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On some properties of Riesz means

1. In this paper we prove several theorems concerning Eiesz mean 
of the sequence {sw}:

П П
=  ]?PvSvl ^ p v

r = 0  v = 0

for complex pn. We prove a Mercerian theorem (Theorem 1 ), a theorem 
concerning the inclusion of two Eiesz means (Theorem 2) and two Taube- 
rian theorems (Theorems 3 and 4). In the proofs we make use of the 
method of difference equations.

We assume, as usual, that
к

Дкan =  ^  ( — l ) v ( l )a n+v, Aan =  A 1an .
v=0

We shall say that the sequence {an} has the property C with the 
constant К  if there exist N  and К  >  1 such that

(1 ) \an\
n-1

->• oo and JT1 \Aav\ <  K\an\ for n >  N
r — 0

or

(2) U>n ~ 0,
oo

an Ф 0 and ^  \Aav\ <  K\an\ for n ^  N .

2. Lemma. Suppose that
(За) rehn <  0
or
(3b) rehn > 0  {n =  0, 1 , 2, ...),
(4) \hn\ ^ A \ r e h n\ (n = 0, 1 , 2, . . . ) ,

(5)
OO

I hn | == C*0 1

(6) (Abn)jbn
n=0

hn in case (3a), {Abn_x)lbnr^hn in case (3b) (n
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130 Z. P o l n i a k o w s k i

Then the sequence {bn} has the property C with every constant К  > A. 
Moreover, \bn\ -> oo in ease (3a) and bn -> 0 in case (3b).

Proof. Let ns observe that for b Ф 0 we have

\ajb\ > r e(a/b), [\a\ — |&|)/|6| >  те[(а—b)/b].

For arbitrary sequence {bn} (bn Ф 0) it follows that 

(7) (A\bn\)/\bn\ ^ге[{АЬп)/Ьп] and (A |b„_1|)/|b„| >  re[(d&„_1)/6n]. -

a) In the case of rehn <  0 we infer that re[(Abn)jbn]~ re h n(n ->oo), 
since

r e[(Abn)/bn] =  re[{Abn)jbnhn]rebn—im[(Abn)/bnhn]imhn.

Frojn this we obtain for n ^ N  (with some N), by (7):

(A \bn\)[\bn\ <  re[(Abn)/bn] <  £rehn <  0
and

n—1 n—1

\bn\ > \ h \ [ ]  (1 —£refev) >  —%\Ъ0\ т е £ \  -> oo
v=0 v = 0

by (3a), (4) and (5). Next, we have by (7) for n >  N

\Abn\ \Abn\ 1 \hn\-------^ -----------.
\A\bn\\ \bn\ —re[(Abn)lbn] —r ehn

Since A\bn\ <  0 for n >  N, then the sequence {\bn\} has the property 
C with every constant greater than 1. We have \АЬпЦ\А\Ьп\\ <  А ф д  
for sufficiently large n by (4) («5 >  0), and we obtain the desired result 
in case (3a).

b) In the case of re hn >  0 we infer, as in a), that for a given e (0 <  e <  1) 
there exists such that for n >  N x

A \bn_ l \ >  (1— e)\bn\iehn >  0 and \Abn_x\ <  (1+e) \bnhn\.

Next, we prove that lim&№ =  0, applying the inequality
П

n

\bn\ s ; l 6 „ | / / 7 [ l  +  ( l - £ ) r e M  ( n ^ N J
v—1

and the hypotheses (4) and (5). We obtain for n >  N 1
CO OO OO V

^ \Ab,\ ^ ( 1 +e) \bvhv\ ^  (1 ф с )А \bn\ ^  rehvf [1 +  (1—e)re/q]
v = n + i

1 -\-e
A\bn\

v=n+1 J=n+1

1 — £
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in virtue of the equality

£  П  (1+ ^  =  l ’V = W+1 j — n+l

where vv =  (1—e)re/q (compare Sierpiński [5], p. 131). 
Corollary. Suppose that for n = 0,1, 2, ...

(8) Iтп\ < А г(ап — a \—rl) with some А г >  0,

(9)
( 10 )

oo ivith Hn =  an-\-irni

bn A  9> (Abn_i)jbn_i— Hn.

Then the sequence {bn} has the property C with every constant К  >  ł l̂ +  A\ 
and bn -> 0.

Proof. Let us observe that \Hn\ <  1 by (8) since re( l /Hn) >  1. 
Setting hn = {Abn_j)/bn we obtain hn =  Hn/ ( l ~ H n).

We shall prove that the sequence {hn} satisfies the hypotheses of 
Lemma 2 in the case of rehn >  0. We have

hn. —
&n @n Vn -\-ix%

1 an ixn (1 On) ~j- xn

and rehn > 0  by (8). Furthermore |нпйи| <  A ^ehn  by (8), and 
\hn\ <  Vl+AlYehn.

OO

. The equality ^  j/in| =  oo is also satisfied by (9). Now we apply
n= 0

Lemma 2 in case (3b).
3.1. Lemma. Suppose that

(1 1 ) 0 <  \an\ <  -—Ктеап for some К  >  1

(12)
OO

Y —  =  Co,
A-J |an|n= о 1 n|

(13a) lim J 9?n | =  M  <  oo
n

or
(13b) lim<pn =  s.

Then every solution of the difference equation 
(14) L(xn) =  cpn (n = 1 ,2 , . . . ) ,

where L(xn) =  a?„,+anZla?n_1, satisfies the relation lim|scn| <  M K in case 
(13a) or limxn = s in case (13b). n
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Proof. Assuming l /a n = {Abn_1)lbn_l — hn, n = 1 , 2 , . . . ,  we see 
that the sequence {Ъп} has the property C with every constant К* >  К  
and \bn\ -> oo by Lemma 2. Now it suffices to apply 2.1.1, [3], p. 3 and 
2.1.2, [4], p. 113.

3.2. Lemma. Suppose that

(15) |iman[ <  IT^rea»-- 1 ) f o r  s o m e  K 1 >  0 a n d  n  = 0, 1 , 2, . . . ,

(16)
OO

2 + 7 = ° ° .\an\
n = 0 1

(17a) lim|9?M) =  M  <  oo
n

o r

(17b) l i m r p n  = s .
n

T h e n  t h e  d i f f e r e n c e  e q u a t i o n  (14) h a s  a  s o l u t i o n  {xn} s u c h  t h a t  lim \xn\

<  i n  c a s e  (17a) o r  1шжй =  s  . i n  c a s e  (17b).

Proof. Setting 1 jan =  {Abn_1)/bn,_1 =  Hn, n  =  1, 2, . . . , we obtain 
that the sequence {bn} has the property C with every constant K* >  | / l  +  K\ 
by Lemma 2 and Corollary. Now it suffices to apply 2.1.1, [3], p. 3 and 
2.1.2, [4], p. 113.

Theorem 1. I f

(18) Xn Ф 0, pn Ф 0, Р п = ]^ Р * Ф  0 (71 =  0, 1,2
v = 0

(19) \ p n l A n P n - i \  e i P n j l n P n - i )  w i t h  s o m e  I I  >  1 { n =  1 , 2 ...),

(20) \ P n l ^ n P n —l\ -- CX-) ?

t h e n  t h e  h y p o t h e s i s

lineup =  8,
n

w h e r e  y n =  Xn s n + { l — l n ) t n, t n =  p v s v / p n, i m p l i e s

lim t n =  s .

M o r e o v e r , i f

(21) lim|AJ >  0,
n

t h e n

limsn =  s .
n
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Compare Karamata [2]. Let us observe that the transformation
П

tn = £  pvsv/Pn .ma,у be not regular.
v = 0

Proof. We have sn = tn—{Pn^ l p n) Atn_i and

(pn ~  tn ^n{Pn—llPn)Atn—l ’

Applying Lemma 3.1 for an = —KnPn~\IPn we obtain limtn =  s. If
П

(21) is satisfied then limsn =  s since
П

sn =  (<pn

Let us observe that if An does not satisfy hypothesis (20), the conclu­
sion of Theorem 1 may be not true. For example, if pnl^nPn-i =■ an > 0,

OO

n — 1 , 2, . . . ,  £  an < oo, we obtain
n=l

(22) tn (1 /ctn) Atn_ i =  фп {ft ~  1 ) 2, ..•),
n

and tn — cnjxn, where xn = f]  (l+a„). We calculate the unknown se-
1>=1

quence {cnj substituting the value for tn into (22). We obtain
n

cn = ^  avepvxv_1-\- const, n =  2, 3, ...
v = 2

It follows that there exists a sequence {tn} satisfying (22) and such 
that limcn =  a and lim£n =  a/a1 Ф s, where ax = limxn.

n n n

4. Lemma. Suppose that

(23) 0 < \aH\ <  —Krean with some K >  1 (n =  0, 1 , 2, . . . )

(24)
OO

A 1 /! а» I = oo,
n= 0

(25) 1 Pn-'an А {уп/о-п) | ^  К г, \Уп1®-п\ /Л и 'S' II J-
1

JO

(26a) lim \(pn\
n

=  M <  oo

or
(26b) limy?i> =  s and II be

Then the difference equation

(2 () L{xn) =  {ЗпфпРУп Дрп—i I? 2, ...),
where L(xn) — хпфап Axn_1, has a solution {жп} bounded in case (26a) 
or such that lim^w =  Bs in case (26b).

, n
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Proof. We set

=  Yn+ltynl®łi+l =  1 , 2, . . .) ,

and we obtain ,

B{^rJ) = L(xn) L (yn+itpn/ttn+i)

(28) =  (Зпфп ~\~Уп Дфп— 1 (yn+l<pnl&n+l) i 
В {•&n =  A.npn (n — 1 , 2, ...),

where A.n =  anA{ynja.n) yn+il&n+i'
In case (26a) it follows by (25) and Lemma 3.1 that (28) has a solu­

tion {x^}  such that lim l^ l <  M (K 1JrK 2)K. We set xn =  yn+iPnlon+iA-
П ___

+  n = 0 ,1,2,  . . . ,  and we obtain lim|^n| <  M (K2JrK K 1JrK K 2). If
П

lim9?n =  0 we infer from this that lim^M =  0.
n  n

In case (26b) we set xn — ХпЛ-Bs, cpn =  yt-Ą-s and we obtain from (27) 
the difference equation

L{xl) =  В<рп-\-упА(рп-\ (n =  1 ,2 . . . ) ,

which has a solution {x%} such that lim ^  =  0, since lim ^  =  0. Now
n n

we set xn — Xn+Bs.
Ее mark. It follows from the proof of Lemma 4 that the conclu­

sion of this Lemma remains true if we replace the hypotheses (23) and 
(24) by the (weaker) hypothesis

(29) {bn} has the property 0  with every constant >  К  and \bn\ -* oo,
П

where bn =  /7<i —1 (av) (compare proof of Lemma 3.1, it is
v =  0

an =  bn_ ±j Abn_ i).
Theorem 2. Suppose that

n n

(30) pn ф 0, qn ф 0 , \Pn\ -> oo, ^  \pv\ <  K \Pn\, where Pn = ^ p v,

v = 0

(31) Q n —ilo_n — 0 ( B n —i l P n ) i  where Qn

(32) A{pnQn-ilPn-iqn} =  0{pn/pn_i). 

Then the relation

lim J ? q vsv/Qn = s
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implies
n

l i m V  pvsv/Pn = s.
n  v =  0

Proof. If
П П

in) =  pvsv /Pfij i\) =  qvsvIQn,
j>=0 *’=0

then

Sn =  t £ ) — {P n- i lP n) A tn l l= = ' t% ) — {Qn- l lqn)At%l i -

Now we apply Lemma 4 (see Eemark) with an =  —Pn-ilPm fin — 1? 
Уп ^  Qn—ilq_n‘

An analogous theorem for real pn and qn is proved in Hardy [1] 
(Theorem 14).

5. Lemma. Suppose that

(33) |imaj <  A(|rean| — 1), rean-reaw+1>  0, K >  0
{n = 0, 1 , 2, ...),

o o

(34) ^  l/\an\ — oo,
П— о

(35) linija^l =  oo,
П

(36a) lini|9%| =  M  <  oo
П

or
(36b) lim ^  =  s.

П
Then for every real h Ф 0 the difference equation 

~\~hanДхп_i =  <pn {n — 1 , 2, ...)

has a solution {xn} satisfying the relation lim |^| <  iH Vl+4i£2 in case 
(36a) or lim^№=  s in case (36b). n

П
Proof. We shall prove that the sequence {han} satisfies the hy­

pothesis (11) or (15). If hrean <  0 then we obtain from (33)

Ih im an\ <  К  (|hre an\ — |h\) <  — Kh re an

and the hypothesis (11) of Lemma 3.1 is satisfied with Vl -\-К2 instead 
of K. If hrean >  0 and \h\ > 1  then

|Mmaw| <  К  (\hrean\ — \h\) < К  (hie an—l ) .
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If hrean >  0 and \h\ < 1  we choose N  such that |rean| > 2 /\h \—l  
for n > N .  We obtain for n >  N

|im an\ <  I£(|reaft| — 1 ) <  {2/\h\}K(\hrean\—l ) .

In the two last cases the hypothesis (15) of Lemma 3.2 is satisfied 
by the sequence {han} except for n =  0,1, . . . ,  JSf—1 in the second case. 
Now it suffices to apply Lemma 3.1 or 3.2 for aN+n instead of an.

6. Lemma. I f  the sequences {аи} and {cpn} satisfy the hypotheses (33) - (36), 
furthermore

(37) G and Gx are real, Gx Ф 0, Cx < (72/4, 

then the difference equation

(38) L(xn) =  <pn -\-G2 an A(pn_x (n =  1 , 2, . . . ) ,

* where L(xn) =  хп-\- (С-\-С1Аап__1)апАхп_1-\-С1апап_1Д2хп_2, has a solution 
{;xn} such that Ит|жи| <  m Vi Ą-4:K2K x in case (36a), (Kx depends on

П
G,GX and (72 only, more exactly, K x =  |Ai | +  |A2|, where l x and A2 are 
defined in the proof) and limaL =  s in case (36b).

П
Proof. We set Ъг(хп) =  жй+ ^ а йAxn_x, i =  1, 2, hxI-h2 =  G, hxh2 

— Gx. By Lemma 5 the difference equation Ьх(хп) =  <pn has a solution 
{x$} such that lim|«^| <  JIj/ i +LSl2 in case (36a) or Итж^ in

n n
case (36b). Now we set xn =  2.xx$  f-2.2xffl, where l x and A2 satisfy the 
relations Xx-\-X2 =  1 , X1h2JrX2hx =  0 2.

It may be computed that L 2L x(xn) =  L xL 2(xn) — L(xn). We obtain

(Хц) == p  (Xxx h ^ X 2x^)  =  Xx L 2 (fpn) “b A2 L x ((pn)
— (Хх-\~Х̂ )срп-\- (Xxh2-\-X2hx)anń(pn_x1

so that the sequence {xn} satisfies (38). Moreover, we have \im\xn\
П

<  М^1-{-1К2(\Хх\-\- |A2|) in case (36a) and \im.xn =  s in case (36b).
П

7. Lemma. I f
П П

p n =  ]?Pv, tn = p vsvjpn for n =  0, 1, 2, .. . ,
v=0 v=0

n

e0 =  l ,  =  1 /  f j  (Х ~ r p V ) .for n = 1 , 2, . . . ,  г ф - 1 ,

then
In =  [ l / (r+ l ) ] sn for w =  l , 2, . . .
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Proof. We seek the solution of the equation
П

pvsv/Pn = Xsn, Хф  0 (w =  1 ,2 , . . . ) .
v = 0

We obtain

Vn^n -- ^{Pn^n Pn—l^n—l)l
sn- 1

Theorem 3. Suppose that

=  1 / 1  —r Pi
p-L w

r = -----1 Ф
X

lim ^ p vsv/Pn = s, where Pn =  p Ф 0 for n = 0 , 1, 2, ...

The relation 

holds if  and only if

lim sn =  s
П

n n
lim 2_,Pv_1avjPn =  0, where sn= Va„.

The proof follows immediately from the identity
П П

P v— 1 /Ря Sn pv Sv /Рц j
j>=1 v =  0

which may be obtained by Abel transformation.
n

Let us remark that if pn Ф 0 then the sequence with tn = ^ P v_xavjPn
V=1

is the Eiesz mean of the sequence {Pn- \ anlPn}n=i,2,... i ao — 0.
Theorem 4. Suppose that

П
(39) p n Ф 0, P n  = ^ P v  Ф o, \ i m ( P n _ 1l p n )\ < K [ r e ( P n ^ 1/ p n ) - 1 ].

v=  0
К  >  0, r — 1 , 2, . . .

(40) ] i m \ P n _ 1/ p n \ = o o ,
n

(41)
n

^ , \PnlP«-l\ — 00 ?
n =  1

(42) \ P n—i® n lP n\  AT (n =  1 ,2, ...).
Then the hypothesis

implies

П П
lim £  PvSvfPn =  s, where sn = £  av,
n v=0 r=0

lim sn =  s .
П
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An analogous theorem for real pn is proved in [1] (Theorem 67). 
Proof. We may assume 31 >  1. Under the hypothesis s =  0 we 

set for a given e (0 <  e <  1 ):
П

pvsv /Рп-\-A {Pn—ilPn) 3sn_̂  =  <pn (fi — lj 2, ...)
v—0

e2 1
with A = -----------------<  — .

4 J f2( l  + 4 Л 2) 4
Multiplying by P n we obtain

I i P n P n - l  Ą  a P n - \ P n - 2  A Ti Tt
P n s n ~ \ ~ A ------------ A s n _ i  — A  -  A s n _ 2 — P n (p n ~ P n - \ 4 ) n - \ i

Pi Pn

I A - P n - l  P n — 2  . P n —l \  ,  A P n - l P n - 2  i .  P n - l  .sn-\~A- (1----------- 1 \Asn_i A A sn_2—(fn
Pi

(43)

Pn—l Pi

h  i^n) =  фп

PnPn- 1

P n - l

Pi

Pi
A(p.n- 1 )

where L(sn) is defined as in Lemma 6 with an =  —Pn-ilPm C = C± = —A. 
We have lim|ę?n| <  A M  by (42). By Lemma 6 the difference equation

П
(43) has a solution {xn} such that lim|ajj <  A M V l  +4A 2A 1, where

П
K x =  |/l1i +  |A2| and Лг, 2.2 satisfy the relations А1+Яа =  1 , AiA2+A2̂ i =  1 ; 
furthermore 7^+M/q—A = 0, г = 1,2, h1=  — •|A+V/|A 2+A  > 0, Ji1 <  1 
and h2 = — \ A — \ / i A 2A A  < 0, Ti2 >  —1 .

It follows

Лг

and

1 —Ji1

We obtain

1 — 2̂ 
bx /̂2

|Ax| +  |A,| 1 +  lM- ^  2
V ^A 2+ A V A

lim|a;»| <  2]/A J iV l+  4A2 =  e.
П

(44)

where

Sn — Xn ~\~ P l ^ n  A

X,(*) _

n i -
р.

JliPv.

(i =  1 , 2)

is a solution of the difference equation 1ц(хп) = 0  (see Lemma 6) 
and consequently L(xty) — 0 since L XL 2 = 1 2Р г — L. We have 
AxSh/xS^ =  ~Pnlh2Pn- i  and Итж12) =  0 by Lemma 2.

П
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We shall prove indirectly that px =  0. Suppose that рг Ф 0. By 3.1, 
we have

lim
П

П
PvXVv 0

P-Ł П
< eVl +Л2

n
since the sequence tn =  £ p vxv/Pn satisfies the difference equation

Pr
Д tn— 1   xr

We infer from (44) that

~2PvXV %PvXV I 2Pv*V
i • i v=0 . v=0hm l—- —  + p 1 —

n \ Jrn
=  lim —---- =  0.

n Pn

since the transformation £  Pv®i2)IPn is regular by (39), (41) and Lemma 2
v—0

for bn — Pn_1. Moreover

Pv Xv( 1)

IPil lim < e V l + K 2.

Now, we obtain by (40)

A x (£ - i  _  — P n j h i P n - i  P n

•fin—l 1  P n f o l P n —l h l ^ n - l

We infer from this that |bn\ — |a4-il -> oo, by Lemma 2. It follows
П

I ^ p vx^ lP n\ -> oo by Lemma 7. The obtained contradiction proves
v = 0 __

that Pi =  0 and lim)sn| =  lim|#M] <  e, by (44). Since e may be arbitra-
П П

rily small we obtain limsn =  0.
П П

Under the hypothesis lim y^pvsv/Pn = s Ф 0 we set s* = sn—s and
n v =  0

infer that lims^ =  0. Then lims ,̂ =  s.
n  n
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