

1
i. n X ) , ||̂ n+l +  ̂ »+ 2 +  • • •<  sup---- 1 ------- 1 -------

0,1,... Pn
pm— l \̂-n 1 Pn |̂7i m+i

Conversely, i f  the series Xnxn is convergent in X  for every X in Лp (p e 9Л- ), 
then ||a?n+i +  a?n+2+...|| =  0(pn).

The purpose of thise note is to present some applications which deal 
with the relation between the Fourier coefficients of a function / in L P(I )  
and its structural properties.

The author wishes to express his thanks to Dr. Julian Musielak for 
his kind criticism during the preparation of this paper.

2. Remarks on Cesaro summable series. For a series £  xn in a Banach 
space X  we write

1

sn =  %1 -f  • •-X  %n, (Tn = — ($ i+ • • • +  s») * n — 1 , 2 , . . .
n

Lemma 1. I f  реШ  and \\x— =  0(pn), then

I pl +  • • • +  pr\\x an\\ — 0
n

If, moreover,

(1) — {Px~\~ • • • +  Pn ) — 0 (p n) ,  П

then \\x-an\\ =  0(pn).
Lemma 2. I f  реШ~ and \\x— an\\ =  0 (pn), then \\x— sn|| =  0(npn). 
Proof .  Since

1 n — 1 1
II®—  <fn-i II--------IK »»— ® )—  (Gn-i-x)W < X --------------- Gn— 1 Snn n n

— II® o'» 11 ?

there exists a positive constant К  such that 

1

ll(̂ № ®) ( & n— 1 ®)|) ^  H  P n ~\~ H p n —1П

and thus ||® —sft|| =  0(npn).



Structural properties of functions 195

Applying Lemma 2  we get
(i) I f  for jj, in 9Л~, \\x— an\\ — 0([лп) and liminfnyn >  0, then ||sM|| 

О (п/лп).
(ii) I f  for p in 501 , ||a?— сг№|| =  0{y„) and liminfnyn — 0 , then the 

series£ xn is block convergent to x (i.e. x =  lims^, where пкуПк -> 0  i f k ->  oo).
It  is possible to strengthen the above results but only in case if we 

consider more special spaces; it suffices to mention here the approxima­
tion theorem in L P(I )  for the trigonometric system (see below Theorem 1).

(iii) Let cn be the n-th Fourier coefficient for f  in LP( I )  {n•= 1,2,
1  <  V <  2 ) with respect to an orthonormal system {cpn} such that \cpn(t)\ 
<  К  for n =  1 ,2 , . . .  and t in I.  I f  \\f — <Jn\\p =  0(yn) and liminf nyn — 0  

for fj, in SCR- , then f  =  ссрх, where c — const.
Indeed, for a fixed n ^  1, the function/— an has a sequence of Fourier 

coefficients

0

n — 1

5 СП)n lj

I f  p l j rq  1 =  1, the Eiesz theorem ([2], p. 211) establishes that

0 0

{ » - « [ t e l s + . . .  +  ( « - i ) s ! o . n +  у  [|/— CT„l|p ,
m=w+ 1

hence

\cz\ąF  • • • ]~)q\Gn\q =  0(nqŷ ,)

and therefore c2 =  c3 =  ... =  0 .

3. The characteristic of functions of the class H„, Let aQ, an, bn
denote the Fourier coefficients of a function / in LP(I )  with respect to 
trigonometric system 1, V2oo&2nnt, l/2sin2n:nt, n — 1 ,2 , . . .  Let sn 
denote the n-th partial sum of the Fourier series of /, let rn =  f — sn and 
an =  (sx + . . .  -J- sw) /n. We denote by the Lp-distance f  from the linear 
space of all trigonometric polynoms of (n— l)-th degree. Sometimes, 
instead of sn, r n,En we shall write sn( f ) , rn(f), F^(/) respectively.

Lemma 3. I f  f e L p(I),  where 1 <  p <  oo, then \\rn(f)\\p — 0(F%(f)).
Proof .  Let tn be a trigonometric polynom of (n— l)-th degree such 

that \\f—tn\\p — LtfUf). The Eiesz theorem ([2], p. 593) establishes that 
IIM/)IIp =  Bp\\f\\Pi where Bp is a positive constant depending on p. Con­
sequently

\K(f)\\P <  \\f-tn\\p+\K(tn-f)\\n <  ( i + B p) m f ) .
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T heorem 1. Let yn — (o(l/n) satisfy the condition (1) and let f e L p(I )  
where 1 <  p <  oo. The following conditions are equvalent

(i) f 'H Z ,
(ii) Il̂ n(/)llj9 =  0(y,n),

(iii) for every X in Л  ̂ the series

OO

(2 ) I  Xn(anco$2nnt+ bnsm2nnt)
n= 1

is L p-convergent,
(iv) \\f— an\\p =  0{yn).
Proof .  I f  (i), then according to Jackson theorem ([ 8 ], p.288) we get 

Ln(f) =  0(yn) and (ii) follows by Lemma 3. The equivalence of (ii) and 
(iii) is a consequence of Theorem A, and the implication (ii) => (iv) follows 
by Lemma 1 . I f  (iv), then according to the inequality TĘ,(f) <  \\f— <Jn\\p 
we have JEn(f) =  0 (yn). The theorem established by Timan ([ 8 ], p. 344) 
and condition ( 1 ) give

hence (i).
Remark  1. I f  p =  2, the condition (i) is equivalent to the relation

OO

( У  (a l  +  b l) ) '1* =  0(y,n).
m~n

For the equivalence of (i) and (ii) for p =  2 and <x>{h) =  ha (0 <  a <  1), 
see [1], p. 135 — this is an analogon of the Titchmarsh theorem on Fourier 
integrals ([7], p. 117, Theorem 85).

Rem ark  2. By Theorem 1 we have: Лр с  LP(I)) — concern­
ing the definition of the classes of multiplicators — see [5], p. 222. The 
converse inclusion does not hold, e.g. X0 =  { ( — l ) ft}e  (Lip(£, 2 ), L 2(I)) 
but Х04Лр, where jan =  n~1/2 (n — 1 , 2 ,...).

Remark  3. I f  yn — oj(l/n) does not satisfy (1), then (i) => (ii) о  
o  (iii) => (iv).

Rem ark  4. Using the results of Ciesielski ([3], p. 313, Theorem 8  

and p. 315, Theorem 1 0 ) we see that the statement of Theorem 1 is true 
also for the Franklin system even for 1  <  p <  oo.

Corollary 1 . Let f e L ^ I ) ,  an =  0{n~a), bn =  0(n^a) where 1 jp 
< a < l  and 1 <  p <  2. Then /eLip(a— l jp ,  q).
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Indeed, Ъу the Hausdorff-Young theorem ([2], p. 211) we get
00

llj-sj, < (V = 0 ( n - ^ v>),
m=n

and our thesis follows by Theorem 1 .

(1 )

Corollary 2. Let f e L p(I )  where 1 <  p <  oo, let pn =  ю{Цп) satisfy 
and let

{anc,o$2nntĄ- Ьппп2тсп1) =  gx{t).

Then дхеНрш.
Proof.  Since for 1 <  p <  oo the trigonometric system is a basis 

in L P(I )  ([2], p. 594), hence for every f  in L P{I) lim||r№(/)||p =  0. For each 
fixed f  in L P( I )  let

jun(f) =  sup{||r*(/)||p: I  >  n}, n =  0 , 1 , . ..

Then p{f) =  {/г,Д/)}e9Л- and ||rn(/)||p =  0(pn(/)). Moreover, A =  
=  {co(l /п)}еЛРф which follows from the inequality

oo

Hnhif) j 0)
n =  1 '

1

n
<  sup pn

n

OO

n =  1
=  0 (1).

Taking xn =  anGOB2nnt^bnfim2nnt, by Theorem A  we get the 
estimation

\Mgi)\\P <  sup/i»(/)
n

Yow we apply Theorem 1.
Results similar to that of Corollary 2  are also true in L P( I )  where 

1 <  p <  oo or in the space (7(1) of all continuous functions on I  and the 
Franklin system (see Remark 4), as well as in the space C' (Z) of all functions 
/ in (7(7) for which /(0 ) = / ( l )  and the trigonometric system, but under 
the supplementary hypothesis that / has uniformly convergent Fourier 
series.

Corollary 3. Let feL ip (a, p ) where 0 <  a <  1, 1 <  p <  oo and let
0 0

^  np(anG0&2nnt-\- bnńn2nnt) =  g2(t) i f  — l  +  a <  /3 <  a.
n= 1

Then д2€Ъц)(а — f , p ) .
Proof.  By Theorem 1 if 0 <  a <  1 and by Remark 3 if a =  1 we 

have ||rm(/)||p =  0(n~a). Let pn =  n~a for n =  1 ,2 , . . .  Then Я =  {пр}еЛр, 
hence according to Theorem A, \\rm{g2)\\p =  It  suffices to
apply Theorem 1 .
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4. Generalized absolute convergence.
Theorem 2. Let f  chip {a, p), 0 <  a <  1, 1 <  p <  2, p~l j r q~1 =  1, 

0 +  «#)?? — 1 let ^ n ~ lvn <  oo %j0 .  Then

(3) ^ n Y°vi ( К Г  +  \bn\v) <  oo,
n= 1

where d >  lĄ-rjfp.
Proof .  Let p n =  n ~ a, Xn — n avn. Then 1 — {А^еЛ^, because

\Xn —  K + i\  =  \na{vn —  vn+1) —  [(w +  l ) “—n a] v n+1\

^  n (vn vn _j_ x) “b n ^  Г1 (Vn Vn+y) -j- П 'Гп±-\.

Theorem 1 if 0 <  a <  1 and Theorem A  as well as Eemark 3 if a =  1 
give the L p-convergence of series (2 ) for Xn — navn. Applying the Haus- 
dorff-Young theorem we get

OO

(4) £  {navnf  {\an\q +  \bn\a) <  oo.
n= 1

Let cn =  an or cn =  bn, let r =  q{rj and let r - 1  +  s- 1  =  1  if rj <  q. 
Let e be a positive number for which e >  1/s. Then

OO OO

y V X f e r y  = y  (n"vn\cn\f <  oo.
n=1 n=i

Since

y j  ( n  1/SVn)S =  1V% <  1» B <  oo
n = \  n= 1 n =X

(it can be assumed that sup vn <  1), hence by Holder inequality

OO

y « " ’- 1' X +*|e»r< oo.
1

Replacing here cn by an and bn successively and summing, we get
(3), whereas

1 / 4\ V 1щ ----- — art — I I ------ 1 =  art-j-------- 1  =  — (1 +  aq) ri — 1  =  y0
s \ r J q q

6 =  Y}-\- e ^  rj-\----=  1  +  — •
s p

and
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In the limit case rj =  q our thesis follows by (4).
Гог instance, taking in Theorem 2 vn — (log(w + 1 ))- " for a >  1 

we get
OO

У  Л (log(»»+ l))~ ',s(|a|’*+  |6 „|’1) <  OO,
П= 1

where 6 ^  i + v Ip -
Theorem 2 contains well-known results of many authors (cf. [9], 

p. 251, 380; [2], p. 647; [4]):
Corollary 4. I f  /Ллр(а, p ) ,  0 <  а <  1, 1 <  p <  2, p ~ l +  q ~ x — 1, 

0 <  rj <  ą and у  <  q ~ x{ l  +  a q )r j—  1, then

OO
£  юу(|а»|ч +  Ib n \v ) <  oo.
n =  1
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