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Steklov means in Orlicz spaces

The aim of this paper is to generalize some results of F. I. Harśiladze 
concerning spaces Lv of functions (see [4]) replacing spaces Lp by Orlicz 
spaces L*ę.

1. We shall introduce convenient notations and give some general 
remarks. Let q>{u) be an even, continuous, convex non-negative function 
vanishing only at 0, <p(u)/u -> 0 as и -> 0, (p{u)ju ^  oo as и ->■ oo and let 
<p* (v) be the function complementary to <p(u) in the sense of Young. We 
denote by L**2n the Orlicz space ([3]) of 27:-periodic measurable functions 
such that

2 k

(1) 11/iU =  sup|J f{x)g{x)dx | <  OO,
0

where the supremum is taken over all non-negative periodic measurable
2 k

functions g{x) such that f  <p*[g(x)]dx <  1 .
о

In the sequel we shall assume that the space L * ^ )  is reflexive. 
W. Orlicz has shown that in order that the space L*v be reflexive it is 
necessary and sufficient that the functions cp{u) and <p*(v) satisfy the 
zl2-condition for small и ([3]). We denote by cok(f, t)v the modulus of 
smoothness of order Тс >  1 of the function/(ж) in the space L*v:

к

(2) «*(/, t) =  suplHS/lly =  sup I I  Y i - l f - ' l f j f i x  + ih^L,

and by E n(f)q> the best approximation of the function/(ж) by trigonometric 
polynomials of degree <  n in the L*ę sense:
(3) ДЛУ)?, = m l \ \ f ( x )  — T n (x)\\v ,

where the infimum is taken over all trigonometric polynomials of degree 
<  n. Denote by j%{x) the Steklov means of order fc,

Jl lc Jl

(4) J { ^ f { x - \ - i t ) d t ,  Д(®) ==^- j f ( x  +  t ) d t .
—h i —l —h
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Thus
ft h к

л<»)=j£ ( - dl i (J)^ //<*+**)<!«= £ ( - i  г 1 (;)/*(«>,
г=1 —Л г=1

and for f(x)eL*,p we have
ft

(б) ий(ж) -/(® )ц, <  у  w  ил»w  -л®)п» •
г=1 ' '

о о

2 .  L e m m a  1 .  f ( x ,  у) >  0  < т й  let f  \\f(x, y)\\ędx <  o o  / o r  almost
—  o o

every a?, wfrere ||/(a?, y)||v te tfte Orlicz norm of f(x ,  y) as a function of the 
variable y, x being fixed. Then

(6 ) j  3011*dis

proof.  Let denote an arbitrary set. We set g(y) = f f { x ,y )d x .
a

Then, applying Fubini Theorem and Holder inequality in L*fi2n) we have 
ь ь

P C  y)\\v= sup I y)g(y)dxdy\ <  sup \ j [ J f ( x ,y )g { y )d y } d x \
?)* < 1 ' E  a a £7

sup I/ IIf{x ,  y)WvWg\\v*dx\ <  J IIf ( x ,  y)\\vdx.
HęT*5̂ 1 a

Lem m a  2. I /  feL*fM) and / (r)eL*/27T), Йеп

(7) IM(r+s)( /) ll,< ^ IH s( /(r))ll„

where r and s are positive integers.
Proof.  If r =  1 and 5 =  0, by (6) we have

иляI» = ||/(®+л)-/(®)||, = I /  r m t |L < aii/ ' ii„.
Thus

P (r+s,(/)ll, <  Ц\Д{г+‘~1) (Я11, ■'■■■ < л'1И '(Г’,)11».
Lemma 3. Let the function <p(u) generating the reflexive space L]ffin) 

be such that p(ulla) is convex for some a, 1 <  a <  2, and let

then
E*(f)r =  0(n  “) for § >  0, 

||/* М -Я * )11,  =  0 (A"+1'“) for l o f ) .
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Proof.  It is known (see [2]) that if <p(u) satisfies all the assumptions 
of this Lemma, then

Oik
П

Thus, if Д ,(Л , =  0(n  t*),

fOd") when 0 <  fc,

(8) <»*(/,<), =■! О («‘ (kg 7 ) ,1 when IICQ.

1 0(th) when P > h .
Moreover,

-* —< г=0
+  Ш)ЙМ = ( —l )fc+1

and

(9) /*(® )-/(a0

Finally, by (6) we have

—  f a t m a .
— h

1Й  ( * ) - / ( * )  II, f  l l4 / w u ,< «  =  о(ь").
— h

Lemma 4. Under the assumptions of Lemma 3, i f  En{f)v =  0{n k), 
where h is an odd number, then

\ \ t i ( x ) - № l  =  0(hk).

Proof.  It follows from the equality (8) that if Jc is an odd number 
and En(f)v — 0(n~k), then

Mk+lif i t)<p = 0(t ).

On the other hand (see [4], p. 61),
к к- 1

=  A?+lf{X-Tct+St).
V — Q '  S = 0

Then, in virtue of formula (9), we have
h h k-i

t i ( x ) - f { x )  = L J  [ 4 / М + 4 / И ] < й = L  j  £  t f + i f ^ - u + s v d t .
0 0 S = 0
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Since 

we obtain
\\Akt +1f{x-TdI-st)\\9 <  cok+l{f, t)9,

h A-l
\\fh{x)-f(x)\\v =  —  J ^  At+1f ( x - U  + st)dt

0 S=0

h

^ 2h f  c°k+1(f ’ t)<pdt =  0(h ).

Lemma 5. Tinder the assumptions of Lemma 3, if 

En(f)9 = 0 ( n - p), f c < 0 <fc +  l ,

Jc is an odd number, then

.. \ \ f l ^ ) - f ^ ) l  = 0(h^).
oo

Proof.  First, we observe that £  v ^ 1 JEĴ (f)9 is convergent, and by [2],
. " V = l

Theorem 2, the function f(oc) has an absolutely continuous derivative 
of order (r — 1 ) such that and the following estimates are true:

n  oo

Ю к ł )  B*’r [ 7  №,]4' +  [ tT-1
' ' ę  * v = l v = n + l f

Thus, if E n{f)q> = 0(n~p), we have

fO{tp~r) when p - r  < Jc,

(?r),t )v =  I ° ( ^ ( lo^ 7 )  ) when

\ 0 (ifc) when

(ok+i(f ,  t)9 <  t)9.
Hence and from (10),

a>k+i(f, t)v = О i f ) .

( 1 0 ) .

From (7) we have

— r — Jc,

— r >  1c.

Consequently,
IV

\ \fh (x)-f{x%  <  —  J (Ofc^if, t)9dt =  0{hp),

L e m m a  6. Let
\\fh—) h  =  0 ( h f ) ,  f j >  0 .
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Then
Д ,(/)„ =  О (П-").

Proof.  First we show that
7Г

J  tp+1\Jcn(t)\dt = 0{n~p).
о

Indeed, as is well known (see e.g.[5]) there exists a sequence {Jcn(t)} 
(n =  0, 1 , ...) of trigonometric polynomials of degree <  n such that

TC
(a). j  lcn(t)dt =  1 ,

— 7C 
ГС

. (P) f \ K ( t ) \ d t  < 0 . ,
— rr

тс
(t ) j \ t f \ l c n ( t ) \ d t  ^ C z ( n  +  l ) - \  n  =  0 , 1 , . . .

—  7C

Denoting Jcn(t) =  ftp (sin \  pt/sin t)2A’° where 2fc0 >  +  4 and p is a natural 
number, and applying Bernstein’s inequality for hn{t):

\K{t)\ < n\Ten(t)\j
we observe that

ТГ TC TU

j t ^ +l+lla \k'n{t)\dt ^ .n  JV +1 \kn(t)\dt-\-n J t^ +2\kn(t)\dt 
о o o

=  0(n~p)-\-0{n~^~1) =  0{n~P).

Next, we construct trigonometric polynomials
n к

Tn(x) =  ( - 1 )*=+1 f  ̂ ( t ) ^ ( - l f - ’ ń f ( x  + vt)di.
—  7t V = 1  '  '

In account of (a) we have
7T

T . W - / W  =  ( - 1  f +IJ  kn(t){4f(®) + Ak_,f(x)}dt.
0

Differentiating by parts and applying (9) we have
TC

\Tn{x)—f(x)\ < 0 (1 ) J t\f{oc)-ft{®)\\tin{t)\dt,
0 *

TC
l|2’„ (* ) - / (® ) l lr «  0 (1 )  =  0 ( n ~ f ) .

о

and finally
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From Lemmas 3, 4, 5, 6 we obtain 
Theorem  1 . Let {3 >  0. Then the conditions

Д ,(/) ,  =  0 ( n ~ f ) a n d  W f t - f W ,  =  0 ( h f )

are equivalent for (3 <  к when к is an even number, and for (3 <  Tc + 1 when 
к is an odd number.

Theorem  2. I f

11/А-Л1»
o{hk) for к even,
o(hk+1) for к odd,

then f(x) = c almost everywhere.
Proof of this Theorem is completely analogous to that given in [4] 
Theorem  3. (a) Let к be an even number. Then

W fn-fb  =  0(hk)

if and only if  the following two conditions are satisfied:
(i) f(°°) — 9(x ) a-e-i where g(x) is a function with absolutely continuous 

derivative of order (k — 2) and ĝ k~l) eL*ft2n),
(ii) а)х{д(к- г\  h)9 = 0(h).
(b) Let к be an odd number. Then

\\A-f\\, = o(hk+1)
i f  and only i f  the following two conditions are satisfied:

(i') f(x) =  g(x) a.e., where g(x) has an absolutely continuous derivative 
of order (к— 1 ) such that

( ii ')  М - Л  7>)„ =  0(h).
Proof,  (a) The sufficiency of these conditions follows immediately 

from some obvious properties of the modulus of smoothness and from (9).
oo

Now, we shall prove the necessity of these conditions. Because JT1
V = 1

is convergent for r = k — 1 we «ее that f(x)  has an absolutely continuous 
derivative of order (k — 2) such that eX*9>. In account of (10) we 
observe that

Я  =  0(h).
Next, we put

A m(x) = amco&mx-\-bmsmrnx,
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where am, bm are the Fourier coefficients of f(x), an(v) are Fejór means 
of order <  n for f{x),

1 П<yn(®) =  — I f(t)lcn(t — {D)dt
TC J

—  7Г

(see [1], p. 146). In account of (6)

lk»ll„ <  НА, /е-ЬЙ*).
oo

Arguing as in [4] we observe that Ре]ёг means of the series £  mkA m(x)
m=\

are bounded in L * f a and fc-times differentiating the Fourie series 
of f{x) we obtain a &-times uniformly convergent series. If g{%) is the sum 
of the Fourier series of f{x), then from [1], p. 88,

+ =  0 (A).

Proof of (b) is analogous.
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