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On some differential inequalities of elliptic type

In this paper we deal with the partial differential inequalities

9 ou
M | L(u) = 2 - (p( o) = s,
i bj— +p(X)u >
(1T) 2 k@wlamk + 2 0x; Ju = fu)g(X)
where r = (#*4 ... +a2)"*, X = (@, ..., 2,), and in the second inequality

the involved second-order differential operator is elliptic with constant
coefficients. We give sufficient conditions for local solvability of these
inequalities. The particular case where L = A4, the Laplacian, was con-
sidered by Osserman [3] who gave also necessary conditions for solva-
bility of the inequality.

We first deal with inequality (I).

1. As an auxiliary tool we shall consider the differential equation
(IIT) (" 'p ()¢ (2) =" flp(2)), n=>2
with the following assumptions:

(A) 1° f(¢) is a positive continuous non-decreasing function defined
on the real axis, 2° p(2) is deiined for z > 0, p(2)eC', inf p(2) > 0.
220

We are interested in the solutions ¢ of this equation satisfying the
initial conditions

(1.1) lim@(z) =a, limg¢'(z) =0,

2—>04- - z2—0+4

and defined in an interval (0, R). Integrating both sides of equation (IIT)
we obtain '

ft"— (o' (1)) at =ft”_1f(qo(t))dt
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2 J. Musialek

whence
x x ds sn_l
0f<P (s)ds = ofmoft fle@)at
and
SR
(1.2) #(e) = a+ | 3—18.7@ [t ww)at.

This equation is obviously equivalent to equation (ITI) with the imposed
initial conditions.

THEOREM 1. Equation (111) has a solution satisfying the conditions (1.1)
m a certain interval (0, R).

Proof. We shall apply the fixed-point theorem of Schauder [4].
Let C{0, b] denote the Banach space of continuous functions y = y(x)
defined on the interval [0, R] with the usual norm |y|| = max |yp()]|.

KT

Let us write further

p(y)—y(@) p(y)— (@)
= su —_ su e
Iellz = Il +0<w<}1)<b Yy—x o<x<£<b y(y—w)
and let M (R, b) denote the set of these functions yeC[0, b] for which

llpll, < M.

The set M (R, b) is obviously closed and convex. The functions of
this set satisfy the Lipschitz condition with the constant M, and ¢, (0) = 0
for ¢ M(R,b). Thus M(R,b) is a compact subset of C[0,b], by the
theorem of Arzeli.

Now, let us consider the integral operator

8

_ - ds no1
¢ > Kp = a+0f8__”"1p(8)!t f((p(t))dt.

Let a denote the function equal to & in [0, b], let L(4) = max|f(x)],
zl<s

u = infp(x), and let ¢ be in the ball B = {¢: |p—a| <1}. Then
x>0

lell < llafj+1 and

x

[(Ko)(®)—a |<

n 2

1 s
ot s < L(lal+1) 5

Thus for 0 < b < (2nu/L(|laj]+1))* = R we have |(K¢)(x)—a| < 1, so we
see that the operator K maps the ball B into itself. Let us write for brev-
ity y(x) = (K¢)(x), then for 0 <z <y <b, yeB
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@) —z@| | 1 ods o
l y—a | y~w$fs”'1p(s)0ft f((p(t))dtl
1 . 1 So b
= mﬂft f(‘?’(t))dtl<mff(”a”+l) <%‘;L(“a”‘|‘1)

where x < s, <y, and similarly

_ % (el +1) _ L(jal+1)

Ty mp(s)  mp(sy)

L(’%ﬂ, i.e. eR(M,b) for yeB. So we

[x(y)—x(w)
Y(y —x)

Thus [[Ky| < 1+ [la]+(1-+5)

have proved that K maps the ball B into a compact subset of B. By the
fixed-point theorem of Schauder [4], there exists a p<B such that K¢ = ¢,
i.e., ¢ satisfies the integral equation (1.2).
LeMMA 1. Let the assumptions (A) be satisfied, let ¢ satisfy equa-
tion (III) in (0, R) with the condition (1.1) and let lirr;;p(z) = oco. Let
z—

w(X) = u(@y, ..., T,) be & function continuous in the ball 3+ ... +a2 < R?,
of class C? and satisfying the equation

in the interior of the ball. Then w(X) satisfies the inequality u(X) < ¢(r)
in the ball.

Proof. We shall prove that the function v(X) = u(X)—g¢(r) is non-
positive for 0 <7 < R. Indeed, suppose that v(X,) > 0 for a certain
X, in the ball Bg = {X: &} ... +a5 < R’}. Since HIII]é(p(’I‘) = +- 0o, the

r—>.

funetion v assumes a positive maximum at least at one point of the set
Bpgr, say X,. Therefore #(X) > ¢(r) in a certain neighbourhood @ of X,,
which implies f(u) > f(g) > 0. Consequently L(u) = f(x) > f(¢) = L(g)
and L(v) = L(u—¢) = L(u)—L(p) = f(p)—f(p) = 0 in @; in other words,
N p)v)i+0-0 >0 in Q.
iz
By a theorem of Hopf ([2], p. 159), we have v(X) = 0 in @, which is im-
possible gince X,eQ.

LEMMA 2. Let the assumptions (A) be satisfied, and let f'(t) be con-
tinuous and non-negative. Then inequality (1) has solutions on the whole
hyperplane w = 0 if and only if there is a constant a such that there exists
a solution of equation (I1I) on the half-line z > 0 satisfying the conditions (1.1).
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Proof. If ¢ satisfies the conditions of Lemma 2, then the function
u(X) = @(r) satisfies -equation (III), and hence inequality (I).

To prove the necessity we shall prove that if there does not exist
a solution of (III) on the whole half-line 2 > 0 satisfying the conditions
(1.1) then there does not exist a solution of inequality (I) on the hyper-
plane # = 0. Indeed, let [0, R) be a maximal interval of existence of
a solution of (III) satisfying conditions (1.1) with a certain a. Then, by
assumption (A), 1°, the function 2" 'p(2)¢’(2) has a positive derivative
for z > 0, since ¢/, (0) = 0, this function is positive non-decreasing, whence
@(2) - oo as ¢ — R~. This enables us to apply Lemma 1. Let u(X) be
a fixed solution of the inequality (I) and ¢,(r) a one-parameter family
(— oo < @ < oo) of solutions of equation (IIT) satisfying conditions (1.1).
By Lemma 1, each solution of inequality (I) satisfies the inequality
u(X) < g@(r) for 0 <r < R, in particular «(0) < ¢(0) = a. Since we may
choose an arbitrary real value for a, 4(0) = — oo contradicts the regu-
larity of u(X).

LeEMMA 3. Let f(u)eCt, f(u) >0, f'(u) =0 for — oo << u < oo, let
p(r) be continuous and satisfy 0 <m <pr) <M < co for 0 <r < R,
let a solution ¢(x) of (III) exist in [0, R) with x = R as a singular point.
Then

fw(ff(u)du)l/zd@ < oco.

0

Proof. The funetion ¢(2) is increasing since all funections in right-
hand side of the equation (1.2) are positive: thus ¢(2) - oo as 2 — R™.
From

(p(2)¢’ (@) + (n—1)n""p(@)¢" (2) = flgp())

and from the assumptions relative to the functions p(x), f(u)and ¢'(x)
we infer that (pg’)” < f(p) whence po'(pg’)" < pg'f(p) < Mf(p)¢’ and
(2)

d
(p@¢ @) < If(e) 5

(1.3) 1 d
" 2 dx
We shall distinguish two cases:

1. ¢(0) > 0. Integrating both sides of (1.3) we obtain

(%) ¥(%)

(mg’ (@) <2M [ f(u)du < 2M [ f(u)du,

®(x)

( f f(u)du)%qo' (x)dx < 1.

0

Veur
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Integrating this inequality once more and taking into account that
p(r) > o0 as ¥ — R~, we obtain

(ff ) du)_mdv <R.

2. ¢(0) < 0. Arguing as above we are lead to the inequality -

1.4
(14 1/2M

() 0 P(%)

(me’ (@) < 2M [ fluw)du = 2Mff(u)du+2Mf fu)du

P() ?(x) p(x)

<2M [ fluydut-2M [ fluydu = 4M [ f(u)du

valid for x sufficiently close to R, which leads again to the inequality (1.4).
oo v

LEMMA 4. If f(u)eC", f(u)>0, f(u)=>0, [(ff(w)du)""dv= oo,
0 0

0<m= inf p(xr) < sup p(r) =M < co, p(x)eCl, then the integral

0<T< 00 1<r< 00
equation (1.2) admits a solution on the whole half-line [0, oo).

Proof. Let N > 0 and let

f(uw) for we[0, N),
f(N)+(u—N)> for u>N.

Then fy(u) tends to f(u) as N — co uniformly on each compact set. Let
@n(2) denote the solution of the equation (1.2) with f replaced with fy (u).

By Theorem 1 and Lemma 3, there exists a solution gy (x) in the interval
[0, 7x], Where

Frlw) = [

o) v

My —12
ry = f[ffA (u)du] dv < oo,
V2M, 4y L

pn () = ¢(x) in (O,f((p(N))), and gy () = ¢(2) as N — oco. By our assump-
tions 7y = oo as N — oo, whence ¢y(x) - @(z) in the whole interval
[0, o0).

THEOREM 2. Let the function f(x) be continuous and positive on the
straight line, let f'(x) = 0 exist for » \f > 0, let p(x)eCt, p'(x) =0 for
x>0, let my <pr) << M, and let

0<1 :fm(ftj'(s)ds)””(u < oco.

Then there does not exist a function u(X)eC? on the whole h r/pe;plane u =20
and a ball S such that L(u) > 0 on the hyperplane w = 0, L(u) = f(«)
for X ¢8.
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Proof. Let us suppose that such a function u(X) exists. From
this assumption we shall deduce that I = co. By the same theorem of
Hopf, the function (X) attains the maximum on the boundary of 98
of 8. Let u denote the minimum of % on 08. Let ¢(t) be an auxilary func-
tion of class (!, defined on the real line and satisfying the conditions
(a) ¢'(¢) = 0 for all t,(b) g(f) <m for t <t;, (c) g(t) <f(t) for all ¢,
(d) g(t) =f(t)—1 to t =t, >t,, (e) g(¢) > 0 for all £. Then L(u) = g(u)
for all w.

Replacing the function f(¢) by g(¢{) we obtain from Lemmas 2 and 3

oo ¢
f(fg(s)ds)‘”zdt = oo
0 0

which implies that I = co. Indeed, by (d), f(s) <g(s)+1 < 2¢(s) for
8 =>1,>1,, whence
¢

ff f s)ds, t>1,

which gives

t t t t
(2f g(s)ds)‘”2 <(f f(s)ols)‘”2 = ([ f(s)ds— faf(s)ats)“"2
0 £y 0 0
t 4 t
< Uf(S)ds—%ff(S)dS)—llz = (%ff(s)ds)’”2
for all sufficiently large ¢. Hence

[ t oo
— Pl fawoa o < s froan
3 0 t3

and I = oo.

2. Now, we pass to inéquality (II). Let u(X) be a solution of (II)
where p(X) is continuous and f(u) and ¢g(X) are continuous and let o;
be the solution of the system of linear equations

(2.1) 2 Magartb =0 (i=1,...,m)
k=1

and let us set v(X) = u(X)exp(— Zaz%)

LeMMA 5. The function v(X) satisfies the inequality

(2.2) 2 a0 (X) = O(X)v(X)+A4(X)
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where

0(X) = D aaja—p(X),

i k=1

n

aixi))g(X)GXP(— 2 Ufiwi)7

=1

N\

A(X) =f('vexp(
i

I
-

and vice versa: if the function v(X) satisfies inequality (2.2) then the func-
tion

u(X) = v(X)exp (Za,xz)

satisfies inequality (I1I).
Proof. Substituting the first and second derivatives of u(X) to (II)

we obtain
n n n
exp (2 aiwi)( Za,-k(v,{;;+v} ak—i—v;c(y-}—vak a;)+ Zb;(v}—l—vaﬁ)
i=1 k=1 iz

> gDy {vexp( Yus).

i=1

Dividing by exp(}o;z;) we get

V! a,,kv,k+2 2 a,k'v,eak—l— Zb v,
7, k=1 7 k=1
(Zaykakay+2b7aﬂ+p ) ( )’
T k=1
"

n n
e Ve + Z (2 Zakj ak‘H’a‘) v;+
=t =

i k=1
(Z%kakaa—FZb aj+p (X ) A(X).

7, k=1

By (2.1),
Zaij;];+UZaj (2Za,-qu+b,-—2ajkak+p(X)) = A(X)
i k=1 i=1 k=1 k=1

By (2.1) we obtain inequality (2.2). The proof of the second part of Lemma
5 follows in the same way.
Let the function F(v) satisfy (in the whole space) the inequality

(2.3) F(v) > C(X)v+A(X).
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If the function v satisfies the equations

(2.4) D ayvij = F(v)

%=1

then it also satisfies (2.3) whence the function u(X) satisfies (II). There-
fore in order to prove existence of solutions of (IT) it is enough to con-
struct a solution of (2.4).

We shall need the following lemma whose proof may be found in [1].

LEMMA 6. Let a® denote the elements of the matrixz inverse to (a;),
let r = (i’ a* ziap)?. If v(X) = V(r) is a solution of the equation (2.4)
then the }’;;zlction V(r) satisfies the ordinary equation
V") +(n—1)r" V' (r) = C(X)V(r)+A4A(X).
In virtue of Lemmas 5 and 6, inequality (IT) reduces to the inequality

P Y ) = F(o) = 0(X) Vi) +4(X).

-

Setting V(r) = p(r) we get
T (1) = Fp(r)).
THEOREM 3. Let F(v) = O(X)v+A(X). If the function F(v) is contin-
uwous and positive and if Gfm(ofF (s)ds)'®dv = oo, then there exists the solu-

tion of the inequality (11). :

Proof. By Theorem 2, equation (2.4) has a solution V(r) depend-
ing on 7. Then the function V(r) satisfies (2.2) and the function #(X)
= V(r) exp (Y a;x;) satisties (II).
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