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7. POLNIAKOWSKI (Poznan)

On some properties of Riesz means

1. In this paper we prove several theorems concerning Riesz mean

of the sequence {s,}:
tn = vasv/zpv
=0 v=0

for complex p,. We prove a Mercerian theorem (Theorem 1), a theorem
concerning the inclusion of two Riesz means (Theorem 2) and two Taube-
rian theorems (Theorems 3 and 4). In the proofs we make use of the
method of difference equations.
We assume, as usual, that
k

Akan=2(—~1)"(f)an+v, da,= Ala,.
=0

We shall say that the sequence {a,} has the property C with the
constant K if there exist N and K > 1 such that

n—1
(1) |a,) oo and > |da| < Klay| for n >N
v=0
or
(2) an—>0, a,#0 and 2 |4a,| < K|a,] for n > N.
y="n

2. LEMMA. Suppose that

(3a) reh, < 0
or
(3b) reh, >0 (n=20,1,2,...),
(4) o] < Afrehy| (n=0,1,2,...),
(5) > 1| = oo,

n=0

(6) (4by)[byp~h, in case (3a), (Aby_)[by~h, in case (3b) (n — o0).
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130 Z. Polniakowski

Then the sequence {b,} has the property C with every constant K > A.
Moreover, |b,| — oo in case (3a) and b, — 0 in case (3b).

Proof. Let us observe that for b = 0 we have
la/b] = re(alb), (la|—[b])/|b] = re[(a—Db)/b].

For arbitrary sequence {b,} (b, #% 0) it follows that
(7) (Aba])]1ba] <1e[(4by)/by] and  (A4|bu_y))/|bn] =re[(Aby_1)[bs].

a) In the case of reh, << 0 we infer that re[(4b,)/b,] ~reh,(n — o),
since

re[(4b,)/b,] = re[(4b,) /by hy]reh, —im[(Ab,) [byhy,]im Ry, .

From this we obtain for n > N (with some N), by (7):

A[by)[10a| < re[(dby)[bn] < freh, < 0

and
n—-1

n—1
bl = [bo| [ | (1—4reh,) = —}[bolre Db, — oo
=0 r=0
by (3a), (4) and (5). Next, we have by (7) for w > N

|4bal _ 4ba| 1 ]
[Albal| bl —re[(Aby)[by]  —Tehy

Since 4]b,] < 0 for » > N, then the sequence {|b,|} has the property
C with every constant greater than 1. We have [4b,[/|4[b,]| < A+6
for sufficiently large » by (4) (6 > 0), and we obtain the desired result
in case (3a).

b) In the case of re h, > 0 we infer, as in a), that for a given (0 << e << 1)
there exists N, such that for n > N,

Albu_i| = (L—e) |balrely >0 and  |Aby_y| < (1+e)|buhy).

Next, we prove that limb, = 0, applying the inequality

bl < 10l ] [ 11+ (L —e)reh,]  (n > N))

and the hypotheses (4) and (5). We obtain for » > N,

me < (1-te) Z b, hy| < (1--e) A |by] Z reh, | ]Y (14 (1—e)rel;]
=" yv=1n-+1 y=n1}1 j=n41

14
< oAl



Properties of Riesz means 131
in virtue of the equality

D ol [ @tw) =1,

v=n+1 j=n+1
where v, = (1—e¢)reh, (compare Sierpingki [5], p. 131).
COROLLARY. Suppose that for n = 0,1,2, ...

(8) |Tn] < Aq(0p—0%—172)  with some A, >0,
(9) D Hy| = 00 with Hy = 0,+ity,

=0
(10) bn # O, (Abn_l)/bn—lz Hn-

Then the sequence {b,} has the property C with every constant K > V1 442
and b, — 0.

Proof. Let us observe that |H,| <1 by (8) since re(1/H,) > 1.
Setting %, = (4b,_,)/b, we obtain h, = H,/(1—H,).

We shall prove that the sequence {h,} satisfies the hypotheses of
Lemma 2 in the case of reh, > 0. We have

Op+1Ty O'n““o'i—'[:“’irn

hn = . - 2 9
1—o,—17, (L—o0p) 470

and reh, >0 by (8). Furthermore |imh,] < A,reh, by (8), and
|ha| < V14Alreh,.

. The equality D' |h,| = co is also satisfied by (9). Now we apply
n=0
Lemma 2 in case (3b).

3.1. LEMmA. Suppose that
(11) 0 <oy < —Krea, for some K >1 and n =0,1,2,...

1
(12) D=,
— [an|

(13a) lim g, = M < oo
n

or

(13h) limg, = s.

Then every solution of the difference equation
(14) L(wp) =n (n=1,2,...),

where L(x,) = @n-+anden_1, satisfies the relation hmlwnl < MK in case
(13a) or hmmn = s in case (13b).
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Proof. Assuming 1/a, = (4by_1)/bp_1 = hp,n =1,2,..., We see
that the sequence {b,} has the property C with every constant K* > K
and |b,] — oo by Lemma 2. Now it suffices to apply 2.1.1, [3], p. 3 and
2.1.2, [4], p. 113.

3.2. LEMMA. Suppose that
(15) ima,| < K,(rea,—1)  for some K, >0 and n =0,1,2,...,

o 1
(16) E = oo,
n=0 1an|

(17a) lim g, = M < oo
n
or
(17b) limg, = s.
n

Then the difference equation (14) has a solution {&,} such that l—iYﬁ\o?n]

< MV1+K? in case (17a) or lim%, — s in case (17b).

n

Proof. Setting 1/a, = (4b,_,)/by_, = H,, n = 1,2, ..., we obtain

2

that the sequence {b,} has the property C with every constant K} > ]/1 + K7
by Lemma 2 and Corollary. Now it suffices to apply 2.1.1, [3], p. 3 and
2.1.2, [4], p. 113.

Tueorem 1. If

(18)  Jn#0, pu#0, Puy=dp,#0 (n=0,1,2..),
r=0
(19) pn/rnPu_i| < Kre(py/inPn_1) with some K >1 (n =1,2...),

(20) D pafAnPay| = oo,
Nn=1

then the hypothesis
limg, = s,
n

n
where @, = 1,8+ (1 —A)t, tn = vasv/l’n, implies
=0

limt, = s.
n

Moreover, if
(21) lim|4,| >0,

then

lims, = s.
n
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Compare Karamata [2]. Let us observe that the transformation
by = Zn;pv s, /P, may be not regular.
Iv’:roof. We have s, = t,— (Py,_1/ps) At _, and
Pn = tn—2n(Pr_1/Pn) Alyy.
Applying Lemma 3.1 for a, = —A1,P,_1/p, We obtain limi¢, =s. If
(21) is satisfied then lims, = s since "
" b = fa—t) .

Let us observe that if 1, does not satisfy hypothesis (20), the conclu-
sion of Theorem 1 may be not true. For example, if p,/A,Pn_; = a, > 0,

n=12,.., ) a, < oo, we obtain
n=1
(22) th— (1/ay) Aty =@, (0 =1,2,...),
n

and t, = ¢,[r,, where ¥, = [[ (1+4a,). We calculate the unknown se-

v=1

quence {c,} substituting the value for ¢, into (22). We obtain
n
Cp = Zavtp,w,‘l—{— const, n=2,3,...
y=2

It follows that there exists a sequence {f,} satisfying (22) and such

that lime, = o and lim?, = o/o; # 8, where o, = lima,.
n n n

4. LEMMA. Suppose that
(23) 0<]|oy < —Krea, with some K >1 (n=0,1,2,...),

(24) D lay| = oo,
=
(25)  fn—and(ynfan)] < Ky, yafonl < K, (n=0,1,2,...),
(26a) lim g, = M < oo
or §
(26D) limg, =s and f, = B.

Then the difference equation
(27) L(xn) = Bu@nt7n Apn_1 (n=1,2,...),

where L(xy) = @, +a, Ay_,, has a solution {%,} bounded in case (26a)

or such that lim %z, = Bs in case (26Db).
f n
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Proof. We set
Ty, = Vnp1@nlOns1+al) (n=0,1,2,...),
and we obtain ,
L(a%) = L() —L(ynt19n/tns1)
(28) = BuntVn den_1—L(Ynp1@n/oni1),
L@P) = A,p, (n=1,2,...),

where A, = fn—an A(Ynlan) —Vni1/tmir-
In case (26a) it follows by (25) and Lemma 3.1 that (28) has a solu-

tion {1} such that Lim|z| < M (K, +K,) K. We set T, = yns10n/dnp1-+-
+z0, n=10,1,2,..., and we obtain lim|z,| < M(K,+KK,+KK,). If
n
limg, = 0 we infer from this that limZz, = 0.
n n

In case (26b) we set @, = @+ Bs, @y = ¢ -+8 and we obtain from (27)
the difference equation

L (%) = Boy-+yn dph_, (n=1,2...),
which has a solution {Z;} such that limZ, = 0, since limg, = 0. Now
n n

we set %, = %, Bs.

Remark. It follows from the proof of Lemma 4 that the conclu-
sion of this LLemma remains true if we replace the hypotheses (23) and
(24) by the (weaker) hypothesis

(29) {b,} has the property C with every constant > K and |b,| — oo,
n
where b, = [[(1—1/a,) (compare proof of Lemma 3.1, it is
=0
Ay = bn-—l/Abn—l)'
THEOREM 2. Suppose that

n n
(80)  Pu£0, gu#£0, [Pol > o0, Nip| <K|P|, where Po= Y p,,
=0 v=0

(31) Quorltn = O(Pu_s[py), where Q= D'q,,
=0

(32) A{Pn@n_1/Pn_19n} = O(pn/Pn_1)-

Then the relation

]‘imZQVSV/Qn =8
n »=0
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implies

Hm .8, [Pp=8.
I g:p [Py,
Proof. If
n n
t;’l}) = vasv/Pny ts‘z) = Zq”sv/@n’
=0 v=0
then

Sp = tf,:)— (-P'n_l/pn) At;zl-)—lz (2) Qn I/Qn) At( ) .

Now we apply Lemma 4 (see Remark) with a, = —P,_,/ps, fr = 1,
n = *Qn—l/qn-

An analogous theorem for real p, and ¢, is proved in Hardy [1]
(Theorem 14).

5. LEMMA. Suppose that

(33) lima,| < K(rea,|—1), reay,Trea, ;>0, K >0
(n =0,1,2,...),

(34) D 1la] = oo,
Nn=0

(35) lim|a,| = oo,

(362) lim|g,| = M < oo

or

(36Db) limg, = s.

n
Then for every real h # 0 the difference equation
%, tha,Avy_1= @, (n=1,2,...)

has a solution {Z,} satisfying the relation hm|xn| < MV1+4K? in case
(36a) or lim#,= s in case (36b). "
n

Proof. We shall prove that the sequence {ha,} satisfies the hy-
pothesis (11) or (15). If hrea, << 0 then we obtain from (33)

lhima,| < K(|hrea,|— |h|) < —Khrea,

and the hypothesis (11) of Lemma 3.1 is satisfied with V1L K? instead
of K. If hrea, > 0 and [h| > 1 then

[hima,| < K(Jhrea,| —|h|) < K(hrea,—1).
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If hrea, > 0 and |k] <1 we choose N such that [rea,| > 2/|h|—1
for n > N. We obtain for n» > N

lima,| < K(Jrea,|—1) < {2/|h]} K (|hrea,| —1).

In the two last cases the hypothesis (15) of Lemma 3.2 is satisfied
by the sequence {ha,} except for n = 0,1,..., N—1 in the second case.
Now it suffices to apply Lemma 3.1 or 3.2 for ay,, instead of a,.

6. LEMMA. If the sequences {a,} and {p,} satisfy the hypotheses (33)-(36),
furthermore

(37) C and O, are real, Cy #0, C, < C?/4,
then the difference equation
(38) L(®y) = @p+0p00 Apn_y (n=1,2,...),

-where L(Wn) = wn+(0‘|’014an;1) QA Awn_1+01avban—1 Azwn—m has a solution
{@n} such that lim |z, <Jl[l/l+4K2K1 in case (36a), (K, depends on

C,C; and C, only, more exactly, K, = |i,|+ |45, where 4; and 1, are
defined in the proof) and limZ, = s in case (36b).
n

Proof. We set L;(x,) = @, +hian 2,1, © = 1,2, hy+hy, = C, hyh,
= (,. By Lemma 5 the difference equation IL;(x,) = ¢, has a solution
(D} such that Lim|Z)| < MY1+4K® in case (36a) or limz) = s in

n n

case (36b). Now we set #, = 1,70 -+A,77, where 1, and 4, satisfy the
relations 4,41, =1, A hy+2,h, = C,.
It may be computed that L,L,(x,) = L, L,(x,) = L(x,). We obtain

L(z,) = L(Zl%ﬁ)‘f‘/‘tzﬁf)) = A1 Ly (@n) +22 Ly (@n)
= (21+22)¢n+(11h2+12h1) 0 APy,

so that the sequence {Z,} satisfies (38). Moreover, we have E[Enl
n

< MV1-+4K2()i,]+|4,]) in case (36a) and limZ, = s in éase (36b).
7. LEMMA. If

n n
Pn:ZPw tn=22%87/Pn for n =0,1,2,...,
V=0

tn = [1/(r+1)]s, for n =1,2,...
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Preoof. We geek the solution of the equation
7w
vasy/Pn =28, A#£0 (n=12..).
=0

We obtain

1
pnsnzl(PnSn_Pn_18n-1)7 S ___1/(1__7.})1% ), 7'=7—1# —1.

n—1 n-1

TuUEOREM 3. Suppose that
n n
limZp,s,,/Pnzs, where Pn=2p #0 forn=0,1,2,...
" oy=0 v=0

The relation

lim s, = s
n

holds if and only if
lim P, ya,/P, =0 where Sp= > a,.
The proof follows immediately from the identity

n n
ZP~lav/Pn =sn_2pv89/P’ﬂ’
y=1 =0

which may be obtained by Abel transformation.
Let us remark that if p,, ## 0 then the sequence with ¢, = Zn'P 10, [Py,
is the Riesz mean of the sequence {P,_,a,/pu}n_1,,.. @ =u0=.1
THEOREM 4. Suppose that
(39)  PaA0, Po='p,#0, [Im(Po,/pa)l < K[re(Py_/pa)—1],
- K>0n=1,2,...,

(40) © lim|P,_y/pa| = oo,
(41) D D[Py = oo,
(42) [Pr_10n/pn) <M (n=1,2,...).

Then the hypothesis

K n
lim > p,s, /P, =38, where s,= )} a,,
n v=0 r=0

implies
lims, = s.
n
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An analogous theorem for real p, is proved in [1] (Theorem 67).
Proof. We may assume M >1. Under the hypothesis s = 0 we
set for a given ¢ (0 < e < 1):
n

D 08 [Pat- A(Pass[pa) Asuy = gn (0 =1,2,...)
=0

g2 1
ith 4 = ————— < —.
w A1 TARY) 4
Multiplying by P, we obtain
pP,P P, P, ,
pn3n+A _n_n_—_l Asn_l _A —‘1*_‘: Asn—z = Pnlpn-Pn_l(Pn—la
Pn Pn-1
P, P, pP,_ Py P P,
sp+A 1(1—- o + : l)ASN—I‘—A _L—“%Azsn—zz%t- IAWL—I:
P\ Pui Pa PP Pn
Pn—l
(43) L(sn) = @ — Apn_y,
Pn
where L(s,) is defined as in Lemma 6 with a,, = —Pp,_;/pp, 0 = 0, = —A.

We have 11m ol < AM by (42). By Lemma 6 the difference equation

(43) has a solu‘mon {Z,} such that hm]xn] AMl/l +4K2K,, where

= |A{]+ [4s] and A;, 4, satisfy the relatlons AtAe=1, Ahy+2h, =1;
furthermore /i +Ah;—A4 =0, 4=1,2, hy = —}A+VIA+4 >0, h; <1

and hy = —3A—ViA2+A <0, hy> —1.
It follows
1—h, 1—h, 14 2
A= Ay = A Ao = ———  —
1 hz——h]_, 2 hl—hz, l 1(+[ 2[ ]/]-A2+A ]/A
and
lim |z, <2V AMY1+4K? = ¢.
We obtain "
(44) Sp = T+ )+ u 0l
where
1
wg) (¢t =1,2)

n pv
1—

ﬂI_—Yl( hz Pv*l)

is a solution of the difference equation IL;(x,) = 0 (see Lemma 6)

and consequently L(a?) =0 since IL,L,= L,L, =L We have
Ax@) 1) = — pu/hy Py, and lima}) = 0 by Lemma 2.
n
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We shall prove indirectly that u, = 0. Suppose that u, +# 0. By 3.1,
we have

n

208
lim |*= OP < eV14 K2

b n

n

since the sequence %, = Z P.%, [P, satisfies the difference equation

V=0

bh— —=2 Aty = F.

DPan

We infer from (44) that

n n
pr p,aV 20 Dy 8,

lim |\~ =0 =lim2= =0
m\Tp T n P, ’

since the transformation Y p,2( [P, is regular by (39), (41) and Lemma 2

v=0

for b, = P,_,. Moreover

vaw(l)
luy] lim "—=—1—3— < /14K,
n

n

Now, we obtain by (40)

Awﬁll _ #-?n/hllijﬁlﬂ —_—— Pn
7, 1—pa/h Py, hyPp_y
We infer from this that |b,] = |2{?,| = oo, by Lemma 2. It follows

iz p,aP|P,| - oo by Lemma 7. The obtained contradiction proves

that w, = 0 and hmlsnl = hm]xn] e, by (44). Since ¢ may be arbitra-
rily small we obtam hmsn = 0.

Under the hypothesm lim yp,s /P, =8 # 0 we set sy = s,—s and

n v=0

infer that lims} = 0. Then lims, = s.
n n
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