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Inverse monotone functions and their applications

In [6] the basic lemmas concerning properties of inverse monotone 
functions are formulated and applied in the theory of entire functions. 
In this note we shall give the generalization of these lemmas and the 
applications in some problems of the regularization of functions and se­
quences, in the theory of quasi-analytic classes of functions and in Bern­
stein’s problem of approximation.

1. Inverse functions. Let N denote the class of all real-valued 
functions, non-decreasing for x  >  a and tending to oo as x  -> oo, and 
let JVoo denote the class of all functions for some a depending
on p.

In [6] the inverse function of the function p e N ^  was defined by 
the formula: q(u) =  sup{x: p(x) <  u}. In this note we shall use. the fol­
lowing modified definition: p(x) =  inf {u >  a : p(u)  >  x}. Evidently, we 
have p(x) =  q{x) for x ^ p ( a )  and p(x) — a for x <  p{a). Hence, using 
Lemma 1 and 2 in [6] we obtain:

1.1. I f  p(x)eN^0, then and
(a) p(a?+0) =  p(x), p ( x—0 ) = m i { u ^ a ,  p ( u ) ^ x ] ,  p ( x ) = p ( x )  

at each point of right-hand continuity of p.
(b) p[p{x)] =  op{x) >  ж; if  <Jp{x) >  x , then p{t) =p{x)  in op{x)), 

p(t) >p(x )  for t > Op{x).
(c) I f  p[p(x)] Ф x, then p(t) = p(x) in the intervals (x ,  p [p(a?)]) 

or (p[p(x)] ,x} .
Now we shall prove the following properties of the inverse functions.
1.2. I f  p(x) =  a for a <  a <  x  <  ft, then p{a-\- 0) >  ft, p{a— 0) <  a.  

I f  p{a— 0) <  t <  р(а-{-0), then p{t) =  a.
Indeed, it follows from 1.1 (a) that p(a-\-0) — p(a) =  inf{w: p(u)

> a} ^  ft and p{a — 0) =  ml{u: p(u) >  a} <  a. Denote TJt =  {u:p(u)
>  £} for t€(p(a— 0), p(a-\- 0)). If и > a, then ue Ut; if u < a ,  then и 4 TJt. 
Hence a =  inf TJt — p{x).
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1.3. I f  g{x) = p[r(x)],  p(x )eN^i  т(ж) eW,*, r(a?)>a, then
9(x) ^т[р(ж)]> if  p(x) is left-hand continuous in (a , оо), then g(x) 
~  t[p{x)'] for all x > p(a).

Proof. Let us suppose r[p{x)'] < t <  g(x), then

g(t) — p[r{t)~] <  x and r ( t )>p(x) .

Hence p[r(#)] >  x and we get a contradiction. In a similar way we get 
a contradiction in ease when g{x) < t <r[p(x)]  and p { x ~ 0 ) = p ( x )  
in (a, oo).

2. Regularization of functions and sequences. Let 1  be a set of real 
numbers, and let a be a given class of real functions defined on A. The 
operation f(a -> Q) is called regularization, and the function a*{t) = f(a) 
the regularized function if the following conditions (B) are satisfied:

(Bx) If <  a2 in A, then /(«i) ;^/(a2),
(B2) f(a) < a in A ,
(Be) fl f(a)]  = /( « ) .
Let £ denote the range of the operation /. The following property 

of regularized function is an immediate consequence of the definition of 
the regularization.

2.1. The regularized function is the greatest minor ant of the function 
a in £.

Indeed, if the function b(t)e2 and the inequality f(a) <  b <  a holds 
in A , then b ~f {a f )  and f(a) ^  /Ю  <  f(a). Consequently, b=^f(a).

There are many examples of regularizations in connection with 
various problems of mathematics. We shall consider only a generalization 
of the “convex regularization” of Mandelbrojt (]).

Suppose that and a =  Cl̂ t is the class of functions a(t) defined
for t >  T  ^  /?, satisfying the following conditions (K):

(K x) infa(tf) >  — oo in each finite interval,
(K2) lima(t)ly>{t) — oo,

t—УОО
(K3) there exists a sequence tn oo (depending on a) such that 

a(tn) <  oo (the value oo for t Ф tn is not excluded).
2.2. For each function <peNthe  following operation is defined in a:

Fv,v (a) =  su V{cp{x)\p{t) — a{t )}  =  A ( x )  {x >  a) (2).
t^T

P) Various methods of regularizations of sequences are given by Mandelbrojt 
in [11], the general theory of the regularization of functions is given in [10].

(2) Mandelbrojt [10] assumes that у (x) — x ,xp(t) =  t. By means of the same 
operation the complementary qp-f unction is defined in [12].
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Indeed, (K2) implies that

<p(x)ip(t) — a(t) = y)(t)[<p(x) — ct(t)/y)(t)] -*■ — oo for t oo.

Therefore, according to (Kx)

snp{(p{oc)ip(t) — a(t)} — sup {<p(x)y>(t) — a(t)} <  oo.
t^T

To investigate the properties of this operation we shall apply the 
following symbols:

Ф{х, t) — <p(x)y)(t) — a(t),
lx =  [{*»}: tn > T (n =  1 , 2 ,  ...), limФ(x , tn) =  A{x)],

n—xyo

(2.1 ) p(x) — sup {lim sup tn},
J n—>oo

b (x) — sup (lim sup y>(tn)},
J П-+0О

Is =  (p{x) — e,p(x) + e).

From these definitions it follows immediately that for each e >  0 
there exists a <5 >  0 such that

(2.2) A(x) ~  трФ{х,  t) ^  Ф(х, t)-{-d for t ^ p ( x )  + e.
-h

The basic properties of the operation F ę>ip yield the following theorem:
2.3. I f  J.(a?) =  F 9>y,(a)-, p(x),b(x) are defined by (2.1) then A(x),  

p(x ), b(x)eNco and lim A (x) jp (x) —■ oo. I f  <p(x) is continuous, then
Х—х у з

X

(2.3) A(x)  =  A (|) -f J  b(u)dęp(u) ( a < £ < a > ) .
i

Moreover, i f  ip(x) is continuous, then
X

(2.4) A(x) = A(£) + f  y)[p(u)]d(p(u).
e

Proof. Suppose that х 2> х г ^.а,  {Cbfa^ dń = A f a )  —
— Ф(а1,С),  дп = А ( х2)—Ф(х2, 0 * Then

lim dń == lim d'ń =  O
n—>oo n—wx>

and
Ф (x2, Ф 0®i j tn) bn = \ep (x 2) (p (Xj) ] y) (tn) ón

<  A ( x2) — A ( xx) <  Ф(я?2, C ) +  <3» — Ф(я?1, C) =  M ^ )  — ę>(®i)]y>(<!i) +  <5» •
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Passing to the limit we get the inequality

(*) IX^a) — 9>(®i)]b(®i) <  A{x2) — A ( x x)  <  [ę?(я?2) — 9 » ^(я?а)•

,If у{х2) =  (р(хх) then A ( x 2) =  A ( x x) , £ X2 =  and consequently, Ъ(х2) 
= b(xx). If cp(x2) Фср(хг) then Ъ(хл) <  b(x2). Suppose that &(a?)<0, 
then for fixed x x and x >  xx there is

(p(x)ip(t) — a(t) <  A{x) <  А( хх)-\-С[(р{х) — p(xx)].

Therefore

a(t) ^  <p(x)[ip(t) — (7] — A{xx)-\-Ccp{x1) -> oo

for all sufficiently large t and x o o .  The contradiction with the assump­
tion (K3) proves that beNco. Now, from (*) it follows immediately that 
A ( x 2 )  >  A{xx) for x2 >  x x >  X  and limA{x)j<p{x) = o o .

X —>00

According to (2.2) the assumption p(x2) < p{xx) for x2 >  x x >  X  
implies the inequality

(**) A{x^  — A ( x x) >  d -f [<p{x2) — <p{xxY\ b(xx) .

Evidently, ip[p{x) — 0] ^ b ( x )  <  у>[р{х)-\-0]; consequently, b(x2) == b(xx) 
and (**) contradicts (*).

Given any partition of the interval <ж0,ж>, summing up the in­
equalities (*) and passing to the limit yields (2.3). If ip(x) is continuous 
then b(x) =  y[p{x)] and we obtain (2.4).

Now we give an example. Suppose the functions cp, ip be continuous,
t

(peN^, y(t)eNZ,  т >  T  >  /5, a(t) = f  y(u)dip. Then
T

t
<&{x,t) =cp{x)ip{ r) + f[<p(x)~ y(u)]dip(u),

T

and it follows from the definition of the inverse function that p(x)  
=  sup{y: ip(y) = y[<p{x)]}. Denote ó(x) — у [9?(ж)]. Since Ф(ж, t) is 
continuous with respect to t, we obtain from (2.4)

t
(2.5) S(x) =  sup{<p(x)yj(t)— f  y(u)dip}

t>T •’
8 ( x ) x

=  (p{x)ip[d(x)~]— J  y(u)dy) =  $(£) + J  ip[d(u)]dq>
t 1

for x  >  a.
Now we apply the operation F VfV to define a regularization in a.
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2.4. I f a e a  and i f  A(x) = Fp^a) ,  then the operation 

./*,»(«)= sup {p(x)ip(t)-A(x)} =  a*(t) (3)

is a regularization. I f  the functions <p, ip are continuous, then the regular­
ized function a*(t) can be represented in the form

i
(2.6) a* (t) = a* (r) + j  ep[p(u)]dip (t >  T),

T

where p(u) is the inverse function of p(x) defined by the formulas (2.1 ) for 
x ^  X.

Proof.  It follows from 2.3 that /  =  f(a  -»a). Denoting A*(x) =  F(a*) 
and applying the definition of F  and f  we obtain the formulas

(a)

(b)

a*{t) = mp {(p(x)ip{t) — sup[ę>(a?)y(i£) — a{u)f),
x ^ z X  u ^ T

A*{x) =  Bup{cp(x)ip(t) — mp[(p(u)ip(t) —A(u)]}.
i >T u^X

Putting и = t in (a), according to (b) we have a*(t) <  a(t) and A*(x) 
> A(x).  Therefore, setting и =  x in (b) we obtain A*(x) — A (x) and 
consequently, a**(t) = a*(t). If ax(t) <  a(t) for t ^  T, then F(ax) ^F(a)-,  
thus a*(t) a*(t). To prove (2.6) we assume that q(u) q{u) ^  a for
u ^ T  and we put y(u) = <p[q{u)] in (2.5). Since cp{u) is constant in the 
intervals where ov(u) Ф u, it follows from 1.3 and 1.1 that

X  X

b{x) — qlo^ix)] and J  ip[d(u)]d<p =  J  ip[q{u)]d(p.
f i

Moreover, if q[a9{x)'] > и >  q{x), then av{x) >  q{u) >  x and by virtue 
of 1.1 and the continuity of 99 we have

<p(x) <  (p[q(u)~\ <  (plc^oc)] = <p{x)
and

d(x)

J  <p[q(u)]dip = q>{x){ip{d(x)] — iplq(x)li}.
q ( X )

Now, formula (2.5) yields

(2.7) 8 x{x) =  mp{(p(x)ip(t)- f<p[q(u)]dip}m Jt^T
g ( x )

— <p(a)v>[2(®)]— f  <p[q(u)]dip = S t (£) + J  ip[q(u)]d(p.

(3) Where no misunderstanding may arise, we shall omit the indices q>, ip.
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Changing in this formula the role of cp and ip and putting p instead of q 
we obtain (2.6), according to (2.4).

Remark.  From (2.2) it follows that the change of T  implies the 
change of values of J. (a?) in a finite interval only. This fact implies that 
if ax(/) =  a2(t) for t >  t0, then a*(t) =  a*(t) for t sufficiently large.

2.5. Suppose that q>, ip are continuous functions, cp and <p is strictly 
increasing, i p e N I f  f  is the regularization defined in 2.4 {T >  /3, X  >  a), 
then the equality f(a) — a holds if and only if the function а ей can be written 
in the form

t
(*) a(t) = 0  + Jy(u)dip (t ф r >  T),

X

where C is an arbitrary constant, у (и)еХ^ and y(u) ф (p{X) for и >  T.
Proof.  By 2.4, the necessity of (*) is evident; here p(x) is considered 

for x  >  X  and therefore p(x) >  X.  Without loss of generality it can be 
supposed that y(u) is right-hand continuóus. If a(t) is of the form (*), 
applying (2.5) and (2.7) we obtain

t
a*(t) = Сг + J  <p[S(u)]dip,

X
where d(u) — y\sp{x)~\. By 1.1 (a) and 1.3, cp[t5(w)J =  y(u)-, hence a*(t) 
=  0 2-f a(t). The application of the definition of /  and the condition (B3) 
shows that a* = f(a*) =  C2 +  «*- Therefore <72 =  0 and a*(t) = a(t).

Coeollaey 1. I f  the assumptions of 2.5 are satisfied, then the range 
£ of the operation f  is equal to the set of functions defined by the formula (*).

Coeollaey 2. I f  the assumptions of 2.5 are satisfied and i f  £ is the 
set of functions dejined by (*), then a* (t) is the greatest minorant of a in  £.

How we shall study sequences. Mandelbrojt has shown that if the 
function a(t) can be oo for some t, then putting a(t) =  an for t =  n 
(n =  1 , 2 , . . . )  and a(t) =  oo for t Ф n we can apply the methods of regu­
larization of functions to sequences.

How we shall apply Mandelbrojt’s method to the regularization 
defined in 2.4.

Let {cn} be non-decreasing and limcw =  oo. Let {uM} satisfy the
w—>-00

condition lim ап{сп — oo. Suppose that ip(x)€NlQ is a continuous function
n-> o o

and ip(n) =  cn. If (p{x)eN1o0 and cp is continuous, then putting a(t) = an 
for t =  n (n — 1 , 2 , . . . )  and a{t) — oo for t Ф n we obtain

A(x)  =  sup {<p{x)ip{t) — a{t)} =  max (у? (a?) =  F VtV({an}).
1 1
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If v{x) is the largest integer n such that the maximum is attained, then 
p(x) = v(x), and formula (2.3) implies

X

(2.8) A(x) =  cp{x)cv{x) — av[x) = A (£) + J cv{u)dcp.
i .

This formula is proved in [6] independently of the theory of the regulari­
zation of functions and is used in some problems-of the theory of entire 
functions.

Applying (2.6) we obtain the regularized sequence in the form
П

(2.9) at ~  a*(n) =  sup {cp{x)en — A (x)} -- a* + J <p[v(u)]dq>.
1

Putting n =  v(£) we have:

a>y(i) — sup {cp(x)cv̂ ) <p (%) cv(X) + a ^ }  A av

From this inequality and from the properties of regularization proved 
in 2.4 we obtain the following properties of the above regularization of 
sequences, immediately:

2.6. I f  {at} is the regularized sequence defined by formula (2.9), 
then at <  an, at(x) =  av{x), A*(x) = A{x), at* =  an, I f  an — bn for n >  N t, 
then at = bt for n >  N.

In particular, if we put for qeN1̂
t

(*) a(t) = C + J  q(u)dip, an =  a(n), cn — y{n),
T

and write A a(x) = F ^ a ) ,  A a(x) = F ę>y>{{an}), d(x) = q[<p(x) ] , then, 
applying the first part of (2.5), we obtain

A a{x) =  <p(x)ip[d(x)\— а[<5(ж)] >  A a(x) >  <p(x)y[n8{x)]~ a[n6{x)~],

where nd(x) is the integral part of <5(ж). Thus we have

(2.10) A a(x) > A a(x) >  cp(x){ip[nd(x)] — y[d(x)]}+Aa(x).

Accordingly:
2.7. I f  the representation (*) of the sequence {a}l} such that the function 

q(x) is integer -valued exists, the regularized sequence is equal to {«»}.
Remark. The operation f x>i is called convex regularization,

the operation — logarythmic convex regularization. The operation 
(mn -> mcn) defined by formulas

T{r) — mai{»‘n/mn}, mcn — &ир{гп /Т (r)}
n^l 1

( 2 . 11 )
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is also of great importance. Since lnT(r) =  max[nlnr — lnmn], him*
1

=  sup [nlnr —lnT(r)], it is a convex logarythmic regularization with
r>i

respect to lnmn and lnm£. Therefore according to (2.8) and (2.9) the 
integral representation

r »
(2.12) T{r) =  T(r0)exp ( J  v(u)u~1du^, mcn =  mjexp |Jlnv(w)dwj

ro 1

holds and the integer-valued function v(x) eN^  (4).

3. Applications.
3.1. The second part of (2.7) can be written for т =  q(t-) in the form

q ( x )  x

(3.1) f  <p[q(u)]dy> = tp(x)y>[g(x)] — (p(£)y>[g(£)]— fy[g(u)]d<p.
<ff)5 1

This formula is also valid in case when cp(x) (or ip) is non-increasing; 
consequently, it is a generalization of Lemma 3 in [6].

Suppose that F(x) >  0 is a continuous, non-decreasing function,
X

g(x)e'N0o and a(x) =  C+ j  ip[q(u)]F~1(u)d.F. Applying (3.1) we can
s

prove in the same way as in [6] that the integrals

(3.2)
r dip 

J F[q{u)) ’ / V>[g(^)]
F 2{u)

dF,
r a(u) 

J F 2(u)
dF

are all convergent or all divergent. Thus we have obtained a generalization 
of Lemma 4 in [6].

Denoting

1 X
P(x) = — I q{u)du,

X J
a

we have the inequality

(*) q(x) >  fi(x) >  %P(x/2) + $q(x/2) ( xJ2>a) .
CO

If J exp( — q{x))dx <  oo, then applying Schwarz inequality we obtain
U 2U и  и

(**) ( /  е - ^ Ч х ) 2 <  f  e - ^ d x  f  e-qW>dx <  C f  e~ê d x .
Mq * Wq Mq Wq/2

(4) Mandelbrojt has obtained the first of formulae (2.12) applying the convex 
regularization and the change of variables.
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Putting ip{x) = x and F(x) = ex in (3.2), according to (*) and (**) we 
infer that the integrals

CO oo oo
(3.3) j  e~Q(x)dx, J  q(x)e~xdx, j  e '^ x)dx

are convergent or divergent, simultaneously.
3.2. Let F{r) he a positive, increasing, continuous function defined 

for r >  r0 >  0 satisfying the following conditions

(a) lnF(r) is a convex function of lnr,

(b) lim rxIF(r) =  0 for each x >  0.
Г—УСО

It is well-known that F(r) can be represented in the form

Г
(*) \nF(r) =  \nF(r0)+ jy ( u ) u ~ 1du1 where and y(r0) > 0.

ro

Denote InG(x) =  sup [®lnr — InF(r)] (x >  0). Putting y>(t) = ln t ,
r>ro

(p{x) = x, T  =  r0 X  = 0, a(t) ==\nF(t) in 2.5 we obtain sup[a?lnr—

— 1пбг(ж)] =  lnP(r). This particular case of 2.5 is proved by Fenshel [4]. 
Another proof is due to Horvath [5] who supposed r0 =  1 and x >  1 . 
The simple example lnP(r) = ar (a <  1) shows that the second assumption 
is incorrect since in this example InG (x) .= xlnr — ar and if 1 < r <  1 /a, 
then the function Ф{х,г) = xlnr — 1пСг(ж) attains its maximum at the 
point xr = ar < 1 .  Therefore тахФ(ж, r) = Ф(1,г) Ф Ф(хг,г) = ar

=  lnP(r).
3.3. Let W be the class of functions which can be represented in 

the form
X

p(x) =  ex p |c+  j  q{u)u~lduJ

for x >  xQ where x0 and G are constants depending on, p, q{x)eN^ 
and q{x-{-0) =  q(co). If p(x)e W , then

X

. xap(yx) =  exp (cx-\- f  [q(yu)+a]u 

Consequently, p{ax)e W  and xap(x)e W.
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Let К  be an arbitrary constant. Choose n0 so that q(n0) >  0 and 
define the sequence {cn} and the function f(z) by formulas

(*)

exp I —  К — J  In q (и) duj for
«0

cn. for

/ ( » ) = j ?  ctnz2n.

n >  Щ, 

n < n0

Since limine'>njn — — oo, f(z) is entire. It follows from (2.7) for y(t) — t
n—>oo

and (p{oc) =  In x that the constant К  can be chosen so that

(**) In [if (x) <  sup tin x — f \n q ( i i)d u \—K = ln p ( x ) .

21
From (2.10) for 9o{x) — 1пж, ip{t) =  21, a(t) — f  Inq(u)du we obtain

no

1 npf (x) > 21пж+ sup jUn# — J lng(w)d^J — К  ^  (7 + 21na?+lnp(£r).

We shall apply the above estimations of Inpf{x) to prove the following 
theorem:

(M) Let F{x) be a positive even function defined for all x. I f  there exist 
positive constants #0, d and a function p(x) e W such that p(x) <  F  (x) for

OO
x >  x0, F(x) ^  6 for 0 <  x <  x 0 and J 1 np(x)x~2dx — 00, then F(x)

OO
possesses an entire minor ant of the form JT anx2n {an > 0) and of a positive

7 1 = 0

genus (5).
Proof. For x >  x Q and arbitrary c0 >  0, a >  0, the function g(z) 

=  c0~\~f(az) satisfies the inequality

g { x )  <  c0 + aa/(l — a 2) p f ( x )  <  c0 + a2/(l— a ^ ) F ( x ) .

If c0 and a are sufficiently small, this inequality holds for all x. Since
OO

f(x)  >  Hf{x), the integral J In g(x)x~2dx — 00 and g(z) is of positive genus. 
Therefore g(x) is the desired minorant.

The above theorem is a generalization of the following theorem of 
Achiezer [1 ]:

OO
(*) If f{z) =  expQ(z) Л  B{zjzn, p), then the number у =  min(p,q), where q 

«.=1
is the degree of the polynomial Q, is called the genus of f(z).
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(A) Let W0 be the class of functions M(x) satisfying the following 
conditions:

(a) M(x) is even and non-decreasing for x  >  О, Ж (0 )> 0 ,
(b) In M(x) is a convex function of \nx.
Let Мф be the greatest minorant in the class 1T0 of a given function Ф. 

The function Мф possesses an entire minorant of the form

oo
co (x) — anx2n (a0 >  0, an ^  0 for n — 1 , 2 , ...)

n=0

and of positive genus if and only if the integral

f In Мф{х)-----------dx =  oo.
1 + x2

The necessity is evident, since co(x)e W0 and it is of positive genus.
In O) (x)

Thus I ----;—— dx =  oc. It is well-known that W 0 cz W . Conse-
— OO + x2

quently, according to (M) the desired minorant exists for each function 

M € WQ satisfying the condition ?lnJf(a?)J —— dx = oo. In particular,
+x2

it exists for the function Мф(х). In this demonstration (contrary to 
the proof of Achiezer) it is not necessary to make use of the exact form 
of the minorant.

Theorem (M) can be also applied to generalize the following theorem 
of Bernstein ([2], p. 63):

(B) Let F(x) be a continuous positive function defined for all x. Let 
f(x) be an arbitrary continuous function defined in ( —oo, oo) such that 
limf(x) =  0. Finally, let Ж  be the class of all polynomials P(x). I f  there
x—>±oo

OO

exists an entire function F x{z) — £  anz2n of positive genus such that a0 > 0 ,
n = о

an >  0 for n = 1 , 2 , . . .  and F x(x) <  F(x) for all x, then

(*) inf{ sup \f(x) — P(x)/F(x)\} — 0.
901 ( — oo.oo)

If (*) holds for each continuous function f(x)  satisfying the con­
dition lim /(x) =  0, then F(x) is called a weight function.

x—>±oo

Applying (M) we immediately conclude that the following generaliza­
tion of (B) is also true:
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(В') Let F(x) be a continuous positive even function defined for all x. 
I f  there exists a function p{x)e W such that 

00

(**) J Inp(x)x~2dx =  oo and p(x) <  F{x) for all x  >  X,

then F(x) is a weight function. In  particular, i f  p(x)e W and (**) holds, 
then p{x) can be extended to a weight function.

This theorem is also a consequence of the Denjoy-Carleman theorem 
in the theory of quasi-analytic classes of functions (cf. [11 ], p. 184), but 
the proof by application of Bernstein’s theorem is more elementary. 
Moreover, we shall show that conversely, applying (B') the Denjoy-Carle­
man theorem can be proved in a simple way.

3.4. Denote by C f  the class of real functions/(ж), infinitely deriv­
able in an interval I  and let {mn} be an arbitrary sequence of positive 
numbers. We say that feC{mn} c  C f,  if there exists a constant A  =  A f 
such that

sup I f^(x) I <  A nmn for n =  0, 1 , 2 , ...
i

The class C{mn} will be said to be quasi-analytic (q. analytic) if the con­
ditions / е C{mn} and f {n)(x0) — 0, where x0e l ,  n — 0, 1 , . . . ,  imply f(x) =  0. 
Without loss of generality we may suppose that I  =  <0, a}. To formulate 
Ostrowski’s condition of q. analicity we shall consider the function f(u) 
defined in I  =  <0, a> satisfying the following conditions:

(Q) /(п)(0) =  0 for n =  0,1, ...; sup|/(w){x) \ = Mn <  oo, f(u)^h  0.
i

From Taylor’s formula we have for such a function

к gk
•(*) р а- к> (и) =  —-jfM(f) and Mn_k ^ — Mn.

lei k \
n---

Let C {mn} be not q. analytic and liminf f  mn <  oo. Therefore there
П —УОО

exists a function f(u)  satisfying conditions (Q) and a subsequence {nk} of 
indices such that МП}с <  К ПкА Пк. According to (*) Mn ^  C1(AK)n for 
n =  0 , 1 , . . . ,  and f(u)  can be expended in Taylor’s series, but this con-

n ---
tradicts (Q). Thus we can suppose that lim \m n — oo and the function

ft—> oo
T(r) =  т а игп/тп is defined for all r >  0. The divergence of the integral

- ft> 1 
OO

J In T(r)r~2dr is a necessary and sufficient condition for the class C{mn} 
to be q. analytic (Ostrowski’s form of Denjoy-Carleman theorem). We 
shall prove its sufficiency.
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Let f{u)eC f  and <p(x) = f ( x 2 — x). We show by induction
[ra/2]

= / < “>(«)( 2 ® - l) *  +  +
fc!k=l

where n — x2 — x. Denoting

Mfn =  sup |/ (n)(^)l,
<-l/4,0>

and applying (*) we obtain

M l  =  sup \<p{n\x)\ 
<0,1>

14  2]

[x+E (X к k)h mL E (if <
fc=X fc=0

Thus if f{x) satisfies conditions (Q) in I  =  < — 0>,  then <p{x) satisfies 
the following conditions in <0, 1 >:

(Q') ę,(”)(0) = 9?(n)(l) = 0  for w = 0, l , . . . ;  <р(х)ф 0,
OO

Let us suppose f  \nT(r)r~2dr =  oo and let C{mn} be not q. analytic 
(I =  < — 1/4 ,0» .  Thus there exists a function (p(x)eC{mn} in <0,1> 
satisfying conditions (Q'). Let ip(x) — <p{x) for a?e<0,l> and ip(x) =  0 
for ж^<0,1>. Moreover, let

g {x) =  дЛоо)+ъд2{х)
1

V2tz

1
i

J <p(t)e~2nitxdt. 
0

By repeated integration by parts we obtain for \x\ ^  \xQ\ > 0 

\g(x)\ ^ B nmn\x\~n =  /m„j .
Since max(xlB)n/mn =  T(x/B), we have

»> i

(*) !?(*)!

Repeated differentiation of the inversion formula
OO

y)(t) =  __ f g(x)e2nUxdx
-

gives for t =  0 (**)

(**) j  xng(x)dx — J  xng1(x)dx + i j  xng2(x)dx =  0 ( w = 0 , l , . . . ) .
— OO — 00 —oo
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Let F(x) be a positive, continuous even extension of x 2T(xjB)
oo

to the whole straight line. Since f  log T{r)r~2dr = oo, it follows from 
3.3 and (B') that F(x) is a weight-function.

Since lim<7„(a?) — 0 (v =  1,2),  given any e >  0 there exist poly-
oo

nomials Fv(x) such that

\gv(x)F(x)—Pv(x)\ <  eF(x) in ( — oo, oo).

Multiplying both sides by \gv(x) \ and integrating from — oo to oo we obtain

oo oo
|J \.gl{x)F(x) —gv(x)P(x)]dx | < e  J  \gv(x)\F(x)dx <  К  e.

— oo —oo

Since e was arbitrary, according to (**) we have

CO

J  gl(x)F(x)dx — 0
— OO

and consequently, <p(x) =  0. The contradiction shows that G{mn} is q. 
analytic (6).

The necessity in Denjoy-Carleman theorem can be easily proved 
applying Mandelbrojt-Bang condition of q, analiticity, and the equivalence 
of Ostrowski’s and Mandelbrojt’s conditions is an immediate consequence 
of the simultaneous convergence of integrals shown in 3.1. In fact, applying
(2.12) we have

[v(n + l ) T a < (ш11тсп+1)а <  [v{n)Ta,

_a _a , n

(mcn) 71 =  (№i) n -exp]— — (biv(u)du\

Therefore from (3.3) and (3.2) for ip(t) = t, F(x) = xa, it follows that the
OO OO OO n ___

integral j  lnT{r)r~a~1dr and the series JT {шсп1тсп+1)а, ]?{ymcn )~a diverge
71=1 71= 1

oo 00 n____
simultaneously. Since the divergence of ^ K +1 or 'EiV'^n )_1 are

X 1
just Mandelbrojt-Bang conditions, the desired equivalence is proved.

For the sake of completeness we give still the demonstration of
00 к -----

Carleman’s condition /(3n — oo where =  inf \/mk (see [3]).
1 /c>w

(6) Ostrowski’s proof (cf. [13] or [9], p. 52) is based on a different principle.
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Denote Tfi(r) =  maxr”/^ , a(x) — (3n for n <  x <  n-\-1, an —
n ^ l

n n ---
=  exp =  (J Ina(u)du), Ta(r) — maxrw/K. Since the sequence is non-

i
n ---

decreasing and у an <  К , we have
n   П r—

(*) \Zmn ^ p n ^ y m i  and Ta(r) >  Tp(r) = T{r).

It is clear that a(x) is integer-valued. Therefore according to 2.7 and
Г

(2.12) we have acn =  an, lnTa(r) =  lnTa(r0) + J a ^ u ^ d u  and the integrals
ro

OO 00

/  [o(u)J~adu, JlnTa(r)r-a_1dr are convergent or divergent simultane­
ously. Application of (*) completes the proof.

For а Ф 1 the simultaneous convergence or divergence of the ex­
pressions

1 I In T(r)
— -ri— dr

is also of great importance (cf. [11], p. 49 and [8]).
3.5. Let {<pk{xj} '(1c =  1 , 2 , . . . )  be a given system of functions such

that

(*) <Pk(n)eCf, sup \(fp(x)\ = ank < oo for n =  0 ,1 ,  ...; h =  1 ,2 , . . .
i

Let us consider the expansions of the form
OO

(**) f  (w) ~  >̂nCpn ($) •
n= 1

Clearly, if the coefficients an satisfy suitable conditions, then f(x) belongs 
to a q. analytic class. Such conditions were introduced by de la Vallee 
Poussin [14] and Mandelbrojt [9] in case when {(pk(x)} is the trigonometric 
system. More general case was considered in [7]. The basic result in [7] 
can be generalized. Namely, the following theorem is true:

Let the conditions (*) mid (**) be satisfied. Let us assume that there 
exist a constant K, a sequence {yn} , inf yn >  0 and an increasing convex 
function cp{x) such that ank <  A k [ynY^- I f  there exists a function qeN^  
(y = inf yn) such that

П
oo oo

(***) f  {q[<p(u)]}-v'(u>du =  oo and У  K l а{уп) <  00,
. idi

t
where a(t) - exp (0 + f  q(u)u~1du), then f(x) belongs to a q. analytic class.
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Proof.  In the same way as in [7] we obtain

sup |/ (fcV ) | <  (ТДЛзирехрЕзД&Дпуя,—lncc(yn)] =  CAkmk.
I 1

By (2.5),

A(x) = sup [ (̂жДгД — lna(£)]
t^y

— А{хй)-\- J lnq[sp{x)]dp.
xo

Hence, denoting p(x) = {q\sp{x)^Y'̂ x ) and applying (2.7) we have
t

B(t) =  sup{a?lnf — A (t)} =  jB{y) + J  p{u)u~xdu.

Let T(r) be the Ostrowski’s function of the sequence expA(n). It follows 
from (2.10) and (3.2) that lnT(r) ^  JB(t) — lnr and the divergence of

? ЫТ(г)
(***) implies the divergence of --------- dr. Since mn <  expA(w), itJ у 2

follows from Ostrowski’s condition that the class C{mn} is q. analytic
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