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A certain class o! topological spaces

Introduction. This paper is concerned primarily with topological 
spaces such that every point is the intersection of a countable number 
of closed neighborhoods. These spaces will be designated as E x spaces. 
Spaces such that each point is a Gd have been studied by several authors. 
For a summary of results see Anderson [3]. Begular spaces that satisfy 
the latter property are E x spaces. As a consequence most of the results 
in Anderson [3] apply to E x spaces. Perfectly normal T x spaces and 
hereditary Lindelof T 2 spaces are also E x spaces.

The following are proved. Every T2, C1 (first countable) topological 
space is an E 1 space. Locally countably paracompact (see Definitions 3 
and 4) E x spaces are T3 from which it follows that a T 2 space is metrizable 
iff it is locally countably paracompact and has a tr-locally finite base. 
Countably compact E x spaces are maximally countably compact and 
minimally E x.

In general the notation of Kelley [7] will be used. However 31* 
will indicate the complement of M. M* will indicate the complement of 
M  closure and M* will indicate the closure of M  complement. If “a” is 
used as a subscript, it is understood that “a” is a member of an index 
set A.

E0 and E x spaces.
Definition 1 . A topological space is an E0 space if every point 

is a Gd.
Definition 2. A topological space is an E x space if every point is 

the intersection of a countable number of closed neighborhoods.
Clearly every E x space is E0 and T 2, and every E0 space is T x. But 

an E0 space may not be T 2. As an example, consider a countable space 
such that the only non-trivial closed sets are finite. Also see Anderson [3]. 
However, since in a regular space every open neighborhood of a point 
contains a closed neighborhood, the following relation is satisfied.
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Theorem 1. Every regular E0 space is E x.
In a T 2 space it can be easily shown that every paracompact subset 

is closed. We will show that in an E x space, every countably paracompact 
subset is closed. Countable paracompactness was introduced by Dowker [5].

D efin itio n  3. A subset M  of a topological space (X, X)  is countably 
paracompact if every countable open cover of M  has an open locally 
finite refinement.

Remark. In the above definition, we are using the topology for 
the original space rather than the relative topology for M. The refinement 
is locally finite with respect to every point in the space. While all subsets 
of the real line with the usual topology are countably paracompact sub
spaces, only the closed subsets are countably paracompact subsets as 
given in Definition 3.

Theorem 2. Every countably paracompact subset of an E x space is 
closed.

Proof. Let M  be a countably paracompact subset and let x4 M. 
Let {Cn} be a countable family of closed neighborhoods of x such that 
[pc'] =  П Gn. {Cn} is a countable cover of M  and xjCn for any n. Hence 
there is a locally finite refinement {Ua} such that x4Ua. (\^JUa)* is an 
open set containing x and not intersecting M. Since x is arbitrary, Ш 
is closed.

Corollary 2. Every countably compact E x space is maximally count
ably compact and minimally E x.

Proof. It follows from Theorem 2 that every countably compact sub
set of an E x space is closed and it is clear that with a stronger topology 
(one with additional open sets) the space will also be E x. Then using argu
ments similar to those used in the theorem that a T 2 compact space is 
maximally compact and minimally T 2, one can prove the corollary. See 
for instance Yaidnanthaswamy [8], p. 104.

With this background, we introduce an example that is E0 and T 2 
but not E x.

E xample 1. Let X  be the ordinals up to and including the first 
uncountable ordinal. Let a subbase for the topology (X, X)  consist of the 
open sets of the order topology and the family of sets {Un} containing 
Q defined as follows. Let an isolated point be of class 1 if it is preceded 
by a non-isolated point under the order topology or if it has no prede
cessors. Inductively, let an isolated point be of class n+1  if it is preceded 
by an isolated point of class n. Let Un consist of Q and all isolated points 
of class greater than or equal to n. (X, OX) is E0 and T 2 and not E x or 1\.

Proof. All points of Xr^Q  are Gf  s under the order topology. Further
more P) Un =  [D]. Since X  is stronger than the order topology, ( X , X )
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is an E0 space. Since X  is T 2 under the order topology, {X, ЗГ) is also T 2. 
fX is weaker than the topology for X  suing the subbase consisting of 
the sets of the order topology and Q itself. This latter space is a countably 
compact E x space and is hence minimally E x, so (X,X~) is not E x. From 
Theorem 1, it follows that the above example is another example of 
a T 2 space that is not T3.

Locally countably paracompact E x-spaces.
Definition 4. A topological space (XjX')  is locally countably para

compact if it has a countably paracompact subset for every x which is 
a neighborhood of x.

Theorem 3. Every locally countably paracompact E x space is T z.
Proof. Let F  be closed and let x^F.  Let Px be the countably para

compact neighborhood of x and let {Cn} be a countable family of closed 
neighborhoods of x  such that [x ] = C] Cn. {C%} is a countable cover of 
Px rs E  having an open locally finite refinement { Ua}, since Px r\ F  is 
closed by Theorem 2. V = (U  Ua) w P* is an open set containing F  such 
that x iV .  Hence (X,tX)  is regular.

The above theorem is a generalization of a theorem of Alexandroff 
and Urysohn [2] that a countably compact Cx, T 2 space is T 3. In a pre
vious paper [4], the author showed that a T 2 space is metrizable iff it 
is countably paracompact and has a cr-locally finite base. As a result of 
Theorem 3 we have the following modification.

Corollary 3. A  T 2 space is metrizable iff it is locally countably para
compact and has a a-locally finite base.

Relation to Cx spaces. Clearly every Cx, T 3 space is E x. However 
a stronger theorem can be proved.

Theorem 4. Every T 2, Cx space is E x. Every T x, Cx space is E0.
Proof. Let {Un} be the countable base for a point x. For each 

уеХ ,  у ф x, there exists U(y), xeU(y) and y^U(y).  For each U{y) 
there exists n such that JJn c= U(y). So Q Un a  Q  JJ(у) =  [ж], and {Un} 
is the desired countable family of closed neighborhoods. The proof of 
the second statement is similar.

We now turn to a restricted converse of Theorem 4 due to Alexan
droff and Urysohn [2], p. 66. A proof is included only for sake of com
pleteness.

Theorem 5. A locally countably compact E x space is Cx. A  regular 
E0 locally countably compact space is Cx.

Let {Cn} be a countable family of closed neighborhoods with inter
section [ж] and let Un be the corresponding open neighborhoods such
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that х е Uп с  Сп. Let Vn =  П  ^  • Let Fx be the countably compact
fc=i

neighborhood of x. Fx is closed by Theorem 2. Let be an open set 
such that xe Wx <= Fx. We wish to show that {TFn} is a countable base 
at x where Wn — Wx ^ Vn. Let T  be an open set containing x. Consider 
the set T* гл Fx . {Wn} is a countable open cover of T* Fx . There is 
a finite subcover. Let p be the largest subscript of this subcover. Clearly 
Wp covers Fx r\ T* so that Wv c- F% ^  T. Since Wv гл F* =  0 , Wp с: T. 
This proves the first assertion. The second follows from Theorem 1.

Relation to Lindelof spaces. There are Lindelof, even compact T 2 
spaces that do not satisfy E0, such as the one point compactification 
of an uncountable discrete space. But the hereditary Lindelof spaces 
are closely related to F x.

Theorem 6. Every E0, T 2 Lindelof space is E x. Every hereditary 
Lindelof T 2 space is E 1.

Proof. Let xeX.  Рог у Ф x, there exist TJy such that x j U y by the 
T 2 property. Let {Gn} be a countable open family with intersection x. 
The family consisting of {Uy} and a member of {Gn} is a cover of X  and 
may be replaced by a countable subcover. For each member of {Gn}, 
there is such a countable family. Let {Vmn} be the countable family asso
ciated with Gn, but with Gn excluded. {Vmn} is a countable subfamily

OO 00 ____

of {Uy} which covers [x ]*. And x4Vmn for any Vmn. П П C =  l>]
m=ln=i

and the first assertion is proved. Consider the above family {TJy} which 
in a hereditary Lindelof space may be replaced by a countable family 
{Un}- nu*n =  O], so (X, X )  is E0 and by the first assertion is Е г.

One may also prove that in a T2 hereditary Lindelof space, every 
compact subset is the intersection of a countable number of closed neigh
borhoods.

Some examples concerning locally countably paracompact spaces.
There are topological spaces that are not locally countably paracompact. 
The example below of Alexandroff and Urysohn [2] is an example of 
such a space.

E xample 2. Let the Ilausdorff neighborhoods of a point p in the 
Euclidean plane consist of open circles with p at the center excluding 
the points on the vertical diameters except p itself.

Since the resulting topology is a strengthening of the usual topology 
of the Euclidean plane it is an E x tojjology. Since this is a T 2 space which 
is not T 3, it can not be locally countably paracompact. Clearly by the 
homogeneity of the space, no point would have a countably paracompact 
neighborhood.
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The well known example of Memytski of a non normal completely 
regular space is locally countably paracompact in fact locally compact 
without being countably paracompact. See Yaidnanthaswamy [8], p. 155, 
for a general discussion and Gal [6], p. 157, for a discussion of the local 
compactness of Memytski’s example.

E xample 3. Let X  be the upper half of the Euclidean plane bounded 
by the ж-axis. Alter the topological structure of X  by prescribing as new 
neighborhoods of each point p at the ж-axis, the unions of p and open 
circles touching the ж-axis at p.

We will show that this example of Memytski’s is not countably 
paracompact.

It is known that the two closed sets of the rational and irrational 
points of the ж-axis do not possess disjoint open neighborhoods. Eor each 
rational, r, there is an open neighborhood Ur with closure not contain
ing any irrational point. If X  was countably paracompact, the rationale 
would be a countably paracompact subset and there would be a locally 
finite refinement of {Ur} and hence an open set containing the rationals 
on the ж-axis with closure disjoint from the irrationals on the ж-axis, 
which is a contradiction. So (X, ) is not countably paracompact. Since
Example 1 is countably compact it is countably paracompact. Since 
it is not regular it is not locally compact or even locally paracompact.

Any countable T 3 space is hereditary Lindelof and hence paracom
pact and hence locally countably paracompact. If the space is not Сг, 
the space will not be locally countably compact by Theorem 5 since such 
a space is E 1 by Theorem 6. For example of such a space due to Arens, 
see Kelley [7], p. 77.
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