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On Borel sets and immeasurable functions in metric spaces

In this note we give simple proofs of the theorems proved by D. Mont­
gomery in [5]. In these proofs the paracompactness of metric spaces 
and the existence of a a-locally finite base are used, instead of the oper­
ation Ji (see the proofs in [5], [2] or [3]). Such a proof of the theorem 
asserting that a set which is locally of an additive class a or of a multi-- 
plicative class a >  0 is itself of the same class (see Corollary 3 above) 
was given in [4] and [6], where this theorem was obtained from some 
general theorems on local properties.

By a space we always mean a metrizable space, q is a metric for the 
considered space. The definitions of all the topological notions used in 
this note can be found in [1] or [3].

Theorem 1. The union of a locally finite family of sets of an (addi­
tive or multiplicative) class a is the set of the same class.

P roo f. We proceed by the induction with respect to a. The theorem 
is obvious for the additive class 0. We shall show that the validity of 
the theorem for an additive class a implies its validity for the multi­
plicative class a.

Let {̂ 4s}Ses be a locally finite family of sets of the multiplicative 
class a. Each point x of the considered space X  has a neighborhood U{x) 
which meets only a finite number of As. By paracompactness of metric 
spaces (see [1], p. 160), the covering {U{x)}XtX has an open locally finite
refinement {Vt)UT. For every t eT there exists a finite set St a S such
that

1 ( п и Л  =  о.

Hence the set

L\u A . = (L \ U  A.) ^  (F i\U  A.) =  F ,\ U  a ,
StS Se/Sfy 8iS£ 8tSt

is of the additive class a. By the hypothesis, the set

U  (F ,\ U  A,) =  X \ U  a .
UT SeS S(S
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is of the same class. It follows that the set (J As is of the multiplicative
80S

class a.
To complete the proof it is enough to show that the theorem holds 

for a locally finite family {-As}St<s of set of an additive class a >  0 , under
oo

the assumption of its validity for all the classes <  a. Let A s — U  Ав>п,
71— 1

where A s>n is of class <  a, and let уг, y2, . . . ,  he a sequence of ordinal 
numbers <  a such that for every у <  a we have у <  ym for some 
integer m (if a =  a0+ l  one can take yx =  y2 =  ••• =  a0). For every pair 
(m,n ) of integers let

®т,п =  {seS: A s>n is of the class ym}.

The family is locally finite, hence, by the inductive
assumption, the union Q  A s>n is of the additive class ym-j-1 <  a. Since

OO

8 — U  8mfn for every n, the set
711= 1

U  a 9 =  U  U  A*,n =  и  и  и  А.»
(itS stS n = l  » = 1  m =«l 8tSmn

is of the additive class a.
C o r o l l a r y  1. The union of a a-locally finite family of sets of an 

additive class a is the set of the same class.
Since the sets with the Baire property can be characterized as unions 

of a Gd -set and a set of the first category (see [3], p. 56), the following 
corollary follows from Theorem 1, from the theorem on the union of 
sets of the first category (see [3]. p. 49), and from a -additivity of the 
Baire property.

C o r o l l a r y  2. The union of a a-locally finite family of sets with 
the Baire property has the Baire property.

R em ark 1. From the above proof of Theorem 1 it follows that 
this theorem and the corollaries remain valid for perfectly normal para- 
compact spaces.

T h e o r e m  2. The set C of points at which a set A of a space X  is locally 
of an additive class a, or of a multiplicative class a >  0 , is of the same class.

P ro o f. Let {Bs}S€s be a c-locally finite base of X  (see [1], p. 127) 
and let 8' be a set of such se8  that A r\ B8 is of the considered class; 
we have

G =  (J A  ^  B8.«os*



Borel sets and В -measurable functions 147

The validity of the theorem for an additive class a follows from Corol­
lary 1. In the case of a multiplicative class we have

C =  A rs  U  =  U  B .\  U  (BS\ A ) ,
siS' stS’ stS'

where BS\ A  =  BS\ A  r\ Bs is of the additive class a. Hence the theorem 
also follows from Corollary 1.

Corollary 3. I f  a set A is locally of an additive class a >  0 or of 
a multiplicative class a >  0 at each of its points, then A is itself of the same 
class.

We now prove a modification of a lemma from [3] (p. 285).
Lemma 1. Let {B8}SfS be a base of X  and let {rs}S(S be a set of the points 

in X  such that r8eBs for seS. For every continuous function g: X  -> Y and 
a closed set F  c  Y we have

(i) (ffWs-F) s  f [  £ [ ( x , B a)(S(B$) <  1 /n)(ff(r.)e<S„)],
n a

where Sn =  {ycY: o(y, F) <  1/n}.
P roo f. Let {Bs.}iLi be a base at the point x. We may suppose that 

д(Ва.) < l / i  for i — 1, 2 , . . . ,  and we have
limrSi =  x and ]img{r8.) =  g(x).

It follows that g(g(rs.), g{x)) <  1/n and d(Bs.) <  1/n, for a sufficiently 
large i. If g(x)eF, then g{rSi)eSn and the right-hand side of (i) is satis­
fied.

Conversely, if for every n there exists an sn€S such that xeB8n, 
6(B8n) <  1/n and g{rSn)€Sn, i.e. o(g(rSn), F) <  1/n, then limr8n =  x  and 
]img{r8n) =  g{x). By the equality limo(g(rsJ , F) — 0 it follows that 
e[o(x),nF) =  0, i.e. g{x)eF.

Theorem 3. I f  the function f :  X x Y  -»  Z is continuous with respect 
to the variable x and is of a class a with respect to the variable y } then f  is 
of the class a+1.

P roo f. Let {B8}8tS be а о--locally finite base of X  and F  an arbitrary 
closed subset of Z. From Lemma 1 it follows that

{f(x, y)tF) =  [i X [ № , ) ( д ( В а) <  l /n )( /(r „  Jrt.s,)],
n  it

therefore we have

Г ’ (-Р) =  П [  U (B,x У) <-> ( lx (| :  /(>•,, y)fS„})].
»= 1 stS

<5(As)< l/n

By the hypothesis, the set {y: f (r8,y)€Sn} is of the additive class 
a; it follows from Corollary 1 that the set in the brackets [ ] is of the 
same class. Thus the set f~ l{F) is of the multiplicative class a+1 .
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The following theorem can be obtained in the same manner from 
Lemma 1 and Corollary 2.

T h e o r e m  4. I f  the function f :  I x l  —> Z is continuous with respect 
to the variable x and has the Baire property with respect to the variable y, 
then f  has the Baire property.

L e m m a  2. For an arbitrary function f :  X  -> Y and a base {Bs}3(S 
of Y there exists such a family {B*}SfS of open subsets of Y that

(ii) 1  =  1 х Г \ ( и Г ‘ № *)хВ ,),
stS

where I  — {(x , у): у =  f (x)}  is the graph of f.
P ro o f. If (x ,y )4 l , i.e. if f {x )  Ф у  there exist open set B*(x,y)  

and s(x,y)eS  such that

f (x )eB (x} у)  ̂ УgBS{x,v) and В (x , y) r\ B8̂Xtŷ  = 0 .
Then we have

У) еГ г(В* ( х ,  у ) )  XB8{X>V) c  X x Y \ I ,

and it follows that

U  Г Л(В*(х, у)) х В 8{ХгУ) =  X x Y \ I .
(X ,V ) iI

Putting B* =  U  B*(x,y)  we obtain (ii).
S(X,y) =  8

T h e o r e m  5. The graph of a function f :  X  -> Y of a class a is of 
the multiplicative class a in X x  Y.

P ro o f. The theorem follows from Lemma 2 (where {B8}S(S is a (T-lo­
cally finite base of Y) and from Corollary 1 .

The following theorem can be obtained in the same manner from 
Lemma 2 and Corollary 2.

T h e o r e m  6 . The graph of a function f :  X  ->  Y with the Baire prop­
erty has the Baire property.

E em ark 2. In the case of a separable metric space the proofs of 
the above theorems can be carried out in a similar way without the use 
of Corollaries 1 and 2 (i. e. without the use of paracompactness of metric 
spaces); it suffices to replace the о -locally finite bases by the countable 
ones.
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