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On an axiomatic characterization of certain quasi-algebras
with one partial operation

0. The purpose of this paper is to give an axiomatic system which
characterizes the class of all quasi-algebras (see [1]) of the form <{C, og),
where C is the set of functions of non-empty domain and oy is the
composition of funetions of C. It is proved that the same system of axioms
characterizes the class of all quasi-algebras of the form <C,oy), where
C is a set of non-empty binary relations and og is the relative product
of relations of C.

For a given function f, D; denotes the domain of f. An inverse image
of the set M given by f is denoted by f~'[M]. If M <« Dy, the image of
M is denoted by f{M]. If the function o is a binary partial operation,
then the value o(<x,y)) is denoted by xo .

1. Let us consider arbitrary quasi-algebras (4 ,0), where o is a partial
operation defined in the set A and satisfying the following system of
axioms (see [2]):

(1.0) Ax,w,z(<w7y>7 {woy,z>,y,s, <w7yoz(>€Do

= (rxoy)oz =uamo (yo2),
(L.1) /\m,y,z(<m’ Y>y{xoy,2>eDs = (Y,2),<{x,y02)eD,),
(1.2) /\z,u,z(@/} 2, {®,yo02>eDy =&, Y>, @0 Y, 2>eDs).

Any such quasi-algebra will be called a generalized semi-group. Evi-
dently, axioms (1.0), (1.1) and (1.2) are independent.

Let C be an arbitrary set of functions with non-empty domains.
For any pair (g, f> of functions of ¢ such that

(1) D] +0

there exists exactly one function gogf defined for wef~'[D,] by the
formula:

(2) (9 0c f) (@) = g(f(=)).
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The pair <O, og) is a quasi-algebra (see [1]) if and only if for every pair
{g,f> of functions of ¢ and satisfying condition (1), the function g o¢ f
belongs to ¢. The domain of partial operation oy is defined as

(3) Doe = {{g, f>: gafEO/\f_l[Dyjig}'

Any such quasi-algebra will be called a generalized semi-group of
Sfunctions.

TaeorREM 1. A quasi-algebra (A,0) is a generalized semi-group if
and only if there exists a generalized semi-group of functions isomorphic
with (A, o>.

Proof. The sufficiency is obvious and we ghall prove the necessity.
Suppose that a quasi-algebra {4, o) satisfies the axioms (1.0), (1.1) and
(1.2). Denote by B the set A o {e}, where ¢ is an element which does not
belong to the set A. Consider the partial operation ® defined as follows:

xoy for <z,y>eD,,
(4) Oy =1 for <(x,y>eBx {e},
Y for <(x,yre{e}xA.
The set Dy = D, v BX {e} v {¢} x A is the domain of the partial opera-
tion ©. By an easy verification we conclude that the pair (B, ®) is a quasi-

algebra satisfying the axioms (1.0), (1.1) and (1.2).
Consider the function f defined by formula:

(5) (f(w)(z) =u ©a for w@eDg(u),
where
(6) Dy(u) = {w: <u,zyeDy} for wueB.

First, we prove that the function f is a one-to-one mapping. Indeed,
let u,veB and f(u) = f(v). It follows from (4) and (6) that eeDg(u).
Then by (b),

u=u@®e=/(fu)e) = (f(v)(e) =vOe=nr.

Let H = f[B]. Then H is a set of functions and the functions of H
map certain non-empty parts of the set B into the set B. We shall prove
that

(1.3) Ao (<3 0> €D < (u, ve BA (f(w), £(0)> € Doy))
and

(1.4) /\u,v(<u7 vyeDg = f(u ® v) = f(u) OHf(”))-
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Indeed, suppose that <{u,v)eD;. Since eeDy(v) we have (f(?;))(e)
=0 0®e=2veDy(u). Then

€ €(f("7))_1 [Dg(u)] = (f(v))_l[D/(u)] .

Therefore (f(v))"'[Dsw] # O. In other words (f(u),f(v)>eDo,.

Let @ ¢ Djuov). Then zeDg (u © v). Consequently, <u © v, x) D . Since
(B, ®) satisfies the axiom (1.1), we have (v, x> eDg and {u, v ®@ x)>eDg.
Therefore (f(v))(2)eDg(u) and

2e(f(9))" [ Dyl = Dyupop 1) -
Moreover,

(fluov))(@) =(202) 0w =u 0 (vOa) = (f(u)(f(v)) (@) = (f(u) on f(v)) ().

Consider now an arbitrary @eDyuo,s0. Then x belongs to
(f(0))"'[Dyu]. Consequently, weDyy and (f(v))()eDypy. In view of (6)
and (5) we obtain <(v, 2>eD, and {u,v © #)eD,. Since the quasi-algebra
(B, ®) satisfies the axiom (1.2), then <u ® v, z)eD,. In other words,
xeDg(u ©v) and f(u © v) = f(u)oy f(v).

Now let u,veB and <f(u),f(fv)>eD\oH. Therefore

(f('v)rl [D/(u)] # @7

and there exists xeDg(v) such that v © weDg(u). Consequently,
{u,v ®ax>eDy and <(u,v)>eD,. Propositions (1.3) and (1.4) have thus
been proved. In other words, the quasi-algebras <B, ®> and <{(H,og)
are isomorphic. Let C = f[A]. We conclude from (1.3) and (1.4) that
the pair (C, o¢) is a generalized semi-group of functions isomorphic with
the quasi-algebra (4, o). This concludes the proof.

2. Let us now consider an arbitrary set ¢ of non-empty binary rela-
tions. Any pair (R, 8> of binary relations belonging to C and such that

(7) \/w,y,u(<a77 u>€R/\ <“71’/>€S)
determines the following binary relation:
(8) Rog 8 = {<x,y>: Vul<w, u)eRAu, y>eS)}.

The ordered pair <C, o¢) is a quasi-algebra if and only if for any ordered
pair (R, 8) of binary relations of set C satisfying (7) the binary relation
Roi S defined by (8) belongs to C. The domain of the partial operation
o¢ is the set

Do, = {(R, S8y R, 8eOAVgyu(lxy ude RA (U, y>el)}.

Any such quasi-algebra will be called a generalized semi-group of
binary relations.

2 — Prace Matematyczne XI (1867)
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THEOREM 2. A quasi-algebra {A,o0) is a generalized semi-group if
and only if there exists a generalized semi-group of binary relations iso-
morphic with (A, o).

Proof. Suppose that the quasi-algebra {4 ,o) satisfies the axioms
(1.0), (1.1) and (1.2). We denote by o' the partial operation defined by
formula:

(9) xo'y=yox for <y,x>el,.

Since the quasi-algebra (A4, o) satisfies the axioms (1.0), (1.1) and (1.2)
these axioms are also satisfied by the quasi-algebra <4,0’>. It follows
from Theorem 1 that there exists a generalized semi-group (C,oq)> of
funections isomorphic with <4,0’>, and the formulas (2) and (7) yield

(2.1) NG5 > € Doy {f, g> eDog =g 0c f = foo g)-

It follows from (2.1) that the quasi-algebra {4,o) is isomorphic with
the quasi-algebra <C,ol>. The sufficiency is obvious.

THEOREM 3. If a quasi-algebra (A,o)> is a generalized semi-group,
then there exists an extension of (A,o0) to a semi-group.

Proof. Suppose that the quasi-algebra (A,o) satisfies the axioms
(1.0), (1.1) and (1.2). It follows from Theorem 2 that there exists a gen-
eralized semi-group <C,os> of binary relations isomorphic with the
quasi-algebra (A,o0)». We denote by € the smallest set of binary rela-
tions containing the set ¢ and closed with respect to the relative product
of binary relations. The set C with the relative product is a semi-group.
Thus, there exists an extension of the quasi-algebra <{4,0)> to a semi-
group.
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