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Construction of a fundamental solution
for certain elliptic differential equations of order 4

1. In this paper we deal with the construction of fundamental solu-
tions for the equation

(1.1) L (X)+ku(X) =0

where X = (x,...,o,), k is a constant, and operator I, defined by for-
mula

n
0%u
Lu(X) = N agu; -
u( ) %azkuk’ Usg, Gzciawk’

with ay, = a;; independent of X, is elliptic. We consider first the cases
n =2, n = 3, and then the general case. For the sake of convenience, '
we write k = C* or k = —C% ( being positive.

In the paper [4] a construction of a fundamental solution for the
equation A%u(X)+4ku(X) = 0 was given. Applying these results, we shall
find the fundamental solutions for equation (1.1).

2. In the sequel, D a;&;&; will stand for a positive-definite quadratic
form (i,j =1,...,n), with constant coefficients, a” will denote the
elements of the matrix inverse to (ay). Then the form Zaf‘" £ & is also
positive definite. Ej will denote the ellipsoid Y a”(w;—a?)(x;—aj) = B,
and rxy will denote the “elliptic distance” of the points X = (2, ..., 2,)
and Y = (y4, ..., ¥,), namely

k(3
rxr = [ Y ¥ (@—yi) (-] .
%)

Obviously, rxy >0 if X # Y.
We now find a solution of the equation (1.1), of the form u(X) =
U(rxx,), Xo = (a1, ..., 23) being a fixed point.
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LeEMMA 1 (see [1]). Let the function U (r) be of class C? in (0, co), and
let w(X) = Ul(rxx,), then

W = Y agul = T () +(u—1)r"T'(r), 7 >0.
i,k

We omit the simple proof.

LEMMA 2 (see [4]). Each solution w(X) of class O of any of the
equations Lu(X)—C*u(X) = 0 or Lu(X)+C*u(X) = 0, satisfies the equa-
tion

u(X)—C(X) = 0.

Let v be a function of class C' in a region D, let 8 be a surface in
D with continuous normal (in the sequel such surfaces will be briefly
called surfaces), then the transversal derivative (with respect to §) of
v is defined as ([2], p. 140)

a n n

v '

o = E Vg E a;; cos(m, x;).
LG ey S ey |

Of course, it is defined only for points on the surface 8. In every case
we shall deal with the transversal derivative under the sign of the surface
integral (over a surface of type of the sphere), n will denote the normal
line to the surface, directed towards the interior of the surface, at a corre-
sponding point of the surface.

0
In Lemmas 3, 4, 6, B will denote the transversal derivative with
v

respect to an arbitrary surface lying in the region in which the involved
functions are defined.

n

LEMMA 3. Let the quadratic form D agy:;y. be positive-definite;
ik=1

then there exists a positive constant k such that for each surface 8 = D we

have Igi < k.

| ov
Proof. It is enough to prove that the functions dr/dz; are bounded,

gince .
or )
= — acos (n, z;).
Do 2, eostn, @)

This follows from the estimation

= {Zr"a”(%—mf l < j[a""]r‘llwi—wfl

j=1

<M 2 oy —af| 47 [ 2 (@p—ap)?| " <nd7M = .

6@'@
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where &k, >0, M = max|a”|, and 4 denotes the minimum of the quad-
ratic form > a”w;u; on the unit sphere.

LEMMA 4. If w(r) s a differentiable function, then

dw(r) ,, _or
W G,
We omit the proof.
From Lemma 4 it follows
« Ow(r) :
LemMMmA 5. If w(r) = O(r%), then o or*y; of w'(r) = o(r?),
v
ow(r) o " a +
then P o(r%). The symbols O(r®) and o(r®) relate to the case r — 0™,
4
LemMmA 6. If
n n
G(X) = (Z( 0t (g, — )2)”2,
j=1 k=1
then
0l 1
nr 1 )
oy G(X)

The proof is analogous to that of Lemma 1.
LeMMA 7. The surface integral

S8 45

OER
s independent of R.
Proof. Let

n
(T) gi—a} = ) Ay@—af), i=1,..,n
j=1

be an orthogonal transformation converting the quadratic form

n

> a¥ (¢, —a3) (v;—a)) into the canonical form Z'B (%;—a7)%. Then (T)

1,j=1 j=1
transforms the ellipsoid

(2.1) 2 a’ (@, —a?) (¢, —af) =R*

t,f=1

into the ellipsoid

(2.2) D) By(#@—af)* =

i=
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Let the equations
z,—a) = C,Rcosq,,

%, —xy = O, Rsing, cosg,,

Zp—x, = Cp Rsing,sing, ... sing,_,sing,_;,
where
0<gp<m ..., 0<@u<m 0<% ‘Pn 1 < 2m,
stand for the parametric description of the ellipsoid (2.2). Let us write
the parametric equations of the ellipsoid (2.1) in the form
w@“‘wg = RHi(?’lz co@n-1)y  t=1,.
and let
X) = Ry(@1y -y Pny) >0, as = RnclJ((pl’ iy Puoi)e
Then

- R"" IJ cery @p_
R ns R nf f (P15 -3 Pr-1) dgy ... dpn_s
G(X) Ry (@1y -+ o5 Pn-1)

™ 2n

J coey Qp

=ff (@15 -2) Pn-r) doy ... dpp_;.
§ & 9(P1y v s Pu—1)

LEMMA 8 (see [4]). Let u(X) = U(r), n = 3; then
Lu(X) = UB(r)+407 U ().

LEMMA 9 (see [4]). Let the function U(r) satisfy the differential
equation

U )+ 47UV +EU(r) = 0, 7 >0;

then the function v(r) = rU(r) satisfies the equation

@ (r) kv (r) = 0.
Lemma 8 and Lemma 9 follow from Lemma 1.
DeriniTION 1. A function U(r) is called a fundamental solution
of equation (1.1) in a bounded region D if 1° the boundary 0D of the
region D is of class Of (this means that d.D is the union of a finite number
of surfaces of class C'), 2° the function U(rxy) is of class ¢ with res-
pect to XeD and YeD except the set where X = Y, 3° U(rxy) satisfies
in D equation (1.1) in each variable separately, 4° for each function
v(X) of class 0® in D and 0“‘) in D satisfying equation (1 1) in D,
we have '

L
(2.3) X)‘“VnSS( oLy 0U dv 0 U’U)dSy'

v Ov

for each XeD, y, being a constant depending on the dimension of D.
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3. We proceed to the construction of fundamental solutions of (1.1)

in the case n =2 and k¥ = C* and k = —C~*.
(a) The case k = —(*. Equation (1.1) takes on the form
(3.1) L'u(x, y) —C*u(z, y) =0

and can be written in the operator form (L—C?) (L-+C% u = 0.

We shall construet the fundamental solution with aid of the inte-
grals of the equations
(3.2) Lu—C*u = 0,
(3.3) Lu+C*u = 0.

In virtue of Lemmas 1 and 2, the integrals U(r) of (3.2) and (3.3)
satisfy the respective ordinary equations
(3.4) U" (r)4+r=1U (r) +C*U(r) = 0,
(3.5) U (ry4+r U (r)—C*U(r) = 0.

Equation (3.5) may be obtained from (3.4) by substituting €7 instead
of C. Let us introduce a new variable by

(3.6) R = Or;
then we obtain the equation

(8.7) R*U”(R)+RU (R)+R*U(R) = 0.
Analogously, from (3.5) we obtain

(3.8) R*U”(R)4+RU'(R)—R*U(R) = 0.

These are the Bessel equations with the value 0 of the parameter
s (see [6]). A particular solution of (3.7) is the Bessel function of the sec-
ond kind and of order zero:

(3.9) U,(R) = Y (R) = —i—mg +0(1).

By (3.5), (3.6), (3.7), (3.8) and Lemma 2, the functions Y,(CR) and
Y, (CiR) are solutions of (3.1).

THEOREM 1 (see [4]). The fundamental solution of equation (3.1)
.48 of the form

(3.10) Ui(r)—=Usy(r) = U(r),
where
(3.11) U(r) = Yo (Cr) = Ll(r)—}—iln (91) = 3 In (Et) +0(),
T 2 b1 2
(3.12) U,(r) = Re Y (CiR) = —2—111ﬂ +Ly(r) = 31n(—01) +0(1).
kg 2 7 2

Roczniki PTM — Prace Matematyczne X.2 13
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Proof. By (3.10), (3.11) and (3.12)
(3.13) U(r) = Ly(r)—L,(r) = O(1).
It follows from (3.13) and Lemmas 3, 4, 5, that
aU(r) OL,y(r) 0L, (r)

(3.14) = e o(r).
By (3.11), (3.12), and by Lemma 2,
A2
(3.15) LU(r) = —C*(To(CR)+Re To(CiR)) = —0 1n£’1+0( 1.

From Lemmas 4 and 5 and from (3.15) we get
OLU (r) ( —4C?
dv r

Let v(x, y) be of class C in D and satisfy equation (3.1), and let
E% denote the interior of the ellipse

r
G(X)’

(3.16) = (LU(T))'-%C = —l—o(o“))

(3.17) D a(@i—at) (@—af) = B’

1,j=1

contained in D. Applying the fundamental formula

fD f (UL —oI*U) dwdy +

0Lv(Y) o (Y) OLU (r) avU
+f[U oy FLU ()~ —o(¥)~ == —Lv —51’—]0181,

(see [5]) to the functions U(r) and v(x, y) and to the set D— E% we obtain
0Lv( )

CEUNN f (U (r) T (¥)—0(¥) T U (r)) dédy = — f Ur) a8y —

DE'R

LT o (Y oU
_fv(Y) av(” dSY——f[LU(r ”a(v ) Lo(7) :T)]dsy,
z

z

where Z = (D —Ep%). The left-hand side in this formula is equal to zero,
since U(r) and v(x, y) satisfy equation (1.1). Thus, we obtain

oL aLU 9 au oL
(3.19) f(U——a” — +LU~3 ~I %, )d8y+ fU——~” Sy —
v

aD oF R

6LU

_ faa IvdSy-+ fLUmdSy—
6ER

ER
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Applying the mean-value theorem to the curvilinear integrals in (3.19)
and applying (3.13), (3.14), (3.15), (3.16) and Lemmas 6 and 7, we get

f U(r)%{?—dSy — o,RU(r) OL;(Q) — @, R(L,~IL,) OL”:Q)

IER

0Lv(Q)

= a, RO(1) —~—=>0, R->0,

where Qe0Fg, and a, denotes the perimetre of the unit ellipse E,;

I, = fLo(Y) Mg(r) dsy = ayRIn(Qy L) _ '0,11;’1:4;(@1)((’)aj’2 — aaL‘)
obip 14 v £
. = o, RIv(Q;)O0(r) -0, @,e0Eg; '
I, = fLU(r)a”(Y)dsy=alR(_40 1n9£+0(1))a”;f2)+0, Q.0 Tp;
oER
OLU (r) r
1, = f (F) = dsy — fv(Y)( ())G(X) dsy
OER 0ER
—4C0*\ 7
:ai?,(y)( - atm et f (1)00) Gy e
—4c? d
— = 0(0y) f ot r@0e g ar —
B o
—40

(@, 9) f_G—(i'_)_’ Q3¢0ER.
0ER

These formulas and (3.19) give formula (2.3), where

ds‘y -1
3.20 = —x[4C® .
( ) Ve W( c G(X))
dER

By Definition 1 and by the regularity of the function U (r), the func-
tion U(r) defined by (3.10) is a fundamental solution of (3.1).

(b) The case k = C*. Equation (1.1) takes on the form
(3.21) LPu(z, y) +C*u(z, y) = 0.

THEOREM 2 (see [4]). The fundamental solution of (3.21) is the func-
tion .

2,.2 2
(3.22) U(r) = Im Y, (OrVi) = %(—Z— - 027 ln—(’;—r +k (%) )+0(r“"°),

where ¢ is an arbitrary positive number.
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Proof. By Lemmas 1, 3, 4, 5, and by (3.22),

r

oU
01! U()——=(Bln —[0( ))G(X)
2
U'(r) = 2 ( —04n —qﬁ —[——G—— ——02) +0(n),
1 ‘—202
0" () = - +0(0),

Ulr)y =U"(r)4r" U (r) = len%r— +0(1),

L : 'II 1 ! »
D)~ 07 )07 0 ()T ) = B 400,
OLU() _ aLu() o . roo1 .
T S M (B +00) Gy = Bagzy +O

where B,, B,, B; are positive constants.
Starting with these formulas we may argue similarly as in the proof
of Theorem 1; in this case

dSy -1
= — x40 .
T T ( G(X))
4. In this section we deal with the case n = 3. In virtue of Lemmas
8 and 9, equation (1.1) takes on the form

(4.1) VO (r)+kV(r) = 0.
(a) The case k¥ = —C* Equation (4.1) is then of the form
(4.2) N V& (r)—C*V (r) = 0.

By Lemma 9, the functions U,(r) =»"'€" and U,(r) =r 'cosCr are
solutions of (1.1).

THEOREM 3 (see [4]). The function
(4.3) U(r) = r~* (% —cosCr)

s a fundamental solution of (1.1). .

Proof. It is enough to check that the function U(r) satisfies for-
mula (2.3). Let a function v(Y) of class 0 in D satisfy equation (1.1)
and let the ellipsoid Ex with the centre X be defined by equation (2.1).
Applying the fundamental formula (see [5])

[[[ (UL —oI*U)dwdy dz+ [f [U(r)%Lv(Y)~Lv(Y)—(%U(¢)+

D~-ER (D~ ER)

+LU(7~)——'v(Y) —o(Y) — 0 LU(r)] =0
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to the functions U(r) and »(Y) in the set D—FKy we obtain
(4.4) fff —o(Y) LA () dEdn g

- _ ff (U(r)-aa:Lv(Y)—L’U( )=

Ulr )) asy —
v
A D-Ep)

9 9
— f{ (LU(r)E—v—v(Y)—v(Y)ELU(r))dSy.

§D-Ep)

Arguing similarly as in the proof of Theorem 1 and using the for-
mulas (4.3), (3.2), (3.3) and the Lemmas 3, 4, 5 we obtain

1, = ff U(r)%Lv(‘Y)dSy = a2R2R‘1(eCR—cosCR)%(LW(Q)) 0,

oER

where Qe0Er and a, denotes the area of the ellipsoid E,;

I, = f f LU®) a”;vy) asy

5ER

= ay R*R™1C*(¢°E +cosOR)

12=ffL

0ER

P
() 0, Q,e0Ep,
dv

0
= a, R*Lv(Q,) (—R 2B+ R 'Ce’F+ R %cosCR+-CR *¢inCR) —01 -0,
v

- ,€0lg,

I, = ffro(Y)—LU (r)dSy

dER
or
= 0(Q3)(C*R2eCE— (PR 1" +-(* R *cos CR+ (R~ 'sinCR) ffaddsy,
v
oK

Qs 0Eg.
By Lemma 7,

[[5mr= [ 5w f f T 0
J (6, p)
ff (o,;]j) 7
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whence

J (6,
1, — 20y (x, , ) ff (Z;dedq
’

The above formulas and (4.4) give (2.3) with

n=loo [ [ Sl

(b) The case k = C*. The equation (4.1) is then of the form

V& (r)+0*V (r) = 0.
Particular integrals of this equation are the functions
U,(r) =r"tedsindAr, U,(r) =r ‘e *sindr,

where 4 = (Cl/é.)/2. By Lemma 9, they are also integrals of (1.1).

THEOREM 4 (see [4]). The function
U(r) = r*sindr(e*" —e™ ")

is a fundamental solution of equation (1.1), where A = (01/5)/2.

Proof. An argument similar to this in the proof of Theorems 1
and 2 shows that the surface integrals I,, I,, I; tend to zero, and

I, = a, R* R7'24%0(Q,)((¢*F+¢~“®)(—R~'cos AR— A sin Ar)+
+A(e*F— _AR)cosAR ff——dSY» —20% (a, y,z)f f ’(P)

We thus obtain formula (2.3) with

e i

5. We shall now deal with the case n >3, ¥ = —(*. Equation (1.1)
takes on the form

(5.1) L*u(X)—C*u(X) =0,

where X = (z,, ..., x,). By Lemmas 1 and 2, the integrals U(r) of equa-
tion (5.1) satisfy the differential equation

(5.2) U’ (r)y+rn=1)U'(r)+C*U(r) =0
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(5.3) U'(r)+(n—1)r*U (r)—C*U(r) = 0.

The functions u(X) = U(rxx,) are solutions of (5.1). The substitution
R = Cr converts equation (5.2) into

(5.2a) U"(R)+(1—2(2—n)/2)R"'U' (R)+U(R) =0,
which is a special case of the equation (see [3])
(5.4) U () +(1—2a)27 U (2) +((fre" ) +(* =52 %) U(2) = 0,

where
a=(2-n)/2, 2=R, y==1, s=—y={(n—-2)/2.

The integrals of (5.4) are the functions (see [3])
(5.5) U(2) = 2°Z(?"),

where s > 0 and

(5:6)  7,2) = To(e) = = L(&)In - —

1 s—lp(s—k—l)! (z)2k—s~_]._§7(—~l)k(z/2)s“zk

2 T kl(s+R)! (f(k+1)+f (k+s--1)),

2

S (— 1) (/2

L = Kls k)

k=0
and, in the case of non-integral s,

1) 2/2)216 ]
r k+1 (—s+k+1)°

(3.7) Zs(2) = I_4(2) =

Consequently, the function
U(r) = (Cr)~ " Z,(0r)
is a solution of equation (5.2).
We shall gingle out three cases:
1°s = (n—2)/2 = 2p+1
2°8 = (n—2)/2 = 2p
°8=(n—2)/2 n is odd.

} p being a positive integer,
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Ad 1° In this case by (5.6)

- —2p-1
(5.8) Y, (0r) = _(iﬁ)_'(g) O
(ct. [4], p. 222). By (5.5), (5.6), (5.8) and by Lemma 2 the function
(5.9) U.(r) = (oryzp_l(i:@ﬂ (E’L)'“p' +0(7_2p_1))
T 2

is a solution of equation (5.2).

Since the substitution of (% instead of C converts equation (5.2) into
(5.3), the function Im(Cir)~*~'Y,(Cir), and hence the function U,(r)
= (Or)~*~Im Y, (Cir), is a solution of (5.3). By (5.8),

Cir

—2p—-1
Y, (Cir) = ~l<2p>!(42—) O,

and

(5.10) Uz(r) — (O,r)-.zp—1<(__1)p(~(/2'_7'~)— P~ (2£)! +O('rl'_2p).

THEOREM 5 (see [4]). If » >3, s =(n—2)/2 =2p+1, and p s
integer, then the fundamental solution is represented by

U(r) = 0, U, (r) -0, Uy (),

where €, =1, Oy, = (—1)" and the functions Uy () and U,(r) are defined
by (5.9) and (5.10), <.e.,

(5.11) U(r) = (Or) 71 [C,0 (r™™7") +-0,0 (r'~)].
Proof. By (5.11) and Lemmas 3, 4 and 5,

(5.12) U@r) =0@*™),
and
ou(r)y o, O T 3-n
(5.13) o U’ (r) = o(r )G(X) = 0@ ")
for O " _ ). By L 2
or Fie Gx) = (1). By Lemma 2,
(3.14) LU(r) = —C*(C,U,(r)—C, U, (7))
= 202(07«)-41’-%—_(27{’ ) (%)— " ~C¥(Cr) =Y C,0(r™ ") = CL0(r'~ ™))

= 0(r"™").
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By (5.14) and by Lemmas 3 and 4

oLU(r) ,or en sy O
o = (LU)) - = (B 00 5o
where
1 —2
(5.16) B = — - ¢t R (22_)1

201

Since the function U(r) defined by (5.11) satisfies conditions 2° and
3° of Definition 1, it remains to check that it also satisfies condition 4°,
i.e., that formula (2.3) is satisfied with y, = «a,f,, o, denoting the area
of the surface of the n-dimensional unit ellipsoid F,. An argument similar
to that applied in the proof of Theorem 1 leads to formula (3.19), the
involved surface integrals being (n—1)-fold. Applying the mean-value
theorem to these surface integrals we obtain in virtue of (5.15), (5.12),

(5.13) and (5.14)

aL
1, =SS vmn Y a5y — a, B 10R) = g,

0ER

=SSy

oER

Rn 10(1)3 n) . an

5, - S§Szoe

dER

=SSe(v

0ER

R

_ﬁanlf

= a, R"'0(R*™) = ¢, 0(R) -0,

OLU
P2U0) 15y = (pum= 10 ")o(@ S sy

dSy R "0 (Q)+0(R*™)

f ;’17 cees Pn) d(pl...d(anl_”U(Q)+0(R3‘n)

1y <« 3 Pn)

= (@) +0(R"") - anfuv(X), 0c0Bp,

where

(5.17)

— f f (71, -- ,il’n d(pl... dpy,.
G(Prs -y Pn)

The formulas we just obtained and formula (3.19) give formula (2.3)
with y, = (a,B,)"", where 8, is defined by (5.16) and a, is determined

by (5.17), and hence our assertion follows.
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In case 2° we deduce from formulas (5.5), (5.6) and from Lemma 2
that the functions

(5.18) U,(r) = (Cr)™ % (M (%ﬁ)~ _Jr_O(rz_zp))
and
(5.19) Uy(r) = (07’)‘2’”(—(—1)”(2—]’:—1)—!(%) +0(r1‘2’”))

are integrals of (5.1). The fundamental solution may now be obtained
from the functions U,(r) and U,(r) analogously to the foregoing cases.
This leads to

THEOREM 6 (see [4]). In the case where s = 2p and p s integer,
the function

U(r) = (—1) Uy(r) +(—=1)"Uy(r)
is a fundamental solution of (5.1) the functions U,(r) and U,(r) being defined
by (5.18) and (5.19).

The proof is similar to that of Theorems 1 and 5; the constant y,

—2)(n—4
, where g, = (n=2)n—1) C*="2 2 and q, is de-
'

is equal to
an n

termined by (5.17).
In the case 3° we single out two sub-cases
3°A) s = (n—2)/2 = (2¢+1)/2 = 2p -+ for ¢ = 2p,
3°B) s = (n—2)/2 = (2¢+1)/2 = 2p+3 for ¢ = 2p+1.
By Lemma 2 and by formulas (5.5) and (5.7), the functions

(5.20) U, (r) = uy(Cr)

1 1
. (n—2)/2 2—n__ (n—6)/2 4—n 6—n
=Torazs > O T Foremsy 2 OO,
. 2(n—2)/2 (CT)Z—"iz‘" 2(n—6)/2(07.)2—'n 7:4—7» o
w0 = —F i) reyre—s o

Re u,(Cir), and Imwu,(Cir) are integrals of (5.2).
Ad 3°A). Let U,(r) = Imwu,(Cir) and let

(5-21) U(r) = —(Us(r)+Valr) =0 ().

Ad 3°B). The solutions of (5.2) are functions defined by (5.21) and
the function ’

2(7L— 2)/2 ( 07.)2—77, 2(%—6)/2 (07)4—711
TrQ)Tr(1—s) = T@)I'@2—s)

Us(r) = Imu,(Cir) = +0(r* ™).
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The function

2(n~4)/2(07.)4~n o
(5.22) U(r) = Uy(r)—Uy(r) = T@TrE—s) +0(r°™)

is a solution of (5.2).
THEOREM 7 (see [4]) Let s = 2p -+ or s = 2p+3, p being a positive

integer, the functions U(r) defined by (5.21) and (5.22) are fundamental
solutions of (5.1), respectively.

The proof is a,nalogous to that of Theorem 5. In both cases y,, = (a,8,)"",
where B, = 20-2C*"/I'(2)T'(2—s) and a, is determined by (5.17).

6. The case n >3, k = C*. The eqﬁation (1.1) takes on the form
(6.1) L2"(X)+C4u(X) =0, X (@15 5.uny @n),y

it may be obtained fronr (5.1) by substitution of C Vi instead of C.
We shall single out the following cases

1°A) s = 2p+1 = 8¢+1 for p =4q,
1°B) s =2p+1 = 8¢+3 for p = 4¢+1,
1°C) s = 2p+1 = 8¢+5 for p = 4¢-+2,
1°D) s = 2p+1 = 8¢+7 for p = 4¢+3,
2°A) s = 2p = 4q for p = 2¢,

2°B) s = 2p = 4¢+2 for p = 2¢+1,
3°A) s =q+} = 2p+1% for ¢ = 2p,
3°B) 8 = ¢+4 = 2p+; for ¢ = 2p+1.
Ad 1°A). By (5.6)

P\ /7 \—8
(6.2) Y, (0rVi) = _%(8@3(_0";@_) ;% (8g—1)! ( Crzl/z ) .

2k—~8g—1 - i
___Z (8¢—K)! (OM) + 2o 0r2m B
K

. 842k
——2 (D OV 20 ) e 1),

kl(s+k)!

In virtue of (5.5) and (6.2) the function
Py (r) = (CrVi)= 1Y (OrVi)

- 1
= —1—(8q)!2“‘1“(0¢~1/i)“°“‘2— (8¢ —1)12%-1(Cr)~ 1 O (r5~")
™ ™
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and the function

! (8¢ —1)!12%1(Or)~ %110 (r*™)

T

(6.3) U,(r) = —ReF,(r)

are solutions of (6.1).
Ad 1°B). The function

F, = (CrVi) "3y (CrVi)

_ 1 (84-+2) 1283 (Cr)=109=%4 1 l(Sngl)!28”1(07')1”"4—}—0(7*6'")
' ™

and the function

1 (8q+1)!28(14-1(0/’.)—164(—4_}_0(,’.6—7&)

3

(6.4) U,(r) = ReF,(r)

are solutions of (6.1).
Ad 1°C). The function

Fy(r) = (CrVi)=8=5Y,(CrVi)

- (8g43)12%+3(0r) =122 LO (5~ ™)

T

1
(8q+4)!128+5 (Or)~109-1% —

KD

and the function

1 .

(6.5)  Us(r) = —ReFy(r) = —(8¢+3)!12°F3(0r) "~ -0 (r*7")
kY
are solutions of (6.1).

Ad 1°D). The function
Fu(r) = (OrVi)™ ¥ 7Y, (Or Vi)

 (8g+5)1 2% (0r) 40 ()

3

1
= —_ (8¢+6) 128047 (Op) 10015

and the function

' 1
(6.6) Uy(r) = ReF,(r) = — (8¢-+5)!12"%(0r) "2 L0 (r*™)
i
are solutions of (6.1).

THEOREM 8 (see [4]). Let n >3. If s = (n—2)/2 = 8¢-+1, 8¢+3,
8q+b, 8¢+7, then the functions (6.3), (6.4), (6.5) and (6.6) are fundamental
solutions of (6.1), respectively.
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Proof. We shall only consider the case s = 8¢--1; the remaining
ones can be proved similarly. By (6.3)

U,(r) = 017'4~n +0 ("'6_71) ;

oU(r)  _, Or o - 0r -~
o U (y)—(9_1; =007 v +0r v
= 0(1‘5‘”)—-r— 07" = 0(r" " +C ﬂ
- G(x) ' * G(X) G(x)’
LU(r) = Car* "0 (r*™).
By Lemma 4
OLU (r)

r
P (LU(V))'% = (0" +0(r*"")0(1)
where 0, C,,C; are constants and C, = 2C*92C*"((n—2)/2)! and
vn = (Cya,)” "' and a, is determined by (5.17).
The proof runs down like that of Theorem 5.
The next theorem will deal with the case 2°A) and 2°B).
If s = 2p = 4¢q, then the function

Fy(r) = (CrVi)= Y ,(CrV%)

1 1
= — (g =110 M= — (4g—2)12 M0 (5,

and the function

1 (4q_2) !240—2(0T)2—8Q+0(Té—n)

T

(6.7) Us(r) = —Im Fy(r) =

are solutions of (6.1).
If s =2p = 4¢12 the function

Fy(r) = (CrVi) ™" 2Y (OrV3)

= 1 (4g4+-1)12%+2(Op)~82-4 L (4g)12%%(C0r) 3% L0 (r5™)
T T N

and the function

(6.8) Us(r) = Im Fy(r) = % (49)12"(Cr)~* 0 (")

7

are solutions of (6.1).

THEOREM 9 (see [4]). Letn >3.If s = (n—2)/2 = 4q or 8 = (n—2)/2
= 4412, then the functions (6.7) and (6.8) are respectively the funda-
mental solutions of (6.1).
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Proof. We shall only consider the case 2°A), the second one being
analogous. By (6.7)

Us(r) = D17'4—”+0(7'6hn)7

aUS(r) 77’ _a_’l' 3 n 5—n r ,"4—11 6—n
5, = Ust o = (Dpr* " +O(r )) G(X) D2_G(X) +0("™),
LUs(r) = Dyr* " +0(r*™).

By Lemma 4
OLU, or n _n
avm [LUM) = = (D=0 (") 0 (1)

where D,, D,, D, are constants and
1
D, = ——((n—ﬁ)/z)!2‘”‘4)’20“‘”(4—9@) (2—=n), vn = (Dyay)~},
0

and q, is denoted by (5.17).
The proof is analogous to that of Theorem 5.
Let now s = ¢+4 = 2p+44. The function

Y o 2828 2 23+223—- . 1)Ic z2k-
T = TaTass T Tere—s ¢ Pk+1)F (k—s+1)

is a solution of (5.4), whence the function

2°(OrVi) 2t 2R (OrYi) ™

Fy(r) = (OrVi)* Y (CrVi) = Ty~ Tore—s +0(r*")
and the function
S—1/2 —4p—-1 8—5/2 1—-4p
Us(r) = (—1)’ReFy(r) = — i UL/ B C) +0(r*%)

TQ)I'(1—s) ' I'e)T(2—s)

satisfy (6.1).
Also the function

Fy(r) = (Ori®") " Y, (COri®")

- 2ot G-GRER+Y | 2O i~ A=4)BR) 4O (r5™)
(1) T —s) r@e)re—s)

and the function
23—1[2(0,,,)-—411——1 28——5/2(0,,.)1—42)

U,(r) = (=1’ Im F,(r) = ) Ir1—s) ' I'(2)I(2—s)

+0(* ™)

are solutions of (6.1).
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If follows that the function
28- 3/2 (G/r)l—lﬂl
6.9 =U = 4 O(r*""
(6.9) U(r) = Ug(r)+ Us(r) T2 —s) +0(r"")
is a solution of (6.1).
Let s = ¢+ 4 = 2p+:, the function
Fy(r) = (OrVi) Y, (CrV3)
Bl U0l e U S
rra—s) I'2)r@e—s)
and the funetion
23-‘1/2(0,,.)——411-3 23—5/2(0,,)—»4@—1
= | — g F = 6 -1
Us(r) = (—s)"Re Fg(r) T —s) T@)I@—s) +0(r™")
are solutions of (6.1).
The function -
Fy(r) = (Cri*®)=° Y, (Ori*?)
_ 23(07,)_410_%(-41;-3)(3/2) B 23_2(07.)-41;—1,&(_411-1)(3/2) +0(7.6—N)
') I'a—s) Ire2)re2—s)
and the function
9s-1/2 Cr)—*-3 95=512( ()~ 4P~1
Uyr) = (—1PReFy(r) = — 02 OV e

IF1)I'(1—s) T'(2)T(2—s)

are also solutions of (6.1).
Hence the function

B 23_3/2(0,,.)~4p_1 .
(6.10) U(r) = Us(r)—Uy(r) = T@Ir2—s +0(r*™")
is a solution of (6.1).

Now,

U(r) = B,r* "0 ("),

U oin? —(mrriowm " g T -
P U'(r) Y (Ezr +0(r )) G(X) = H, G(X) +0(r*™"),

LU(r) = Esv* " +0(r* ™).

By Lemma 4,

OLU (r)
dv

d
= (LU(r))’E:—;— = (Bar""+0 (") 0(1),

207

)
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20D )

T ((d—n))

where FE,, E,, E; are constants and E, =

v = (B,y0,)"", and a, is determined by (5.17).

By the already familiar procedure we may prove the following

THEOREM 10 (see [4]). Let n >3. If s=(n—2)/2=2p+1 or
§ =(n—2)[2 = 2p+§’ then the functions (6.9) and (6.10) are respectively
the fundamental solutions of (6.1).

7. In this section we shall apply the fundamental solutions U(r)

of (1.1) to the boundary problems of Lauricelli [5] and of Riquier [5]
for equation (1.1).-

Let H(X, Y) be a function of X, Y defined in D x D and satisfying
the conditions

1. H(X, Y)eC" for (X, Y)eDxD,

2. H(X, Y)eC® for (X, Y)eDxD,

3. H(X,Y) = U(r) for YedD,

dH  dU

4, — Tl for YedD,

5. as a function of Y, H(X, Y) satisfies equation (1.1).

DEFINITION 2. The function
(7.1) (X, Y)y=U(r—H(X, Y)
is called the Green funciion of type (L) for equation (1.1) in the (bounded)
domain D.

- We shall now give a formula solving the Lauricelli problem for equa-

tion (1.1). Taking in the fundamental formula

7.2)  SSS wrrv—vrwa, ... de,+
D

v dLu dLv dw
+ SS (Lu — fu— —In _Ez_) a8y = 0

a solution of (1.1) of class € in D as u(Y), and as »(Y) the function
v H(X, Y) we obtain from (7.2) and by the identity «L*H—HL*u =0

dH _ 4dLU _ dlLu av
: _ I —H —IuZ”)as
(1.3) 0 ynSaDS( e +U = ) -

dy dv
Upon setting »(Y) as w(Y) into (2.3) we get

L dL au
(1.4)  w(X) -—ynSS( U———-u Y.y “~Lu~*)dsy

dy dy dy
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If we add formulas (7.3) and (7.4), then

dLH dL
w(x) = SS[wv—zm L+ (5~ T
oD

dy
/ aH
+(———————U~)L L (U—H) dL“]dsy.
dv d

By conditions 3 and 4 and by Definition 2 we obtain
du
(1.5) w(X) = yu SS( §—— -——u) aSy.

THEOREM 11. Suppose that there exist Green function of type (L).
Let the functions f(Y) and h(Y) be continuous on 0D, the boundary of D,
then the functions

dLG (X, Y)
= Yn YWLG(X, Y 7 7 1a
u(X) ySS[ ) )—1(1) = ]sy
solves the boundary problem of Lauricelli:
du(Y
wm =, 0wy gor veon.
4

The Green function for the Riquier problem (R) is defined as follows.
Let H,(X, Y) be a function of X, ¥ defined in D XD and satisfying
the following conditions:

6. H (X, Y)eC™ for (X, Y)eDXD,

7. H (X, Y)eO® for (X, Y)eDxD,

8. LH, = LU (r) for Ye0D,

9. d{f‘ = d;U for YedD,

" 10. as a function of Y, H,(X, Y) satisfies equation (1.1).

DEFINITION 3. The function G, (X, Y) = U(r)—H, (X, Y)is called the
Green function of type (R) for equation (1.1) in the (bounded) domain D.

Analogously as above,

dL Y
u(X = —)"nss [G1 X Y) l bl dGl(éf, )Lu]dSy,

which implies the following

Roczniki PTM — Prace Matematyczne X.2 11
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THEOREM 12. Suppose that there exists Green function of type (R).
If f1(Y) and h(Y) are continuous function on 0D then the formula

i6,(X,Y) dLG,(X,Y
wX) =SS [hlm (X, 1) L6y ’ﬁ(Y)]dSy
aD

dy dy

solves the equation (1.1) with the Riquier boundary values

w(Y) =f(Y), Lu(Y)=h(Y) for YedD.
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