
ROCZNIKI POLSKIEGO TOWARZYSTWA MATEMATYCZNEGO 
Seria I:  PRACE MATEMATYCZNE XI (1968) 

ANNALES SOCIETATIS MATHEMATICAE POLONAE 
Series I: COMMENTATIONES MATHEMATICAE XI (1968)

M. G. Mtjrdeshwar (Edmonton, Alberta)

On the maximum correlation between functions

1. Introduction. Let /  and g be non-negatiye functions bounded 
by 1 on [0, 1 ] and zero outside [0, 1 ] and having integrals a and respec­
tively on this interval. Our principal result is a lower bound, in terms

of a and /9, for the maximum of correlation function j  f(x)g(x-\~ t)dx.

Our work is motivated in part by a desire to generalize a problem 
of J. Mycielski and to obtain an improvement of the following theorem 
of Mycielski announced without proof in [1] :

Let X  and Y  be Lebesgue-measurable subsets of [0 ,1 ] having measures 
a and fi respectively. Then there exists a number t such that if  Y  is translated 
through t, then the intersection of the translated set Y t with X  has measure 
at least

Mycielski kindly communicated his proof to us. It involves the use 
of continued fractions. It will follow from our main result that (1.1) can 
be replaced by

and although this estimate is not best possible, an example we give shows 
essentially that the coefficient of a/? in (1 .2) can not be increased.

2. Let be the family of real-valued functions /, Lebesgue-inte- 
grable on [0, 1 ] and satisfying the conditions: 0 </(ж) <  1 for же[0, 1 ],

0

( 1.1 )

( 1 .2 )

and f(x) = 0 for ж ^[0, 1 ], f f (x)dx = a.
о
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Let ^ be the family of functions satisfying the same conditions with ft 
replacing a. a and ft are fixed, but arbitrary. Define

i
M{t) =  g-t ł) =  j f{x)g{x+t)dx,

0

M  =  M (/, g) — max and X =  inf M,
t

where the infimum is taken over all /  zSF and ge&. The problem is to find 
or estimate X. The problem of finding X is believed to be an extremely 
hard one. In this paper, we give lower and upper bounds for X which seem 
to be quite efficient. For instance, for a =  ft =  0.5, our estimates give
0.136 <  X <  0.166.

If we further define Jf{ t ) = ^M{t) Ą-Ji{ — t) for t >  0 and Ж 
=  sup Ж(1), it is obvious that 1  <  2¥ ,  0 <  ^ ( 1) <  2 for fe[0, 1 ],

t
and = 0  for t >  1. We will also require the following properties
of *V{t).

Lemma. t) is continuous and hence integrable on [0, oo).
Proof. It suffices to show that Jt(t) is continuous at each t

i
\J?(t+h)—Jt{t)\ =  j f  f(oc)[g(x+t+h) — g(xJrt)]dx j

о
i

<  J  \g(x+t+h) — g(x+t)\dx.
о

The last integral tends to zero as h->0, by the Mean-Continuity property. 
Lemma.

j  JS'itydt — aft. 
о

This can be proved by the usual method of interchanging the order 
of an iterated integral. The change in the order is easy to justify, e.g. 
by Fubini’s Theorem.

Lemma. I f  0 <  t <  1, then jV (t) < 2  — 21.
P roof.

i ~t i
JT{t) = J  f (x)g(x+t)dx+Jf(x)g(x — t)dx <  1 — t+l  — t.

о t

The next theorem gives an estimate which corresponds to, and im­
plies, that of Mycielski, viz. (1.1).
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(2.1) Theorem.

Я >  l - ( l - a p ) 112.

Proof. Using the two preceding Lemmas

l-iV/2 N
ф =  <  J  Ndt+ j  (2 — 2t)dt

о о l -N,12

which yields the inequality N 2— 4N + 4a/? <  0. Solving, we obtain 
M U >  1 — (1 — a/?)1/2. Since this inequality holds for all /  and g, the 
theorem follows.

Before obtaining improvements on the last theorem, we shall obtain 
an upper bound for Я, useful for small values of a and /?.

(2.2) Theorem. I f  ^(а л /?) +  (а v /?) < 1 ,  them,

where v and л denote maximum and minimum, respectively.
Proof. Take /  to be the function which is 1 on [0, \a]  w [1 —|а ,  1] 

and zero elsewhere, and g to be the function which is /?/(1 —|a ) on 
[ £ a , l — I a] and zero elsewhere. Here we have supposed, without loss 
of generality, that а =  а л /?.

Expanding the right-hand sides of (2.2) and (2.1) as power series 
in <ф, we see that the scope for improvement over (2.1 ) is very slight if 
any. In particular, we note that it is not possible to improve the leading 
term.

The estimate in the next theorem is useful only when a and /? are 
both ‘large’, i.e., sufficiently close to 1 .

(2.3) Theorem.

Proof. 8ince ( l— f(x)){l — g{x)) >  0, we have for all x , f (x)g(x)  
>  f (x) + g (x) — 1. Hence

2 — (a a £)

Я U а-ł- /? — 1

M > — J  f(x)g(x)dx >  j  {f(x)+g(x) — l}dx  — a+ft— 1 .
0 0

(2.4) Lemma. I f  E  is any measurable subset of [0 ,1 ], then

f { f + g ) < i N  + m(E)
E

where m(E) denotes the measure of E.
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Proof.

N  >- c/F(0) =  2 J  f(x)g{oc)d% +  2 Jf(oc)g(x)dx > 2  J {/(ж)+^(ж) — l}da?.
0 Е Е

Lemma.

(2.5) Ж(*) <  JJV+1 —t -if

(2.6) Ж(*) <  ±W + 2 -3 *  г/

Proof. Let \  <  t <  1. Take Е  =  (0, 1 — t) w (i, 1 ). Then

ł  < 1 . 
0 <  * <

Ж(<) =  J  f{x)g{.x+t)dx+jf(x)g(x — t)dx <  j f ( x )dx .

Since a similar inequality can also be proved for g,

•'♦'•(*)<* /</+?)■
E

Using Lemma (2.4), (2.5) now follows. Similarly, if 0 <  7 <  ,̂ we can show 
that

jV(t) < 2(1 - 2*)+ j f
E

where now E  =  (0, t) w (1 — t, 1). From this,

Ж « ) < 2 ( 1 - 2 ( ) + *  j(f+g)<iN+2-3t.
E

We are now ready to prove the main theorem. 
(2.7) Theorem.

(i) I f  Я <  then

(2.8)
V l — Cap 

e
where c —

5
T '

(ii) I f  i  <  /  <  I,

(2.9) Я +  max 1
"3

1 — / i  — da/51 
d } where d =

7
6 '

(Hi) If J >  I, *7i0w<
Я >  max{-|, a+/?—1}.

Proof, (i) For any д <  Я, there exist / 0е^ and such that
-Щ/а, gs) <  Я-j- <5 <  |.  Throughout this proof we shall write Md and N d 
for M ( f d,gd) and N(fe, gd) respectively.
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Let =  (0 ,1 - fA * ) ,  A 2 = ( and A 3 =  ( 1 -
— \ N d, l ) .  Since N  <  §, if teA2, then ź >  £ and hence (2.5) applies. 
Therefore,7 \

ap =  J +  J +  j  jr{t)dt  <  ЛГлт ( ^ 0 +  /  ( £ А , + 1 - * ) « Й +  f ( 2 - 2 t ) d t
A i A 2 A 3 A 2 A  3

which yields J a - J a+aj5 <  0, i.e.,

M 6>
1 - / 1 - cap 

c = V with c —
5
4'

Hence, Я >  <5. Since 6 is arbitrary, (2.8) holds.
i

(ii) The proof of (2.9) is similar. In this case, the integral j jV{t)dt
0

has to be split over four snb-intervals

A t =  (0, f -  l N d), A 2 =  ( f -  l N a, *), A 3 = ( i ,  1 -  ±N3) 

and A4 =  ( 1 — l N d, 1)

and then the estimates (2.6) and (2.5) are used over A 2 and A z respec­
tively.

(iii) If Я >  \ , then a and (3 are both sufficiently large and the estimate 
of Theorem (2.3) will suffice.

3. In conclusion, we observe that our problem is an extension of 
Mycielski’s problem from characteristic functions to a much larger family 
of Lebesgue integrable functions. Also, the constant Я in the point-set 
version of Mycielski is not less than the Я defined in § 2. Hence all the 
lower bounds for the latter, such as Theorems 2.3 and 2.7 automatically 
hold in the case of Mycielski’s problem.

The author wishes to acknowledge his indebtedness to Professor 
Leo Moser whose help made this paper possible.
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