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On the equation a?o+#i+ ••• +<4 = a£+i

In this paper we investigate the solvability (in integers) of the fol­
lowing equation

(1 ) #0+ # i+*• • • =  xn +1

where n and fc denote natural numbers >  2 ; the case fc =  1 is trivial, 
and the case n — 1 is described in reference [1] (page 73). Equation (1) 
is a generalization of the following equation

#0+^1 +  •••
(see [2], p. 237).

1° At the beginning we will consider the ordered pairs (x) consisting 
of a real number a and an n- dimensional real vector a — [au a2, ..., an] :

A =  {a, a} =  {a, [cq, a2, . .. ,  an]}.

We identify the pairs having zero vector with numbers:

{a, O} — a.

For the described pairs we can define addition and multiplication 
as follows:

A + B  =  {a, « }  +  {&, b} =  {u+b, a +  b},
A ‘B =  {a, <*}•{&, b} =  {ab—ab, ab-\-ab}.

These operations are well defined if and only if a and b have the same di­
mension. It is easy to examine that — with respect to the operations 
defined above — the set of pairs with parallel vectors forms a field iso­
morphic with the field of complex numbers:

(2 ) {a, a} — a ,  \ a \ <-» a±i\a\i

(sign “ +  ”  has to be taken when the first non - vanishing component of 
the vector a is positive, and sing ”  when negative).

d) W e can treat such pairs as a kind of (w-f l)-unit numbers (see [3], [4]).
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The product of the pair A — {a, a} by the pair A* =  {a, —a} (the 
pair conjugated with the pair A) is called a norm of the pair A and is 
denoted by N(A):

N(A) =  N(A*) =  a 2 +  |a|2 =  a2+a\+  ... - f a * .

It follows from the isomorphism (2) that if a\\b, then
(3) N({a ,a} - {b ,b} )  =  N({a, а})-Ж({Ь, b}).
From it we obtain
(4 ) N({a, a f )  =  [Л Г ({а , «})]*=

where {a, a}k =  {a, «}•{«, a} - ... - {a, a} (power of the pair {a, a}).
к fa c to r s

The ordered pair of a number and a vector is called an integer pair 
if and only if the number and the components of the vector are integers. 
We remark that if {a, a} is an integer pair, then {a, a}k also is an integer 
pair.

2° Basing on the well-known expansion of (a-\-bi)k and using the 
isomorphism (2), we obtain the following relation

where

(5)

A k =  {a, a}k =  {b, b}

[*/2]
b =  j T  \jak~2l(<Ź+ ••• +«n)*(—1 )*,

z=o
[ (fc-l) /2 ]

bi =  % ^  (2 _̂j_i) ^  J 1 (al +  ••• -\-an)\— l / j

% =  1 , 2, . .., n.
3° Using this relation we can write formula (4) in the form of iden­

tity:
[*/2]

(6) [ 2  (*г) ( «?+ -  +<4)!( - i ) f +
z=0

П [(fe—1)/2]
+  2  { 21+ 1) (»?+•.. + ^ ) ,( -1 ) !] г =  (аЧ «?+ ... + < ) k.

г = 1  г=о
This identity gives infinitely many solutions of equation (1) in in­

tegers; it is sufficient to put
x0 =  b,

(7) Xi =  b{) i =  1, 2,
®n+1 =  J F ( A )  =  а 2 + а 2 +  . . .  - f a 2 , 

and to put here arbitrary integers for a and
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4° The question arises when formulae (7) give relatively prime so­
lutions, i.e. solutions such that

 ̂ (#0> ^1) • • • » n̂ +1) ^

We cannot answer this question, but we can prove that among the 
solutions given by formulae (7) there exist ones such that

(8) x0xx ... xnxnJrX ф 0.

Namely, we will prove that a necessary and sufficient condition (2) for 
formulae (7) to give (for each k) the solutions satisfying (8) is:

(9) a2j{a\-\- ... +<4) Ф 1, 3 and aax ... an Ф 0.

The proof of this condition goes as follows. Let us introduce for sim­
plicity the following notation

[fc/2]

P =  (22) ak~21 (al +  ••• +Un)Z(—1)г?
z=o 
[(*—1)/2]

Q — ^  ^  21 1 (ai+  ••• ~han)l(— 1 )Z-
1= 0

Among the numbers x0, xly . . . ,  xn there exists zero if and only if zero 
exists among the numbers P, Q, ax, . .., an (see formulae (7)). P or Q equals 
zero if and only if the complex number {a±\a\i)k corresponding — ac­
cording to isomorphism (2) — to the pair {a, a}k has vanishing real part 
or vanishing imaginary part, i.e. if the argument of number a±\a\i is 
commensurable with n: а/Va2 \a\2 =  cos(r/s)7r, where (r, s) =  1. But it 
is known (e.g. from the theory of construction of regular polygons) that 
cos (r/s)u is a rational number or irrational number of second degree 
for s — 1, 2, 3, 4, 5, 6 only. In other words, among the solutions given 
by formulae (7) there is no zero (for each k) if and only if the numbers 
a, ax, . . . ,  an satisfy the conditions: <z/j/a2+ a f+  ... -\-a2n Ф cos(rjs)n, where 
(r, s) =  1, s =  1, 2, 3, 4, 5, 6 and ax ... an Ф 0. These conditions after 
simple transformations can be written in the form (9).

5° We formulate the obtained results in form of the following the­
orem.

(2) This condition is due to J. Browkin. The autor formulated some sufficient 
condition only.
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T h e o r e m . Equation (1) has infinitely many solutions in integers 
x0, xx, . .. ,  xn, xn+1 given by the formulae 

[ * / 2]

x0 =  ^  (2i jak 21 (ai~h ••• - f ah)l( —l )1?
1 = 0

[ ( * - 4 / 2]

Xi =  Щ (2Z_ j _ i ) («?+••• + a 2n )\ - l )1, i =  1, 2, n,
z= 0

2 1 2 1 1 2a?M+i — a +<*1+  ••• +л»

where a, ax, . .. ,  an denote arbitrary integers. The necessary and sufficient 
condition for the numbers a, ax, . . . ,  an (for each k) to give nonvanishing 
solutions is

a2/(a21Jr ... фа2п) Ф f, 1, 3 and aax ... an Ф 0.

6° It follows immediately from the given formulae that if at =  a?- 
then Xi — Xj. Basing on this remark, we obtain the following 

C o r o l l a r y . The equation 
(10) x l+ k xx\ +  ••• + k nx2n =
where kx, . .. ,  kn denote arbitrary natural numbers, has infinitely many 
solutions in integers x0, xx, . . . ,  xn, xn+1 given by the formulae 

im
x0 =  ^ a k~21 +  . . .+ k na2n)l( - l ) 1,

1 = 0
[ ( * - 4 / 2]

Xi =  a{ ^  ( h a l + ... f-hna2n)l( - l ) \  i =  l , 2 , . . . , n ,
1=0

xn+i =  a2 kxa2 +  ... -\-hna>n
where a,al f . . . , a n denote arbitrary integers. The necessary and sufficient 
condition for the numbers a, ax, . .. ,  an to give nonvanishing solutions is

а21(кха\ф ... фкпа2п) Ф 1, 3 and аа1. . .а п ФО.
The formulae given in the corollary give infinitely many solutions 

of equation (10) also in the case where ki are arbitrary integers, not only 
natural numbers. But in this case the condition of nonvanishing of so­
lutions is no more sufficient.

7° Now wę write the identity (6) in several particular cases: 
к =  2, n — arbitrary:
(a2—a\ — ... — а2п)2ф(2аа1)2ф ... + ( 2aan)2 =  (а2+ а 21ф ... фа2п)2, 
к =  3, n =  2:

(аь—3aa\—3aa\)2 ф(3а2 йъ—а\ — a\ax)2 ф(3а2 a2—a\a2—al)2 =  (а2-\-а\фа\)*.
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Putting here a =  r, ax =  a2 — s we obtain the following identity

(r3—6rs2)2+2(3sr2-2 s 3)2 =  (r2+2s2)3.

This identity — investigated by A. Schinzel (see [1] p. 74) — gives in­
finitely many solutions of the equation a?2+ 2y2 =  z3 in integers x, y, z.

Tc =  3, n — 3:
(a3—3aa\— 3aa\ —3aa23)2 -\-{3a2 ax—a3—axa\—axa23)2 Ą-(3a2 a2—a3a\ —a\~a3a23)2

+  (3ft2ft3—ft3ft2—ft3ft2—ftjj)2 =  (ft2 +fti+ft2+ft3)3,

Jc =  3, w — arbitrary:

[ft(ft2—3ft2— ... —3ft̂ ,)]2-f-[ftj(3ft2—di— ... —Q>n)~\ -f" • • • ~b
+  [ftn(3ft2—ft2— ... — a2n) f  =  (ft2+ft2+  ... +<4)3,

Tc =  4, n =  2:

[(ft2—ft2— «г)2—4ft2ft2— 4ft2ft2]2 +  [4ft(ft2— ft2— ftl)ft!]2 +  [4ft(ft2—ft2— ft2)ft2]2 *
=  (ft2 —(— fti —[- ft̂  )4-

8° At the end autor wishes to thank Doc. A. Schinzel and Dr. J. Brow- 
kin for very valuable critical remarks.
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