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Construction ot a fundamental solution 
for certain elliptic differential equations of order 4

1. In this paper we deal with the construction of fundamental solu­
tions for the equation

(1.1) L*u{X)+Tcu{X) =  0

where X  — (aq,. .. ,  xn), A; is a constant, and operator L, defined by for­
mula

г - ]  U lb
Lii (X ) =  У Щк Щк j Hik “  "X д ,

t* dxidxk

with aik =  aki independent of X , is elliptic. We consider first the cases 
n =  2, n =  3, and then the general case. For the sake of convenience, 
we write Tc =  O4 or к — — О4, О being positive.

In the paper [4] a construction of a fundamental solution for the 
equation A2u(X) +  lcu(X) =  0 was given. Applying these results, we shall 
find the fundamental solutions for equation (1 .1 ).

2. In the sequel, will stand for a positive-definite quadratic
form (i, j  — 1 , . . . ,  n), with constant coefficients, ali will denote the 
elements of the matrix inverse to (%). Then the form £ <Yj ̂  £,• is also 
positive definite. ER will denote the ellipsoid ^ a lj{Xi—x\)(.Xj — Xj) — B2, 
and rXr  will denote the “elliptic distance” of the points X  =  (aq, . . . ,  xn) 
and Y =  (уг, . . . ,  yn), namely

П
Tx y  =  [ S a%i (xi -y i ) ( xj - y Ą 12 -i,j

Obviously, rXY >  0 if X  Ф Y.
We now find a solution of the equation (1.1), of the form u(X) =  

U(rXxQ), X 0 =  (x4, . . . ,  x°n) being a fixed point.
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Lemma 1 (see [1]). Let the function U(r) be of class G2 in <0, oo), and 
let u(X)  =  TJ(rXxf)i then

П
L(u) =  £ aiku"k =  U"(r) +  (n—l)r~lU'{r), r > 0 .

i,k
We omit the simple proof.
Lemma 2 (see [4]). jEach solution u(X) of class (7(4) of any of the 

equations L u (X )—C2u{X)  =  0 or Lu(X)-\-C2u(X) — 0, satisfies the equa­
tion

L2u { X ) - C iu(X) =  0.
Let v be a function of class C1 in a region D, let 8  be a surface in 

D with continuous normal (in the sequel such surfaces will be briefly 
called surfaces), then the transversal derivative (with respect to 8 ) of 
v is defined as ([2], p. 140)

dv
dv

П П
=  2  V* 2  Щ, С08(П, Xf). 

i=l 7 = 1

Of course, it is defined only for points on the surface 8 . In every case 
we shall deal with the transversal derivative under the sign of the surface 
integral (over a surface of type of the sphere), n will denote the normal 
line to the surface, directed towards the interior of the surface, at a corre­
sponding point of the surface.

d
In Lemmas 3, 4, 6 , will denote the transversal derivative with 

dv
respect to an arbitrary surface lying in the region in which the involved 
functions are defined.

Lemma 3. Let the quadratic form £  ЩкУгУк be positive-definite;
i,k= 1

then there exists a positive constant к such that for each surface 8  <=. D we 
dr

<  k.have
dv

P ro o f. It is enough to prove that the functions dr/dxi are bounded,
since

dr
dv

cos (n, Xj) .

This follows from the estimation
П П

=  \ ^ r ~ l a%1(X j— x°j)\ <  \atj\r~l \Xj— x°j\
7 = 1  7 = 1

n n
<  M  £  \ x~ X j- IA *1^ ^  (Яр—#J)2] 1/2 <  n A ~ xM  — klt

7 = 1  p = l

dr
dxi
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where Тсг >  0, M  =  max|at#|, and A denotes the minimnm of the quad­
ratic form ^a^UiUj on the unit sphere.

Lemma 4. I f  w(r) is a differentiable function, then

dw (r) , dr—----- =  w (r)— .
dv dv

We omit the proof.
From Lemma 4 it follows

Lemma 5. I f  w(r) =  0{ra), then
dw(r)

dv
=  0 (ra); if w'{r) =  o(ra),

then
dw(r)

dv
Lemma 6. I f

o(ra). The symbols 0(ra) and o(ra) relate to the case r -> O'

7=1 k= 1

then
din r

=  О (r *).
dv G(X)

The proof is analogous to that of Lemma 1. 
Lemma 7. The surface integral

g~SS d8

is independent of R.
P roo f. Let

(T) ; x$ — Aij(xj xf), i 1 , . . . ,n
/=i

be an orthogonal transformation converting the quadratic form
n  n

£  av (%i—x\)(Xj—ccj) into the canonical form £ В,-}(Щ~х^)2. Then (T)
i,7=-l 7 =  1
transforms the ellipsoid

(2 .1 )

into the ellipsoid

JT1 a%1 ( х ~  Xi)(xj— ос!}) = R 2
i,j — 1

£ В № - х})* = B 2 
i- i

(2.2)
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Let the equations
xl—x\ =  ClRo,o (̂pl , 
x2— =  C2Rsm<PiCOS(p2,

where
xn—x°n =  CnR sin^sing^ ... s in ^ a sin ^ .j,

stand for the parametric description of the ellipsoid (2.2). Let us write 
the parametric equations of the ellipsoid (2 .1 ) in the form

and let
) • •) *fn— l ) j   ̂ —  1

Q{X)  —  Ry(<pu . . . ,  <pn- i )  dS  —  R  J ( <P\ ,  . . . ,  <Pn-i)■
Then

dS
R2~n SS~~~ - = R2- n 

m f

n  2k

о 0

n 2n

Rn' 1J{(Pi, ■ ■ ■ ?  q>n-i) 
Rg{<Pi, • • • >  <Pn-i)

J(<Pi, i)

d<p! ... dq>n_x

— I ... I d(p1 ... d<pn_x.
J f  9(<Pi, •••> 9>n-i)

Lemma 8 (see [4]). Let u (X ) =  U{r), n =  3; then 
L2u(X) =  L (4)(r)+4r_1L(3)(r).

Lemma 9 (see [4]). Let the function U(r) satisfy the differential 
equation

(r) + 4 r -1 C7(3)(r) -\-kU (r) =  0, r > 0 ;  

then the function v(r) =  rU(r) satisfies the equation
v{4,)(r)+Jcv(r) =  0 .

Lemma 8 and Lemma 9 follow from Lemma 1.
Definition 1. A function U{r) is called a fundamental solution 

of equation (1.1) in a bounded region D if 1° the boundary dD of the 
region D is of class Cl (this means that dD is the union of a finite number 
of surfaces of class C1), 2 ° the function U(rXY) is of class 0(4) with res­
pect to X eD  and YeD  except the set where X  — Y, 3° U(rXr) satisfies 
in D  equation (1.1) in each variable separately, 4° for each function 
v{X)  of class (Я  in D and 0 (4) in D satisfying equation (1.1) in D, 
we have

(2.3) = r»SS
dD

u-
dLv
dv

dU
dv

Lv-fLTJ
dv
dv

dLU
dv

v) dSy

for each XeD,  yn being a constant depending on the dimension of D.
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3. We proceed to the construction of fundamental solutions of (1.1) 
in the case n =  2 and к =  <74 and к =  — 0~4.

(a) The case к — —О4. Equation (1.1) takes on the form

(3.1) L2u(x, y) — C4’u{x, у) =  0

and can be written in the operator form (Z —G2)(L-\-G2) и — 0 .
We shall construct the fundamental solution with aid of the inte­

grals of the equations
(3.2) Lu — G2u — 0 ,
(3.3) Lu+G 2u =  0 .

In virtue of Lemmas 1 and 2 , the integrals U(r) of (3.2) and (3.3) 
satisfy the respective ordinary equations

(3.4) V" W+r^TJ' (r)+C2U{r) =  0,
(3.5) U"{r)^r~ 1U'{r) -G 2U{r) =  0.

Equation (3.5) may be obtained from (3.4) by substituting Ci instead 
of G. Let us introduce a new variable by
(3.6) R =  Gr-,
then we obtain the equation
(3.7) R2U" {R)+RU' {R)+R 2U{R) =  0.
Analogously, from (3.5) we obtain

(3.8) R2U '' (R )+R U '(R ) -R 2U{R) =  0.

These are the Bessel equations with the value 0 of the parameter 
s (see [6 ]). A particular solution of (3.7) is the Bessel function of the sec­
ond kind and of order zero:

(3.9) JJX(R) =  Y0(R) =  — In ̂ -+ 0 (1 ) .
те 2

By (3.5), (3.6), (3.7), (3.8) and Lemma 2 , the functions Y0(CR) and 
Y0(CiR) are solutions of (3.1).

Theorem 1 (see [4]). The fundamental solution of equation (3.1) 
is of the form
(3.10) U ^ - U ^ r )  =  U(r), 
where

2 / Gr \ 2 / Cr \
(3.11) 17, (r) =  Y,(Cr) = L , ( r )  +  —  Ini —  I =  — ln (— 1 + 0 (1 ),

2 Gr 2 / Gr \
(3.12) U,(r) =  Be Y0(CiS) = — In—  + L a(r) = — In —  + 0 (1 ).

тс Л те \ ,2 /

Roczniki PTM  — P race M atem atyczne X.2 13



194 J. M u s i a ł e k

P roo f. By (3.10), (3.11) and (3.12)

(3.13) U (r) =  Lz{r)—Lx{r) =  0(1).

It follows from (3.13) and Lemmas 3, 4, 5, that

(3.14)
dU(r)

dv
dL2(r) dLl (r)

dv dv
o(r).

By (3.11), (3.12), and by Lemma 2,
_Q y

(3.15) LU(r) =  - 0 2(Г 0(0 1 е )+ В е Г о (^ ))  = ---------In— + 0 (1 ).
тс 2

From Lemmas 4 and 5 and from (3.15) we get 

dLU(r) , dr I —402
<3'16> 1 7  =  h r

o(r)j
O(X)

Let v{x,y)  be of class 0(4) in D and satisfy equation (3.1), and let 
Er denote the interior of the ellipse

(3.17) £  ai j =  R2
bj= i

contained in D. Applying the fundamental formula

JJ ( UL2v—vL2 U)dxdy-\-
JD

ndLv(Y) dvlY) dLU{r) т dUl n
V ^ - + L U ( r ) — ------ v m — --------I »  —

OJJ

(see [5]) to the functions U(r) and v(x, y) and to the set D —E*R we obtain

(3.18) J*J (U(r)L2v ( Y ) - v ( Y ) L 2U(r))d$drj =  -  J U(r)
dLv (Y)

dv
dSi

D -E '

/  ®(Г)
z

dv(Y) , тгч dO(r)
-£®(Г)

dv
d&Y,

where £  =  d(D—ER). The left-hand side in this formula is equal to zero, 
since TJ(r) and v(x,y)  satisfy equation (1.1). Thus, we obtain

(3.19) /(dD '

T dLv dLUj j ------ v ------ \-LU
dv dv

dUf8Er
dv

LvdSi
QEr

dv dU\
dSY-\- f  <------- L v-----

dv dv f JdER
dv г dLU

LU -~-dSY —
dv J dv3Er

dLv
U ------dSY~

dv
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Applying the mean-value theorem to the curvilinear integrals in (3.19) 
and applying (3.13), (3.14), (3.15), (3.16) and Lemmas 6 and 7, we get

r dLv dLv(Q) dLv(Q)
h =  j  U(r)— aSr  =  aillU(r )- ~ ™ - !  =  axR(L2- L x)

se r  v v

=  axRO{l)

dv 

dLv{Q)
dv

dv

0, R - + 0 ,

where QedJER, and ax denotes the perimetre of the unit ellipse Exm,

г dU(r) dTJ(R) I dL2 dLA
l i =  J Lv(Y)—^ - d s Y =  axRLv(Qx) — ——  =  axRLv(Qx)\ — -------—  J

=  axRLv(Qx)0{r) -► 0,
I —402 GR \dv(Q2)

=  axR \— —-In—  +0(1)|— ^ U o ,  Qt€dER\

OEr

h  =  f z u ( r )
OEr

f v ( Y )
dER

dv(Y)
dv

ds i

dLU(r)
dv

ds v — Г«(Г)(-
OEr '

2

-4 C2

nr +0(r)

dv

r
G(X)

dsn

Г / —402\ г г r
J * (r) - Н ё д а Л г +  f * m 0 { r ) o m dsdER  X ' ' %  v ’

ds y-4 C2

7T

-402
<«■> J gS t +  / ^ )0MG(Z)

'  OEr

ds

G(X)
dsi

46 , /*
-----777ТГ> ЯзедЕк
71 « 4  e <x >

(3.20)

These formulas and (3.19) give formula (2.3), where

dsY \_1
y2 = - n U c 2 f

G(X)I

By Definition 1 and by the regularity of the function TJ(r), the func­
tion U(r) defined by (3.10) is a fundamental solution of (3.1).

(b) The case Jc =  (74. Equation (1.1) takes on the form

(3.21) L2u(x, y)-\-C*u(x, y) — 0.

Theorem 2 (see [4]). The fundamental solution of (3.21) is the func­
tion

(3.22) U(r) =  l m r 0(C»-Vt) j + 0 (r*-<),

where e is an arbitrary positive number.
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P roo f. By Lemmas 1, 3, 4, 5, and by (3.22),

dU T i '^ dr-----  =  U (r) —
dv dv

I Cr \ - r
LBJn—  + 0 (r)

G (X ) 1

и " ( г ) = Ц ~ С 2Ы ^ + ^ - ^ С 2\+0(г ),

U'"{r)
■ 2 C2
7Г V

_ + 0(r),

Cr
LU{r) =  V " {r )+r~ lU'{r) =  B 2ln —-  + 0 (r ),

£
dLU(r)

dr
=  U ' " ( r )+ r -1U " ( r ) - r - 2U'(r) =  B 2r~l+0(r ) ,

MU(r)  a iu i r )  9r =  (Bi^ 1+0(r)) r
dv dr dv G(X)

=  В я
G(X)

+  0(r),

where Bu B 2, Bs are positive constants.
Starting with these formulas we may argne similarly as in the proof 

of Theorem 1; in this case

У 2 =  — 7Г

4. In this section we deal with the case n =  3. In virtue of Lemmas 
8 and 9, equation (1.1) takes on the form
(4.1) 7<4>(r)+fcF(r) =  0.

(a) The case Tc =  — C4. Equation (4.1) is then of the form
(4.2) 7<4> (r )-0 47(r) =  0.

By Lemma 9, the functions и г{г) =  r~leCr and tJ2(r) =  r_IcosO  are 
solutions of (1 .1 ).

T h e o r e m  3 (see [4]). The function
(4.3) ?7(r) =  r~1(e°r—cosO )
is a fundamental solution of (1 .1 ).

P ro o f. It is enough to check that the function U(r) satisfies for­
mula (2.3). Let a function v{T)  of class C(4) in D satisfy equation (1.1) 
and let the ellipsoid ER with the centre X  be defined by equation (2.1). 
Applying the fundamental formula (see [5])

J j  J (UL2v —vL2U)dxdydz-\- j j  \u{r)—-Lv{Y)~Lv(Y)~-U{r ) -\ -
дПУ-ЕтА L d v  OVD-Er d{D-ER)

л  ^  “ I

Ą-L U (r ) -~ v (Y )—v{Y)~LTJ{r)\ dSr
dv dv
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to the functions U(r) and v{Y)  in the set D —ER we obtain 

(4.4) J J J  (U (r )L% (Y ) -v (Y )L2U{r))d£dr]dC
D - E r

/ /  \U4 - ^ L v { Y ) - L v { Y ) ^ U { r ) ) d S r -
d(D~ER ) ' V

dv

-  f  f  ^LU (r ) -^ -v (T) -v (T) -^ZU(r) j dS,
d (I )-E R )

Arguing similarly as in the proof of Theorem 1 and using the for­
mulas (4.3), (3.2), (3.3) and the Lemmas 3, 4, 5 we obtain

I x =  J J  U(r)^-Lv{*Y)dSr  =  a2B2B - 1(eCR-co&CB)-^(Lv(Q)) - + 0 ,
dER

where QedER and a2 denotes the area of the ellipsoid Ег; 

dv(Y)f Г LU (г)
ÓEr

dv

=  « ^ - ‘ C W c o s C J S ) dv(Q,
dv

0 , Q2€9Er ,

= / / m d
OEr

dU{r)
dv

dSi

a2B'zLv(Q1) ( - B ~ 2eOR+ B - 1CeCRi-B -2Go&GB+GB-1&mGB)—--^ 0 ,dv
Q^OEr ,

h  =  f  f  v ( Y ) ~ L U ' ( r ) d S r
6Er V

=  v{Q3)(G2B - 2eCR- G 3B - 1eCR+G2B - 2G08GB-j-G3B - 1amGB) j

dr

8Er

Q,'dEB.
By Lemma 7,

r r dr
I 4 d S rQEr

r r BdSy
~  J J G(X)OEr V '

2n n

- * J  f l

4 1 В 4 ( в ,  (p) 
Bg(6, cp)

dd dp

о о
J(0, <p)
9(Oj <P)

dOd(p,
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whence

The above formulas and (4.4) give (2.3) with

(b) The case Jc =  (74. The equation (4.1) is then of the form

F(4)(r) +  C47(r) =  0 .

Particular integrals of this equation are the functions

TJ^r) — r~x eAr sm Ar, U2(r) =  г~1е~Лг%тАг,

where A =  (CV2 )/2. By Lemma 9, they are also integrals of (1.1). 
T h e o r e m  4 (see [4]). The function

U(r) =  r~xsmAr(eAr —e~Ar)

is a fundamental solution of equation (1.1), where A =  (CV2)/2.
P ro o f. An argument similar to this in the proof of Theorems 1 

and 2 shows that the surface integrals I 2, I s tend to zero, and

I 4 =  a2R2B - 12A3v(Q3)({eAR+ e - AR) { - B ~ 1Q 08AR-AńnAr) +

5. We shall now deal with the case n > 3 ,  fc =  — 04. Equation (1.1) 
takes on the form

where X  — (aq, . . . ,  xn). By Lemmas 1 and 2, the integrals U(r) of equa­
tion (5.1) satisfy the differential equation

We thus obtain formula (2.3) with

(5.1) Р и {Х ) -С * и {Х )  =  0

(5.2) V ” { r ) + r - ' ( n - l ) U '  {г)+<?Щг) = 0
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or
(5.3) TJ"{r) +  { n - l ) r - lU' {r)~C2U(r) =*= 0.

The functions u(X) =  U(rxx<)) are solutions of (5.1). The substitution 
В =  Gr converts equation (5.2) into

(5.2a) U” { R ) + ( l - 2 ( 2 - n ) l 2 ) R - lU'{R) +  U{B) =  0 ,

which is a special case of the equation (see [3])

(5.4) U" { z ) + { l - 2 a )z - 1 U' {z)+({^yzv' 1)2-f-{a2- s 2y2)z -2)U{z) =  0, 

where
a =  (2— n)/2, z =  В, у — jS =  1, s — —y =  (n—2)/2.

The integrals of (5.4) are the functions (see [3])

(5.5) U(z) = z aZs(№),

where s >  0 and

(5.6) Zs(z) =  Ys(z) =  - I s(z)ln ~  -
7Z 2

1 у  ( s - f c -1 ) !  lz\2k~s 1 ^ 1  ( ~ l ) k(z/2)s~2k 
Ы \2 J ~ ~ ^ 2 j  fc!(s +  fc)!fc=0 ' ' fc=* 0 v 1 '

( /(^ + 1 )+ /(& + $ -|-1 )),

where
oo

w  =
k= 0

( - 1  f(z/2 )s+2k
fe!(s+fc)! ’

and, in the case of noil-integral s,

(5.7) 2. (г) =  !_.(*) =  £
k= 0

{ —l )k{zf2 )2k~s 
Г (& + 1 )Г (-в  +  й+1) ’

Consequently, the function

U(r) =  {Cr)-(n- 2»2Zs(Cr)

is a solution of equation (5.2).
We shall single out three cases:
1 ° * =  ( n - 2)/2 =  2p + 1 1  

2° s =  (n—2)/2 =  2p } V
being a positive integer,

3° s =  (n—2)l2 n is odd.
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Ad 1°. In this case by (5.6)

(5.8) Г . (Or) = - ( 2р)\ Gr
~ 2 ~~

— 2P- 1
I + 0 (r -2p“ 1)

(cf. [4], p. 222). By (5.5), (5.6), (5.8) and by Lemma 2 the function

(6.9) UAr) =  (Cr)-№~1 " + 0 (r -® -1)|

is a solution of equation (5.2).
Since the substitution of Gi instead of C converts equation (5.2) into

(5.3), the function Im(Oir)-  223-1 Ys(Gir), and hence the function U2{r) 
— (CV)-2p-1Im Ys(Cir), is a solution of (5.3). By (5.8),

1  /Огг\ -223-1
Ts(Cir) =  -  — (2 p )!l-—  I +0(r '~№),

and

(5.10) CMr) = (O r )-® -1/ ( - l ) !’ ( ^ )  *  ‘ i M l + O t r 1' * ) .

Theorem 5 (see [4]). I /  n > 3 ,  s =  (n—2)/2 = 2 p + l ,  and p is 
integer, then the fundamental solution is represented by

U(r) =  Gx Ux(r)±G2U2(r),

where Gx — 1, G2 — ( —l )23 &nd the functions Ux{r) and U2(r) are defined 
by (5.9) and (5.10), i.e.,

(5.11) U(r) =  (Cr)~2v~l \C гО (г-223-1) + 0 2 О (r1-223) ] .

P roo f. By (5.11) and Lemmas 3, 4 and 5,

(5.12) U{r) =  0 (r
and

dU{r) / 0Г ,(5.13)
dv

=  Z7 (r)  ̂ =  0 (r3- dv
dr r

for —  = 
dv " я д а  ~

0(1). By Lemma 2,

-  0{r3~n'[
G ( X )

(5.14) LU(r) =  - 0 2(01 0 1 ( r ) - 0 a0,(r))
(2р)! / 1 4~ 223~ 1

2
=  2 0 2(CV)-4P-2 -■-(ГиСг)-№- 1(С10(г -2/) 1 -C20{r'~w))

=  0 (r2' ”).



Fundamental solution for elliptic differential equations 201

dv

By (5.14) and by Lemmas 3 and 4

(5.15) 

where
1

(5.16)
7C

__ £]4-П2(П+2)12[П

dv

\ 2

Since the function U(r) defined by (5.11) satisfies conditions 2° and 
3° of Definition 1, it remains to check that it also satisfies condition 4°, 
i.e., that formula (2.3) is satisfied with yn =  anpn, an denoting the area 
of the surface of the n - dimensional unit ellipsoid E 1. An argument similar 
to that applied in the proof of Theorem 1 leads to formula (3.19), the 
involved surface integrals being (и—1) -fold. Applying the mean-value 
theorem to these surface integrals we obtain in virtue of (5.15), (5.12), 
(5.13) and (5.14)

h  --- s s ^ dL: m d S Y  = anR n~ 10 ( R 4~ n) =  anO ( S 3) ^ ►0,
9ER

h  -= S S ^ < * >
dU{r)

dv dSY = anR n~ 10 ( R z~n) —  <XnO{R2) -*■ o ,
9Er

Is == S S i p w
dv(Y)

dv
dSY — a ^ - ' O ^ 2- ” ) — a?lO (R )  -> 0,

9Er

h  -
О  Г  dLU(r)

■ S S . m  a . d S y  — (A»B1- ” + 0 (U s- “ ) )* (« )  s s
dr

—  d 8 y
dv

dER  9ER

A > S S  - J ^ ;d S r R '- ’'v(Q) +  0 (R3- n)
dER [ >

=  pnRn~l Г ... Г - f - u ' ' ' ? ™  ... d<pnn l- nv (Q )+ 0 {tf 1) •

— РпапУ {Q) +  ̂  ( -K3 n) an@nv{X), QedEji,
where

2 я тс

(5.17) an =  f  ... f  J(<<Pu d ^ ...  dcpn.J J g (< pu  n  Ъ г

The formulas we just obtained and formula (3.19) give formula (2.3) 
with yn ~  (anjftn)-1, where (3n is defined by (5.16) and an is determined 
by (5.17), and hence our assertion follows.
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In case 2° we deduce from formulas (5.5), (5.6) and from Lemma 2 
that the functions

(5.18) t7,(r) -f 0 (r2“ 2”)j

and

(5.19) Us (r) =  (Cr)~2p I —( —1)»* —

are integrals of (5.1). The fundamental solution may now be obtained 
from the functions Ui(r) and U2(r) analogously to the foregoing cases. 
This leads to

Theoeem 6 (see [4]). In the case where s =  2p and p is integer, 
the function

U ( r ) = { - l ) U 1{r) +  { - l ) vUi {r)

is a fundamental solution of (5.1) the functions U1{r) and U2{r) being defined 
by (5.18) and (5.19).

The proof is similar to that of Theorems 1 and 5; the constant yn

is equal to —-— , where ftn — —— an(j a  ̂ *g де_ 
Q-nfin ГС

termined by (5.17).
In the case 3° we single out two sub-cases 
3°A) s =  (n— 2)/2 =  (2<?+l)/2 =  2p-j-\ for q =  2p,
3°B) s =  (n—2)/2 =  (2q-\-1)/2 =  2p-\~l for q =  2_p+l.
By Lemma 2 and by formulas (5.5) and (5.7), the functions

(5.20) IM r) =  % (0 )

Г ( 1 ) Г ( 1 - 8 )
2 (n- 2)/2 ( 0 r )

2(П-2)12 ̂ (jr 2̂-n _

щ {а г )  =
Г (1 )Г (1 -в ) +

Г(2)Г(2-з )
2(«-6)/2(Сгг)2-

2(n-6)/2((7r)4-M +  0 (r6- w),

-0(г6~п),
Г{2)Г(2-в)

Be ux{Cir), and Imu^Cir) are integrals of (5.2). 
Ad 3°A). Let U2(r) =  Im ux{Cir) and let

(5.21) U (r) =  - ( U M  +  U M j-O i f* - * ) .

Ad 3°B). The solutions of (5.2) are functions defined by (5.21) and 
the function

2(n-2)l2,sjr)2~n
U3(r) =  Imu3(Cir) =

2(w—6)/2
+ 0 ( r 6' n).

Г{1)Г{1-8)  r { 2 ) r ( 2 - s )
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The function

(6 .2 2 ) U{r) =  U ^ - U ^ r )  =

is a solution of (5.2).
Theorem 7 (see [4]). Let s — 2p or s — 2p +  \, p being a positive 

integer, the functions U(r) defined by (5.21) and (5.22) are fundamental 
solutions of (6 .1 ), respectively.

The proof is analogous to that of Theorem 5. In both cases yn =  (an(3n) 
where /1n =  2(p’~4)l2C4~n /Г(2) Г{2 — s) and an is determined by (5.17).

it may be obtained from (5.1) by substitution of cVi  instead of 0 . 
We shall single out the following cases 
1°A) s =  2p-\-l =  8g + l  for P =  4g,
1°B) s =  2p-\-1 =  8g+3 for p =  4 g + l,
1°C) s =  2p + l  =  8g+5 for p =  4#+ 2 ,
1°D) s =  2 p + l =  8# +  7 for p =  4^+3,
2 °A) s =  2p =  4<? for p =  2q,
2°B) s — 2p — 4g+2 for p =  2g-{-l,
3°A) s =  q +  l  =  2p + \  for q =  2p,
3°B) s =  q +  % = 2 p-\-\ for q =  2 p + l .

Ad 1°A). By (5.6)

(6.1 )

6. The case n > 3 ,  h =  <7\ The equation (1 .1 ) takes on the form 

L2u(X)+C*u{X) =  0, X(a?j, , . . . ,  xn),

In virtue of (5.5) and (6.2) the function

I\(r) =  ( O r V 'i ) - 8* - ^ ^ ^ ^ )

=  —  —(8q)l2sq+1(CrVi)~m~2— —{8q—l)\2S9~1(Cr)~U9-\-0(r6~n)
тс
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and the function

(6.3) Ux{r) =  —’R eF 1(r) =  -  (8q—1)128q~1 (Cr)^16q Ą-O (r6~n)
TC

are solutions of (6 .1 ).
Ad 1°B). The function

F 2 =  (Cr\/i)-*a- 3Ya{CrVi)

=  — -  {8q+2)!28q+*{Cr)-m- 6i + ~ {8 q A l )\ 2 Sq+1(Cr)m -*AO{r6- n)
TC 7T

and the function

(6.4) U2{r) =  В e F s(r) =  i ( 8 g + l ) !2 8a+1( ^ r 162_4+ 0 (r 6“ n)
тс

are solutions of (6 .1 ).
Ad 1°C). The function

F3{r) =  {CrVi)~&q- $Ys{Cr\/i)

=  — (8д+4)!283+5((7г)-1б9,-10г — — (8g+3) ! 289,+3((>)- 16a-8-|-0(r6~n)
TC 7C

and the function

(6.5) U3{r) =  —BejPg(r) =  — (8g-f 3)! 28a+3((7r)_16a~8 +  0 (r6_n)
7C

are solutions of (6 .1 ).
Ad 1°D). The function

FA{r) =  (C,r l/? )-8*-7r e(Ori/i)

=  — — (8g+6)!283+7( 0 ) -163-14« +  i (8 g + 5 ) !2 83+5(0r)-163-12 +  0 (r6~w)
7C 7T

and the function

(6 .6 ) ' U,{r) =  B e^ 4(r) =  i  (8g+5) !28Q,+5(6V)_ 163-12 + 0 (r6-n)
TC

are solutions of (6 .1 ).
Theorem 8 (see [4]). Let n >  3. I /  ® =  (%— 2)/2 =  8g + l ,  8#+3, 

8g+5, 8# +  7, Й<т the functions (6.3), (6.4), (6.5) and (6 .6 ) are fundamental 
solutions of (6 .1 ), respectively.
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P roo f. We shall only consider the case S — the remaining
ones can be proved similarly. By (6.3)

Ux(r) =  C1rĄ~njr O{r(l~n),

i M >  =  V (r )| l  =  o ( r « ) ^ + c 1e - | l
uv ov uv ov

=  0(r5- n) — -̂---- b C2r8~n— ^ -  =  0{r6- n)+ C 2-^— ,' G(X) G(X) K ' ^  2 G{X) ’

By Lemma 4

dLU{r)
dv

LTJx{r) =  Csr2- nXO(r*-n).

dr
=  (LU(r))' —  =  ( c y - n +  0(r*-n))0( 1 )

where С1 уС2,С3 are constants and 04 =  2 n̂+2),2C4~n((n —2 )/2 )! and 
7n —  (04aw)_1 and an is determined by (5.17).

The proof runs down like that of Theorem 5.
The next theorem will deal with the case 2°A) and 2°B).

. If s =  2p — 4q, then the function

F s{r) =  (CrVi)~4a Ts (GrVi)

=  — — (4 g - l ) !2 4a( 0 ) - 82- — (4 g -2 )!2 2- 8S  +  0(r6- n),
TC rc

and the function

(6.7) Z75(r) =  - I m T 5(f) -  — (4q—2) 124я~2 (Сг)2~8я -j-0 (r6~n)
TC

are solutions of (6 .1 ).
If s = 2 p =  4g+2 the function

F 6(r) =  (Cr]/i)-4Q- 2Ys(CrVi)

=  —  (4g + 1 )! 2 4s+2 (Or)~ 8s~ 4 +  — (4g)! 243 (СУ)~ 8a~ 2i +  0  (r6~n)
7C TC

and the function

(6 .8 ) U6(r) = I m  F 6{r) =  — (Ц)\24а(Сг)-8я- 2 +  0{г6- п)
TC

are solutions of (6 .1 ).
Theorem 9 (see [4]). Let n >  3. I f  s =  (n— 2)/2 =  4q or s =  {n —2 )/2 

=  4g+2, then the functions (6.7) and (6 .8 ) are respectively the funda­
mental solutions of ( 6 .1 ).
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P ro o f. We shall only consider the case 2°A), the second one being 
analogous. By (6.7)

u 5(r) =  Ą r 4- 4 0 ( ^ B),
677 (r\ dr r r4~n
^ L L  =  u'5(r)—  =  (D2r3- n+ 0 (r 5- n)\——  = P 2- -----+ 0 { r 6~n),

dv 5K ’ dv 1 2  1 n Q{X) Q{X) v

By Lemma 4 

dLU5(r)

LU5(r) =  D3r2- n +  0(r*~n).

, dr
dv ' dv

where D1? Z>2, Z>3 are constants and

(£ г 7 И  V  =  ( я у - п+ 0 (г3- п» 0 ( 1 )

Ą = — ((w—6 )/2 )! 2(w_4)/2C'4_n(4 — w) (2 —w), yn = (A a»)"1,
and an is denoted by (5.17).

The proof is analogous to that of Theorem 5. 
Let now s — q-\-% =  2p +  The function

z -s Ys(z) =
z~2s2 s

Ш и

g— 2S-}- 2<̂ S— 2

'Г(2)Г(2-8) k—2

( — 1  ) V fc_s 
Г(к+1)Г(1с-8+1)

is a solution of (5.4), whence the function

F 6(r) =  (CWi)~s Ys(CWi)

and the function

U6(r) = ( - l ) pB eP 6(r) =

satisfy (6 .1 ).
Also the function

2‘ (CrVi)-™-' _  Z’ -'jC rV i)'-*  + 0 (r «.». 
Г{1)Г(1-8)  Г(2)Г{2-8)

2 S - U 2 ( C r ) - 4 p - l   ̂ 2 S -5 /2 ( 0 r ) l - 4 P

Г (1 )Г (1 -* Г  +  Г(2)Г{2-8)
+ 0 (r6"4)

P 7(r) =  (On3/2) - sr s(On3/2) 
2*(Сг)~*р- 1 - (3 /2 ) (4 p + l )

Г (1 )Г (1 - * ) +
2s- 2(Or)1- 4p
Г(2)Г(2~8)

^_(l_4p)(3/2)_|_^̂ 6-nj

and the function

U7(r) =  ( —l)pIm P 7(r)
2s_1/2((7r)~4p“ 1 2s~5l2{Cr)1~4p
Г(1)Г (1-8 )  +  Г(2)Г{2-8)

-\-0(r6~n)

are solutions of (6 .1 ).



Fundamental solution for elliptic differential equations 207

If follows that the function
Ов-З/2 4p

(6.9) U(r) =  l\(r) +  U7(r) =  r { 2 )FJ _ s) + 0 ( r 6- w)

is a solution of (6.1).
Let s = 2 + 1  =  2jo+f, the function

Fair) =  (CrVi)~sYs(CrVi)

2s(Cr)-*p- 1(\/i)- ' lp- 1

W ( M
2s- 2(Cr)1- 4p(Vi)1- 4p

Г(2)Г(2-8)
+ 0 (r6~n)

and the function

17.(r) =  ( - 8fB,eFB{r)

are solutions of (6 .1 ).
The function ’

2s- 1/2(Cr) - 425~ 3 2s- 5/2(Cr)~4p- 1------- i— '---------1---------- i— ----------t-0 (r6- n)
Г (1 )Г (1 -в ) Г(2)Г{2-8)  K 1

F 9(r) =  (Cri3l2)~sYs{Cri3‘2)

2s (Cr)~4p~ V~4p~3)(3/2) 2s-2(CV)~4p-+ (~4p~1)(3/2)
Г (1 )Г (1 - * ) Г (2 )Г (2 - 8)

+  0(r '6—  П \

and the function
9 S - l / 2 / ^  \ -4 P -3  9 S -5 /2 /^ y „ \ -4 p - l

17, (r) =  (—l)pBe-F9(r) -  —— --------------- -  - ■+, }-------+ 0 (r6- n)
Г (1 )Г (1 -в ) Г (2 )Г (2 -в )

are also solutions of (6 .1 ). 
Hence the function

(6.10)

is a solution of (6 .1 ).

28_3/2(С'гГ4г>~ 1
U(r) =  U&( r ) - U 9{r) =  —  + 0 (r 6_w'

Г{2)Г(2—8)

Now,
H(r) =  г;1г4- и+ о (г 6' п),

dU TT// dr
H r  =  u ^ ’= (Л .Г --+ 0 ( ^ - , )  G(JC) _  л . в(ДГ) + 0 ( / - » ;

LU(r) =  Е У ~ п +  0 { г 4~ п ) .

By Lemma 4,

dLU{r) =  (LV(r))'^~ =  (B1r1- " + 0 (r»-*))0 (l) ,dr
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2nl2(j2~ni
where Ex, E2, E3 are constants and U4 =

yn =  (E^an)~l, and an is determined by (5.17).
By the already familiar procedure we may prove the following 
Theorem 10 (see [4]). Let n > 3 . If s =  (n— 2)/2 =  2 p + l  or 

s =  (n—2)/2 — 2p-\-\ then the functions (6.9) and (6 .1 0 ) are respectively 
the fundamental solutions of (6 .1 ).

' 7. In this section we shall apply the fundamental solutions U(r) 
of (1.1) to the boundary problems of Lauricelli [5] and of Biquier [5] 
for equation (1 .1 ).

Let H{X,  Y) be a function of X, Y defined in D x D  and satisfying 
the conditions

1. H(X,  Y)eC{i) for (X, Y )eD x B ,
2. H(X,  Y)eC(3) for (X, Y)eDxD,
3. H(X,  Y) =  U{r) for YedD,

Г (1 )Г ((4 -»)/2 ) ’
and

4.
dH
dr

dU
dv

for YtdD,

5. as a function of Y, H{ X , Y) satisfies equation (1.1).
Definition 2. The function 

(7.1) 0(X,  Y) =  U(r) -H{X,  Y)
is called the Green function of type (L) for equation (1.1) in the (bounded) 
domain D.

We shall now give a formula solving the Lauricelli problem for equa­
tion (1.1). Taking in the fundamental formula

(7.2) SSS <«i2v—vL2u)dxx... dxn-\-
D

+SS
dD

dv dLu dLv du
Lu —-----v— ---- Yu—-------Lv —-

dv dv dv dv t
d&y — 0

a solution of (1.1) of class C(4) in D as u(Y),  and as v{Y) the function 
ynH( X , Y) we obtain from (7.2) and by the identity uL2H —HL2u =  0

(7.3) 0 =
dD dv

dLu dU .
~Y TJ--------- Lu------\dSy

dv dv

Upon setting v{Y) as u{Y)  into (2.3) we get 

•(7.4) u(X) =  yn S S  LU
du dLU dLu dU .-------и ----------Y и ----------L u—-— I dEy.
dv dv dv dv
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If we add formulas (7.3) and (7.4), then

С С Г ;ТТ T du IdLH dLU\
* ( I )  -  y“ S S [ < - № - - L s > -^  +  а г ) и +

dD L ' '

IdH dU
+  •-

dL u  I

L u + ( U - H ) - ~ — \dSy.
\ dv dv J ‘ dv

By conditions 3 and 4 and by Definition 2 we obtain

du dLG
}\1M

dD '
(7-5) =  r » S S f 7;<? dv dv

и I dSY.

Theorem 11. Suppose that there exist Green function of type (L). 
Let the functions f (Y)  and h(Y) be continuous on dD, the boundary of D, 
then the functions

u(X)  =y„SS[ft<T)£e<X’ Y) W
dD

dv

solves the boundary problem of Lauricelli:

du(Y)
u{X) =  f(Y),  =  h(Y) for YedD.

dv

The Green function for the Biquier problem (B) is defined as follows. 
Let Hx(X, T) be a function of X, Y defined in D x D  and satisfying 
the following conditions:

6 . Hx(X, Г)еС(4) for (X, Y)eDxD,
7. Hx{X, I>C<3) for ( X , Y ) e D x D ,
8 . LH1 =  LU(r) for YedD,

9.
dLRx dLU for YedD,

dv dv
10. as a function of Y, Hx(X, Y) satisfies equation (1.1). 
Definition 3. The function Gx(X, Y) =  U{r)— Нх{Х, Y) is called the 

Green function of type (B) for equation (1.1) in the (bounded) domain D. 
Analogously as above,

u (X )  =  - b S S [ e i №

dD *- V

dGx(X , Y)
dv

LuidSy,

which implies the following
Roczniki PTM — P race M atem atyczne X.2 14
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Theorem 12. Suppose that there exists Green function of type (B). 
I f  f i (Y )  and hi(Y) are continuous function on dD then the formula

u{X) =  ynssf*.
dD L

(Y)
dGx(X, Y) dLGx (X, Y)

dv dv
,(Y )] d>Si

solves the equation (1 .1 ) with the Riquier boundary values

u ( Y ) = f 1{Y )J L u ( Y ) = h 1{Y) for YedD.
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