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Inverse monotone functions and their applications

In [6] the basic lemmas concerning properties of inverse monotone
functions are formulated and applied in the theory of entire functions.
In this note we shall give the generalization of these lemmas and the
applications in some problems of the regularization of functions and se-
quences, in the theory of quasi-analytic classes of functions and in Bern-
stein’s problem of approximation.

1. Inverse functions. Let N2 denote the class of all real-valued
functions, non-decreasing for # > a and tending to oo as x — oo, and
let N, denote the class of all functions p(x)eNg, for some a depending
on p.

In [6] the inverse function of the function peNg was defined by
the formula: g(u) = sup {#: p(x) < wu}. In this note we shall use the fol-
lowing modified definition: p(x) = inf {u > a: p(u) > z}. Evidently, we
have p(r) = q(x) for # > p(a) and p(x) =a for x < p(a). Hence, using
Lemma 1 and 2 in [6] we obtain:

1.1. If p(x)eNg,, then P(x) e NS, and

(a) p(z+0) = p(2), P(a—0) =inf{u >a, p(u) =2}, p(x)=p@®)
at each point of right-hand continuity of p.

(b) p[p(w)] = op(®) = @; if op(x) > @, then p(t) =p@) in (=, op(x)),
p(t) > p (@) for ¢ > op().

(¢) If p[p(x)] # =, then P(t) = p(x) in the intervals <m,p[p(w)])
or L{p[B(@)], x).

Now we shall prove the following properties of the inverse functions.

1.2. Ifp(@) = a for a<d <z < B, then B(a+0)>8,b(a—0)<a
If p(a—0) <t < p(a+0), then B(l) = a.

Indeed, it follows from 1.1 (a) that P(a+0)= Pp(a) = inf{u: p(u)
>a}>p and P(a—0) = inf{u: p(u) > a} < a. Denote U; = {u: p(u)
> t} for te(p(a—0), p(a+0)). If v > a, then ueUy; if u<a, then u¢U,.
Hence a = inf U, = p(x).
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13. If g(®) = plv(2)], p($)€Ng°, T(@)eNy, 7T(2)>a, then
T[p@®)]; of p(x) is left-hand continuous in (a, o), then §G(x)

[B(z)] for all = >p(a)

Proof. Let us suppose 7[p(#)] <t < g(z), then

g

?) <
T

) =plz®]<z and <(t)>Dp®).

Hence p[t(t)] > = and we get a contradiction. In a similar way we get
a contradiction in ecase when g(x) <t < 7[p(2)] and p(x— 0) = p(x)
in (a, co).

2. Regularization of functions and sequences. Let A be a set of real
numbers, and let a be a given class of real functions defined on 4. The
operébion fla —a) is called regularization, and the function a*(f) = f(a)
the regularized function if the following conditions (R) are gatisfied:

(Ry) If a; < a, in A, then f(a;) < f(a,),

(Ry) f(a) <ain 4,

s) fIf(a)] = f(a).

Let £ denote the range of the operation f. The following property
of regularized function is an immediate consequence of the definition of
the regularization.

2.1. The regularized function is the greatest minorant of the function
a in L.

Indeed, if the function b(t)e £ and the inequality f(a) < b < a holds
in A, then b = f(a;) and f(a) < f(a,) < f(a). Consequently, b = f(a).

There are many examples of regularizations in connection with
various problems of mathematics. We shall consider only a generalization
of the ‘““convex regularization” of Mandelbrojt (*).

Suppose that pe Nb and a = a, 7 is the class of functions a(t) defined
for t > T > B, satisfying the following conditions (K):

(K,) infa(t) > —oo in each finite interval,

(K,) lima(t)/y(t) = oo,

t—00

(K,) there exists a sequence ?, - oo (depending on a) such that
a(t,) < oo (the value oo for  # 1, is not excluded).
2.2. For each function @peNg, the following operation is defined in a:

Fo.p(a) = sup {p@pt)—at) = A@) (¢>a)(?).

(1) Various methods of regularizations of sequences are given by Mandelbrojt
in [11], the general theory of the regularization of functions is given in [10].

() Mandelbrojt [10] assumes that ¢(x) = =, (f) =t. By means of the same
operation the complementary g-function is defined in [12].
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Indeed, (K,) implies that

e@)y()—at) = yO)lp@)—a®)/p(®] > —oo  for - oco.
Therefore, according to (K,)

sup {p () p (1) — a(t)} = sup g () p(t) — a(®)} < oo.

r<i<Ty

To investigate the properties of this operation we shall apply the
following symbols:

Oz, 1) = p(@)y(l)—all),
=[{t}: tn =T (n=1,2,...), im®(z,1,) = A(2)],
| (2.1) p(x) = sup {limsupt,}, -
b(z) = sflp {El}upw(tn)h
I, = (;(fv)—a,p(w)ﬂ)-

From these definitions it follows immediately that for each &> 0
there exists a ¢ > 0 such that

(2.2) A(x) =supP@(w,t) = P(x,1)+6 for t=p(@)+e.
15

The basic properties of the operation F, , yield the following theorem:

23. If A(w) = F,,(a); p(®), b(x) are defined by (2.1) then A(x),
p(x), b(x)e N, and lim A (z) [p(x) = co. If () is continuous, then
Z—>co

(2.3) A@) = A&+ [bw)dp(u) (2 <& <a).
&

Moreover, if y(x) ¢s continuous, then
T
(2.4) | A(x) = A&+ [ plp(w)1dp(u).
§
Proof. Suppose that @, > @, > a, {ta}els, {ln}els,, 6n = A(w,)—
—D(a1, 1), On = A(%2)— D(3, ). Then
lim é, = limé, = 0
—>00 —00
and

D (34, ty) — D (0, 1n) — Op = [@ (@) — @ (2,) 19 (tn) — O o
S A () — A () < D(@g, 1)+ 00 — Dy, by) = [@(@s)— @ () ]9 (L) + 0 .
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Passing to the limit we get the inequality

(*) [p(2) —@(@:)]b(5,) < A(5,) — A(51) < [@(@:) — ()]0 ().

If ¢(x,) = @(x,) then A(wx,) = A(x,), Lz, = I, and consequently, b(w,)
= b(x,). If @(x,) # ¢(x,) then b(x;) < b(x,). Suppose that b(x) < C,
then for fixed x, and z > =, there is

p(@)p(t)—a(t) < A(w) < A(z,)+Clo(®)—@(s,)].
Therefore

a(t) = e@)[p(t)—Cl— A (@) Cp(@,) > oo

for all sufficiently large ¢ and # — oco. The contradiction with the assump-
tion (K;) proves that beN,. Now, from (%) it follows immediately that
A(xy) > A(wx,) for x, > 2> X and lim A (x)/p(x) = oco.

According to (2.2) the assumption p(z,) < p(x,) for z, >, > X
implies the inequality

(%) A(wy) — A(®y) = 0 + [p(®2) — @(21)] b(24) -

Evidently, p[p(x)—0] < b(z) < y[p(x)+0]; consequently, b(z;) = b(z,)
and (sx) contradicts (x). :

Given any partition of the interval <{wz,, ), summing up the in-
equalities (*) and passing to the limit yields (2.3). If y(®) is continuous
then b(x) = y[p(x)] and we obtain (2.4).

Now we give an example. Suppose the ftunctions @, v be continuous,

yeN%, 9N, y(1)eNg, ©>T > f,a(t) = [ y(u)dy. Then

t
B(z,1) = ¢(@)p(r)+ [ [p(@)—y(u)]dy(u),

and it follows from the definition of tbe inverse function that plz)
- = sup{y: p(y) = 7[p(@)]}. Denote 6(z) = 7[p(z)]. Since B(z,?) is
continnous with respect to {, we obtain from (2.4)

t
(2.5) 8(@) = sup{p@)p()— [r(way}

() z
=g@)p[s(@)]— [ ywdy = S8+ [p[s(u)ldp
T &

for # > a.
Now we apply the operation F,, to define a regularization in a.



Inverse monotone functions 217

24. If aca and of A(x) = F, ,(a), then the operation
fow(a) = sup {p(@)y()— A(x)} = a*(?) (%)

z>X>a
is a regularization. If the functions ¢, yp are continuous, then the regular-
ized function a*(t) can be representied in the form
¢

(2.6) a*(t) = a* () + [p[B(w)1dy  (z>1T),

where p(u) is the imverse function of p(x) defined by the formulas (2.1) for
r > X.

Proof. It follows from 2.3 that f = f(a —a). Denoting A*(x) = F(a")
and applying the definition of # and f we obtain the formulas

(@) a*(t)=ggg{fp(w)w(t)—gg[qv(m)w(%)—a(%)]},
(b) A*(z) ztsgg{qﬂ(w)w(t) — Sup [ (u)p (1) — A (w)1}.

Putting « = ¢ in (a), according to (b) we have a*(¢) < a(t) and A*(w)
> A(z). Therefore, setting 4 = 2 in (b) we obtain A*(x) = A(x) and
consequently, a**(t) = a*(f). If a,(t) < a(t) for t > T, then F(a,) > F(a);
thus a; (¢) < a*(t). To prove (2.6) we assume that q(u)eNL, q(u) > a for
% =T and we put y(u) = ¢[q(u)] in (2.5). Since @(u) is constant in the
intervals where o,(u) # u, it follows from 1.3 and 1.1 that

(@) = glo,(2)] and  [p[s(w)ldp = [yp[g(u)lde.
£ ’ 13

Moreover, if glo,(2)] > u > g(x), then o,(2x) > ¢(u) > 2 and by virtue -
of 1.1 and the continuity of ¢ we have

p(@) < elg(u)] < @lo,(@)] = ¢()
and
§(x)

[ ela(w)ldy = ¢(@) {p[5(2)1—p[3(2)]}-

(=)

Now, formula (2.5) yields

27 Si(@) = swp {p@)p(t)— f ¢lg(w)]dy}

9(=)

(@) p[7(x)]— f elg(w)]dy = 8,(8) +fw[q (#)1de.

() Where no misunderstanding may arise, we shall omit the indices ¢, y.
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Changing in this formula the role of ¢ and y and putting p instead of ¢
we obtain (2.6), according to (2.4).

Remark. From (2.2) it follows that the change of 7 implies the
change of values of A () in a finite interval only. This fact implies that
if a,(1) = a,(t) for t > ¢,, then aj (¢) = a; (¢) for ¢ sufficiently large.

2.5. Suppose that @, p are continuous functions, p e N3, and ¢ is strictly
increasing, ve N5, If f is the reqularization defined in 2.4 (T =8, X > a),
then the equality f(a) = a holds if and only if the function aea can be writien
in the form

(%) ait)y =C+ [y(wdy (t=>7>1),

where C is an arbitrary constant, y(u)eN and y(u) = o(X) for u > T.

Proof. By 2.4, the necessity of (%) is evident; here p(z) is considered
for z > X and therefore 7(x) > X. Without loss of generality it can be
supposed that y(u) is right-hand continuous. If a(f) is of the form (*),
applying (2.5) and (2.7) we obtain

4
a*(1) = Cy+ [@[8(u)]dy,

where 8(%) = y[@(®)]. By 1.1 (a) and 1.3, [d(u)] = y(u); hence a*(t)
= (,-+a(t). The application of the definition of f and the condition (R,)
shows that a* = f(a*) = Cy+a*. Therefore €, = 0- and a*(t) = a(?).

COROLLARY 1. If the assumptions of 2.5 are satisfied, then the range
L of the operation f is equal to the set of functions defined by the formula (*).

COROLLARY 2. If the assumptions of 2.5 are satisfied and if L is the
set of functions defined by (x), then a*(t) is the greatest minorant of a in L.

Now we shall study sequences. Mandelbrojt has shown that if the
funetion a(t) can be co for some ?, then putting a(t) = a, for t =n
(n=1,2,...)and a(t) = oo for ¢ % n we can apply the methods of regu-
larization of functions to sequences.

Now we shall apply Mandelbrojt’s method to the regularization
defined in 2.4.

Let {c,} be non-decreasing and lime, = co. Let {a,} satisfy the

N—>o0

condition lima,/c, = oco. Suppose that y(x)e Ny, is a continuous function
N—>00 )

and y(n) = ¢,. If p(x)eN,, and ¢ is continuous, then putting «(f) = a,
for t =n (n =1,2,...) and a(?) = oo for ¢ # n we obtain

A(z) = sup {p(@)p(t)—a(t)} = n;gili{w(w)cran} = F,,({an}).
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If »(x) is the largest integer s such that the maximum is attained, then -
p(z) = v(x), and formula (2.3) implies

(2.8) A (@) = ¢(@) sy — thmy = A(E)+ [ dp.
&

This formula is proved in [6] independently of the theory of the regulari-
zation of functions and is used in some problems. of the theory of entire
functions. '

Applying (2.6) we obtain the regularized sequence in the form

(2.9) an = a*(n) = sup{p(@)c,— 4 (@)} = af+f¢p[17(u)]dy;.
J :

z>T,

Putting n = »(£) we have:

“;k(S) = sup{e (x)‘c'v(f) —@(2) €, +a’v(.’z)} Z gy

x>,

From this inequality and from the properties of regularization proved
in 2.4 we obtain the following properties of the above regularization of
sequences, immediately:

2.6. If {an} is the regularized sequence defined by formula (2.9),
then a:: < Gy, a/ffx) = Gy A*(m) = A(x), a’:* = dy. If ayn = by for n > N,
then ay, = by, for n > N.

In particular, if we put for geN.,

t
(%) a(t) = C+ [quydy, an = a(n), e, = p(n),

and write A,(2) = Fy,(a), Au(®) =F,,({an}), 6(@) = qlp(x)], then,
applying the first part of (2.5), we obtain

A () = @) plo@)]—ald(x)] = o) = (@) yp[ns(2)]—aln,(@)],
where n;(x) is the integral part of d(x). Thus we have

(2.10) Aq(2) = Aa(@) = @@){p[n, (@) ]—y[6(x)]} + A, (2).

Accordingly:

2.7. If the representation (x) of the sequence {a,} such that the function
q(x) is integer-valued exists, the reqularized sequence {ay} is equal to {a,}.

Remark. The operation f;; is called convex regularization,
the operation fy, ., — logarythmic convex regularization. The operation
(mn — my) defined by formulas
(2.11) T(r) = max{+"[m,}, my = sup{r"|T(r)}

r>=1

n=1
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is also of great importance. Since InT(r) = max[nlnr—Inm,], lnm,
n>1

= sup [frilnr—lnT (r)], it is a convex logarythmic regularization with
r>1
respect to Inm, and Inmj. Therefore according to (2.8) and (2.9) the

integral representation
r ?
(2.12) T(r) = T(ro)exp( [ v(u)u‘ldu), ms, = miexp ( [ v (w) du)
7o 1

holds and the integer-valued function »(z)eN (*).

3. Applications.
3.1. The second part of (2.7) can be written for 7 =g(£) in the form
a(x) z
31 [ glawldy = p@)p[g(@)]—¢(O)v[7(5)]— [vIgw)]dp.
(9): &
This formula is also valid in case when ¢ (%) (or y) is non-increasing;

consequently, it is a generalization of Lemma 3 in [6].
Suppose that F(x) > 0 is a continuous, non-decreasing funection,

g(x)eN, and a(z) =O’+jw[§(u)]F_‘(u)dF. Applying (3.1) we can

prove in the same way as in [6] that the integrals

o d 0 (4 00 w
(3.2) f W pla] e, f ) e
Flg(u)] £ (u) F?(u)
are all cenvergent or all divergent. Thus we have obtained a generalization

of Lemma 4 in [6].
Denoting’

1 x
plo) = [a(wydn, qx)eNs

we have the inequality
(%) q(z) > () = 1B(®/2)+3q(=/2) (2/2 > a).

If [exp(—g¢(»))dw < oo, then applying Schwarz inequality we obtain

2u u

(%%) (fe“’"’dm)g < fe—ﬂ(:cIZ)dm fe—q(x/z)dx < fe_ﬁ(x)da}.
U ’ Yo Uy

ugyl2

(%) Mandelbrojt has obtained the first of formulae (2.12) applying the convex
regularization and the change of variables.
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Putting y(z) = « and F(x) = ¢° in (3.2), according to (%) and (x*) we
infer that the integrals '

(3.3) fe“‘i("”)dw, fq(m)e“’dm, fe‘ﬁ(’”)dw

are convergent or divergent, simultaneously.

3.2. Let F(r) be a positive, increasing, continuous function defined
for r > r, > 0 satisfying the following conditions

(a) In F(r) is a convex function of Inr,
(b) limr*/F(r) =0 for each z > 0.
r—o00

It is well-known that F(r) can be represented in the form
T
()  InF(r) =WF(r)+ [y(u)u'du, where y(r)eNS and y(ro)>0.
7o

Denote InG(x) = sup[zlnr—InF(r)] (x > 0). Putting (f) = Int,

r>7
) =2, T=r, X=0, a({)=InF(f) in 2.5 we obtain sup[zlnr—
x>0
—InG(x)] = InF(r). This particular case of 2.5 is proved by Fenshel [4].
Another proof is due to Horvath [5] who supposed #, =1 and z > 1.
The simple example In F(r) = ar (a < 1) shows that the second assumption
is incorrect since in this example InG(z).= wlnr—ar and if 1 <r < 1/a,
then the function @(z,r) = wlnr—1nG(x) attains its maximum at the
point 2, = ar < 1. Therefore max®(»,r) = O(1,r) # D(x,,7) = ar

r>=1
= InF(r).

3.3. Let W be the class of functions which can be represented in
the form

p(@) = exp(C+ [ g(upu'au)

Zo
for # >, where z, and C are constants depending on, p,q(z)eNZ
and g(x+0) = q(2). If p(x)e W, then
x
z°p(yr) = exp (01+ f[q(yu)+a]u‘1du).
1

Consequently, p(ar)e W and z"p(z)e W.
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Let K be an arbitrary constant. Choose n, so that g(n,) > 0 and
define the sequence {c,} and the function f(z) by formulas

o — exp(~K.-— flng(u-)du) for n = n,,
n "’0

(%) Cn for n <<mn,

(1}
n
f) = Y ™
n=1

Since limlne,/n = —oo, f(2) is entire. It follows from (2.7) for p(f) =1
N—->00
and ¢(2) = Inz that the constant K can be chosen so that

(%) In g (2) < sup [tlnm— flnq u)du] = lnp(x).

i=>ng

2t

From (2.10) for ¢(x) = Inx, p(t) = 2¢, a(t) == [ Ing(u)du we obtain
)

t

Iny(4) = 2Ina +sup [tlnm—— flnq(u)du] — K = C+2Ing+Inp(x).
t=ng g

We shall apply the above estimations of 1nu;(x) to prove the following

theorem:

(M) Let F(x) be a positive even function defined for all x. If there ewist
positive constants xy, 6 and a function p(x )e W such that p(z) < F(z) for
=2y, F(x) =26 for 0<w <o, and flnp Yo 2dz = co, then F(w)
possesses an entire minorant of the form Zan ™ (@, > 0) and of a positive

n=0
genus (3). '

Proof. For » >, and arbitrary ¢, > 0, « > 0, the function g(z)
= ¢, f(az) satisfies the inequality

g(x) < ¢o+a?/(1— a®) us () < g+ /(1 — a?) F(x).
If ¢, and a are sufficiently small, this inequality holds for all ». Since

f(@) = py(x), the integral [ Ing(z)@~*do = co and g(2) is of positive genus.
Therefore g(x) is the desired minorant.

The above theorem is a generalization of the following theorem of
Achiezer [17]:

00
(*) I f(2) = exp@(2) I] E(2/2n, p), then the numbery = min(p, q), where ¢
n=1
is the degree of the polynomial @, is called the genus of f(2).



Inverse monotone functions 223

(A) Let W, be the class of functions M (x) satisfying the following
conditions:

(a) M(x) is even and non-decreasing for x > 0, M (0) >0,
(b) In M(x) is a convex function of lnuw.

Let My be the greatest minorant in the class W, of a given function @.
The function M, possesses an enlive minorant of the form

[o0)
o(x) = Zanm”’ (@g>0,a, =0 for n =1,2,...)
n=0

and of positive genus if and only if the integral
~n M
j n Mq(x) Ao —
1+ a2

The necessity is evident, since w(x)e W, and it is of positive genus.

~lnw(z
Thus f ~—w—(—)—dm = oc. It is well-known that W, < W. Conse-
v 1+a?
quently, according to (M) the desired minorant exists for each function
e - ¢ In M (w) . '
Me W, satisfying the condition f '1—+—2—dm = co. In particular,
—% &z

it exists for the function Mg(x). In this demonstration (contrary to
the proof of Achiezer) it is not necessary to make use of the exact form
of the minorant.

Theorem (M) can be also applied to generalize the following theorem
of Bernstein ([2], p. 63):

(B) Let F(x) be a continuous positive function defined for all wx. Let
f(x) be an arbitrary continuous function defined in (— oo, co) such that
limf(z) = 0. Finally, let IN be the class of all polynomials P(x). If there
=>4 00

oo
exists an entire function Fy(z2) = > a,2"" of positive genus such that a, >0,
. n=0

G, =0 form=1,2,... and F,(z) < F(z) for all x, then

(*) , inf{ sup |f(x)—P(@)/F(x)]} = 0.

M (—00,00)

If (%) holds for each continuous function f(«) satisfying the con-
dition imf(z) = 0, then F(x) is called a weight function.

Z—>+ 00
Applying (M) we immediately conclude that the following generaliza-
tion of (B) is also true:
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(B') Let F(x) be a continuous positive even function defined for all .
If there exists a fumction p(x)e W such that

() flnp(w)w‘zdw =oco and p@)<F@ foral z>2X,

then F(x) is a weight function. In particular, if p(x)e W and (xx) holds,
then p(x) can be extended to a weight function.

This theorem is also a consequence of the Denjoy-Carleman theorem
in the theory of quasi-analytic classes of functions (cf. [11], p. 184), but
the proof by application of Bernstein’s theorem is more elementary.
Moreover, we shall show that conversely, applying (B’) the Denjoy-Carle-
man theorem can be proved in a simple way.

3.4. Denote by C7 the class of real functions f(z), infinitely deriv-
able in an interval I and let {m,} be an arbitrary sequence of positive
numbers. We say that feC{m,} < OF, if there exists a constant 4 = 4,
such that '

sup [f™ ()| < A"m, for n=0,1,2,...
I

The class C{m,} will be said to be quasi-analytic (q. analytic) if the con-
ditions feC{m,} and f™ (z,) = 0, where zyel,n = 0,1, ..., imply f(z) = 0.
Without loss of generality we may suppose that I = {0, a>. To formulate
Ostrowski’s condition of q. analicity we shall consider the function f(u)
defined in I = <0, a) satisfying the following conditions:

Q) f™(0) =0 for n=0,1,...; sup|f(@)|= M, <oo, flu)s=0.
I

From Taylor’s formula we have for such a function
uk ok
) O ) = (Guel)  and Ma < oy Mo

N —
Let C{m,} be not q. analytic and liminf y/m, << co. Therefore there

n—-o0
exists a function f(w) satisfying conditions (Q) and a subsequence {n;} of
indices such that M, < K"¢¥A". According to (x) M, < C,(AK)" for
n=0,1,..., and f(u) can be expended in Taylor’s series, but this con-

tradicts (Q). Thus we can suppose that 1im1;/;ﬁ;, = oo and the function

n—o0

T(r) = maxr"/m, is defined for all r > 0. The divergence of the integral
- n>1

fInT(r)r~*dr is a necessary and sufficient condition for the class C{m,}
to be . analytic (Ostrowski’s form of Denjoy-Carleman theorem). We
shall prove its sufficiency.
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Let f(u)eCT and ¢(x) = f(s2—x). We show by induction

/2]

o™ (@) = F™(u)(2x—1)"+ 2f‘"~">(u) (@g—1yr-r M=) (0= 2kt 1)
k=1

k! !
where 4 = #2— 2. Denoting
My, = sup [f(w)(, ML = sup|¢™(a)l
(—1/4,0) <0,1)

and applying (%) we obtain

m/2] . n .

iz <[ SR S < v
k=1 k=0

Thus if f(x) satisfies conditions (Q) in I = {(—1, 0>, then ¢(x) satisfies
the following conditions in <0, 1):

Q) ¢™M(0)=¢™M(1)=0 for n=0,1,...; o@@)*0, Mi<4"M,.
Let us suppose [InT(r)r *dr = co and let C{m,} be not q. analytic
(I =<{—1/4,0>). Thus there exists a function ¢(z)eC{m,} in <0, 1)

satisfying conditions (Q’). Let u(x) = ¢(x) for 2¢<0,1) and p(z) =0
for #¢<0,1>. Moreover, let

1

. ~ . 1 .
g(x) = g,(x) +ig,(x) = —:_ f ‘mwdt = —__fq)(t)e‘"””dt.
27 4, 1/27r0

By repeated integration by parts we obtain for {z] > |z, > 0

—-1
mw<wmm*=wgm4.

Since max(x/B)"/m, = T(xz/B), we have
n>1

(%) mw<rﬁ3

Repeated differentiation of the inversion formula
y(t) = f g(x)e*™ % dy
- 1/27\: %

gives for ¢t =0

(%) [ a"g(@)do = fw gu(@)dz +i fw go(x)de =0 (n=0,1,...).

ke ]
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Let F(x) be a positive, continuous even extension of 27 *7(x/B)

to the whole straight line. Since f[logZ (r)r~*dr = oo, it follows from
3.3 and (B’) that F(x) is a weight-function.
Since limg,(z) = 0 (» =1,2), given any &> 0 there exist poly-

T—>1 o0
nomials P,(x) such that

l9,(2) ¥ (0)— P, ()] < eF(z) in (—o0, o).

Multiplying both sides by |g,(»)| and integrating from — oo to oo we obtain

e o]

[ @ F(@)—g(@)P@)]de| < e [lg,(@)|F(2)do < K.
Since ¢ was arbitrary, according to (xx) we have
| @ F()de =0

and consequently, ¢(z) = 0. The contradiction shows that C{m,} is q.
analytic (8).

The necessity in Denjoy-Carleman theorem can be easily proved
applying Mandelbrojt-Bang condition of q. analiticity, and the equivalence -
of Ostrowski’s and Mandelbrojt’s conditions is an immediate consequence
of the simultaneous convergence of integrals shown in 3.1. In fact, applying
(2.12) we have

r(n+1)]7* < (mg[mn ) < [»(n)]7¢
¢ —'7‘: (€ _%‘3_ , a - =
mS) ™ = (m?) expl—;flm(u)du}.

Therefore from (3.3) and (3.2) for y(t) = t, F(x) = x° it follows that the
integral foo InT(r)r~*'dr and the series ﬁ(mﬁ/mhﬂ“, 2(717;&5)‘“ diverge
simultaneously. Since the divergence of S’mf,/mZH or 20’0(7;/@)_1 are
just Mandelbrojt-Bang econditions, the delsired equiva,lenée is proved.
For the sake of completeness we give still the demonstration of
tarleman’s condition 12”1 |Bn = oo where B, = gilf/ﬁk (see [3]).

(°) Ostrowski’s proof (cf. [13] or [9], p. 52) is based on a different principle.
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Denote Ty(r) = maxr"/fn, o(®)=p, for n<e<ntl,a,=

n>1

n N ——
= exp =([ Ino(u)du), T,(r) = maxr"/a,. Since the sequence ¥m,, is non-
1

decreasing and 7;/;,, < fn, We have
(+) Vg > B > Vmi,  and  Tu(r) > Ty(r) = T(r).
It is clear that o(x) is integer-valued. Therefore according to 2.7 and
: r
(2.12) we have aj, = a,, InT,(r) =1n T, (r,) +f3(u) u~'du and the integrals
To
[ [o(u)]"%du, [InTy(r)r~* 'dr are convergent or divergent simultane-
ously. Application of (%) completes the proof.
For a # 1 the simultaneous convergence or divergence of the ex-
pressions

o 1 Y n [ mE \~e ~ InT(r)
— ¢\—a —— g
S o SEE e

is also of great importance (cf. [11], p. 49 and [8]).

3.5. Let {ox(x)} (k =1,2,...) be a given system of functions such
that

(x)  ou(®)eCT, S‘}p |(P§cn)(w)| = op < oo forn=0,1,..; k=1,2,..

Let us consider the expansions of the form

(%) f@) = Y tupn(@).

Clearly, if the coefficients a, satisfy suitable conditions, then f(x) belongs
to a q. analytic class. Such conditions were introduced by de la Valleé
Poussin [14] and Mandelbrojt [9] in case when {g;(%)} is the trigonometric
system. More general case was considered in [7]. The basic result in [7]
can be generalized. Namely, the following theorem is true:

Let the conditions (x) and (xx) be satisfied. Let us assume that there
exist a constant I, a sequence {y,},infy, > 0 and an increasing convex
function (@) such that o < A¥[y,1°®). If there exists a function qeN?,
(y = inf y,) such that

n

(%) f {q[‘ﬁp(u)]}_(pl(u)du = oo and _Sj lan] a(ya) < oo,

¢
where a(t) = exp(C+ [ q(u)u™'du), then f(x) belongs to a q. analytic class.
b4
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Proof. In the same way as in [7] we obtain
sup|f®(2)| < 0A"supexp[p(k)Inyn—Ina(y)] = CA*m.
I n>1

By (2.5),
A () = sup[p(z)nt—Ina(t)] = A(z)+ [Ingle(e)]dy.

t=y zq

r~

Hence, denoting p(x) = {G{p(x)]}*PeN, and applying (2.7) we have

t
B(t) = sup{zlnt— A (1)} = B(y)-!—fp?(u)u“‘du.

T
Let T'(r) be the Ostrowski’s function of the sequence exp 4 (n). It follows
from (2.10) and (3.2) that In7'(r) > B(r)—1lnr and the divergence of
2 InT(r)
/,2
follows from Ostrowski’s condition that the eclass C{m,} is q. analytic.

(##%x) implies the divergence of dr. Since m, < expd(n), it
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