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Some properties o! zeros of solutions of second-order 
linear partial differential equations of elliptic type

Introduction. The purpose of this paper is to prove some quali­
tative properties of non-trivial solutions of second order self-adjoint 
linear partial differential equations of elliptic type, viz.

П

(1) у  (G“ U 'K );+ JP (X )«(X ) =  о, Х  =  (Ж1, . . . , Ж„),
i ,k = l

and
n n

(2) У  Aik(X)«^(X) +  ^ B t(X)n'l[X )+ C {X M X ) =  0
i,k =  1 j  =  1

in a region B. We investigate the topological structure of the set of ze­
ros of non-trivial solutions of the equations (1) and (2), in particular we 
deal with the problems of localization of zeros (Theorem 7), we prove 
that each solution assumes different signs in each neighbourhood of a zero 
(Theorem 8), we investigate the dimension properties of the set of zeros 
(Theorem 9), finally we deal with condensation properties of certain sub­
sets of the set of zeros (Theorem 10).

The main prerequisities for this paper are the results of a paper 
of Aronszajn, Krzywicki and Szarski [1], a classical Theorem of Hopf
(3) and the fundamental results of dimension theory.

In this paper the dimension is understood in the sense of Menger [7]. 
In Section 1 the main definitions and notations are collected. Sec­

tion 2 contains the theorems needed for the sequel. Section 3 contains 
the main results.

1. Definitions and notations. Let us consider two equations
П

(I) У (gik(X)u'4 )'H+f(X)u{X) =  0
i ,k = 1

and
П

(II) У (Ga (X) U'Xky4 +F(X) U(X) =  0.
i,k =  I
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We assume that Glk(X) and дгк(Х) (X =  (xx, . . . , x n)) are of class (71 in 
a region В  (x) of the Euclidean n- space JRn, continuous on the closure В of 
D; moreover we assume that quadratic forms with the matrices дгк(Х) 
and Glk(X) are positive-definite in B, and that f {X )  and F(X)  are con­
tinuous in B.

Definition 1. The equation (II) is called (after Hartman and Win- 
tner [2]) a strict Sturmian majorant in В  of the equation (I) if either

(a) f ( X ) ^ F ( X ) , f ( X ) ^ F ( X )  in В  and the quadratic form 
with the matrix [Rik(X)) =  {Gik(X )—gik(X)) is non-negative in B, 
[Gik(X)) and [gik(X]) denoting the inverse matrices of (Glk(X)j and (gtk(X)) 
respectively, or

(b ) f (X )  = F ( X )  in B, the quadratic form (Rik(X)) is positive de­
finite at least at one point X 0 of B, and f ( X 0) — F (X 0) Ф 0.

Definition 2. A continuous function u(X)  in a region В  will be 
called locally oscillatory at the point X eB  if in every neighbourhood of 
X  there exist points Х г, Х 2еВ such that u (X 1)u (X2) <  0.

Definition 3. An (u—1)- dimensional piece of surface Г  of class 
C1, contained in the set E  of nodes, i.e. of zeros of the function u, will 
be called a condensation surface in E  if there exists a sequence of surfaces 
Fn contained in E  such that for every point Х е Г  and the normal n(X)  
to Г  there exists a sequence of distinct points Х пеГп, X nen(X) such 
that X n -> X, X n Ф X.

2. Preliminary theorems. We shall need the following consequence 
of the main theorem of Aronszajn, Krzywicki and Szarski [1] and of the 
remark 3 of this paper.

Theorem 1. Let the coefficients Aik(X) of the equation (2) be of class 
G0,1{2) in В , let the remaining coefficients be continuous in B, and let P0el> 
be a zero of infinite order of a solution u(X) of class C2 of (2) (i.e. let 

J u(X) =  0(ra) as r 0, for each a >  0); then u(X)  =  0 in B.
\ X - P 0\<r

Theorem 2 ([2]). Let the equation (II) be a strict Sturmian majorant 
of the equation (I) in a bounded region B, let u(X) be a solution of class C2 
of (l) in В , vanishing on the boundary d(B) of В , then each solution U(X) 
of (II) in В has zeros in the set B.

We shall need also a theorem of E. Hopf ([3], p. 159):
Theorem 3. Let the coefficients of the equation (2) be continuous in 

the closure В of a bounded region B, let C(X) <  0 in B, let u(X) be a so­
lution of class <72 of the equation (2) obtaining at an interior point of В its 
extremal value equal to zero; then u(X)  =  0.

P) I.e. open, connected set.
(2) I.e. haying Lipschitzian derivatives of the first order.
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(3)

Proposition 1 . The equation

Аи(Х)-\-си(Х) — О, X  =  {хг, . .. ,  xn)

with A, e positive constants, admits a non-trivial solution defined in Bn, 
whose set of zeros consists of the family of hyperplanes

P roo f. The solution и =  sind^sindav-sin^w. will do.
The following theorems from dimension theory will be needed:
Theorem 4 (Mazurkiewicz (3)). I f  A a Rn and dim A 2 then 

the set Bn—A is connected.
Theorem 5 (4). Let A be a n-dimensional set in Bn, then A contains 

an non-empty open set.
From Theorems 4 and 5 we shall deduce
T h e o r e m  6. Let the set Z  of zeros of a continuous function f {X )  defined 

in region D of Bn be nowhere dense, and let f (X )  be oscillatory at every point 
of Z . Then for each neighbourhood (5) F <- D of every point P t Z  the set 
Vr\Z is (n-l)-dimensional, whence Vr\Z disconnectes the set V, if Vis open.

P roo f. Let PeZ  and let V <= D be an neighbourhood of P. The 
dimension of V rs Z is less than n, for in the contrary case, by Theorem 5, 
the interior of V  r\ Z would be non - empty whence Z could not be non - den­
se. Suppose now that dim(F ^ Z) <  r —*2, let К  be a ball with the cen­
tre P  contained in V. Then dim(K r\ Z) 2. Theorem of Mazurkie­
wicz [4] being obviously true when Bn replaced by a ball in Bn, we see 
that K —Z is connected. The function/(X) is different from zero in K —Z-, 
on the other hand, by the oscillatory property it assumes in K —Z dif­
ferent sings, which is impossible. Thus we have dim(F гл Z )  =  n —1.

3. Qualitative properties of solutions.
Theorem 7. Let the coefficients Glk(X) of the equation (1) be of class 

C1 in a region D , let F (X) be continuous in D. Suppose moreover that
(d) there exists a positive constant A such that

for every XeD,

(3) See [4], p. 343.
(4) Menger [7], p. 244.
(5) According to now common terminology a neighbourhood of P  is a set V  con 

taming P  in its interior.

(C)

where d =  VAcjn and . . . ,  kn are arbitrary integers.

П n

2  > a £ i.!
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(e) F(X)  >  c >  0 in D, c being a constant
then every solution of class C2 of the equation (1) admits at least one 

zero in each cell

(*) d
hn kn-{-1

, —  7U <  Xn <  ------ ------TU
d d

contained in D , hi being integers, and d being equal to VAc jn
P ro o f. We may confine ourselves to non-trivial solutions of (1 ). 

It is easily verified that the equation (1) is a Sturmian majorant of the 
equation (3) (case (a)), for by the assumption (d) the quadratic form with 
the matrix

(Gik( X ) - g ik{X)) =  (Oik{ X ) - A 6ik)

is positive definite. By Proposition 1 there exists a solution of (3) whose 
zeros form the set of hyperplanes (c). Thus, if a cell (*) lies in D, each 
solution of (1 ) must have a zero in this cell.

E x a m p l e  1 . Consider the elliptic equation
П

(I) £  aikuf.Xk+Cu — 0
i,k = 1

where aik, C are constants and C >  0. We shall prove that there exists 
a system К  of n■ - dimensional closed cells filling up the whole space and 
such every non-trivial solution of equation (4) has zeros in every cell 
of the system K.

P roo f. Since equation (4) is a Sturmian majorant of the equation
П

(5) aikux.Xk+cu  =  0,
i,fc= 1

where c is a constant and с <  C, it is enough to construct a solution of 
equation (5) whose set of zeros forms a net of cubes K. We shall give 
a proof first in the particular, diagonal case (aik =  dik), and then in the 
general case. So let us consider the equation

П
(6) ajj ux.x. -\-cu =  0, a-yj 0, j  =  1 , . . . ,  n.

Like in the proof of Proposition 1 one can easily verify that the function 
и =  sinducisindoc2. . . sindxn  ̂ where d — ±  [c/(au + .. .■+ann)]112 Ф 0 is a 
solution of (6). The zeros of the function и form the countable set of 
(n—1 ) - dimensional hyperplanes 7 *

(7) Xi =  ——, i =  1, . . . ,  n,
d
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where m* =  0, ±1 , ± 2 , . . .  Hyperplanes (7) split the space into n -di­
mensional congruent cells.

The general case may be reduced to the diagonal one by applying 
an orthogonal transformation
(8) X  =  23 Y

where the matrix 23 =  (bik), i, h — 1, . .. ,  n, is orthogonal and chosen 
in such a manner that it reduces the quadratic form with the matrix 
(aik) to the canonical (diagonal) form

n n

i,k= 1 j —1

By transformation (8) equation (5) reduces to
n

(9) £  щ и “т +сП  =  0,
7 = 1

where U{Y) =  U(yx, . .. ,  yn) =  u{bxxyx + ... + b xnyn, . .. ,  bnxyx +  ... +Ьппуп). 
According to the first part of the proof the function

U =  mi.dy1&mdy2...&mdyn

is a solution of (9). For this solution the zeros form a net (8 ) of w-di­
mensional cells. It follows that by a suitable rotation of the net (8 ) 
we obtain the zeros for the function

u{xu a?») =  sind(anaq +  • • • +  alnxn)• • • sind(anlxx +  ... +<w »n)
where aik are the elements of the matrix inverse to the matrix 23.

Making use of Theorems 1 and 3 and applying the method of a 
factor correcting the sign of the coefficient G(X) [5] we shall prove a the­
orem on change of the sign of non-trivial solutions of equation (2) in a 
neighbourhood of the zeros of these solutions.

T h e o r e m  8. I f  the coefficients A ik(X), Bj(X) and C(X) of equation 
of elliptic type (2) are of class C0,1 in a region D , if u(X).is a non-trivial 
solution of class C2 in B, of the equation (2) and if u(Xf) =  0, then u(X)  
i s , locally oscillatory at the point X x.

Proof .  By a translation of the coordinate system we may suppose 
that X  =  0. Let V be a neighbourhood of 0 contained in B. If there were 
a neighbourhood F x c  F of the point 0 such that u(X) — 0 in Fi(0), 
then the point X x would be a zero infinite order of the function u(X)  and 
by Theorem 1 [1] we would have u(X) =  0 in B, against the assumption. 
Consequently in every neighbourhood of the point X x there exists a point 
X  at which u(X)  = 0 .  Now we are going to show that in every neigh­
bourhood of the point 0 there exist points X x and X 2 such that u(X x) <  0, 
u(X 2) >  0.



Suppose, if possible, that there exists a neighbourhood V2 <= Vx of 
zero such that u(X)  >  0 in Vx. Since u(X) ф  0, each neighbourhood 
of zero must contain a point X  at which u(X)  > 0, we shall deduce from 
this fact that u(X)  =  0.

Applying the transformation

(10) u(X) =  v(X)co&kxxcoskx2. . .cosfo»n,

we have v(X)eC2 and v(0) =  w(0) =  0, the equation takes then the form
П

А у(Х У х'.х.+Х(^Х1, ...,v'Xn)+ C x{lc, X)v  =  0,
г,/ = 1

where L is a linear form of the variables v'Xl, . .. ,  vXn, viz.
П

L =  —k ^  Aij(X)(vx.tanhxj+ v'x.tankxi) —
i j - l

n n

— £  AU(X )^.tan Jcxi +  £  BjVXj,
1=1 ?= 1

and
n n

Cx(Jc, X) =  — k2 ЦТ1 Аи(Х )— ^  А^(Х)Ыпкх^Ыпкх^ —
i  =  1 i, 7 =  1

1ф1
n

- lc  £ В^ЫпЩ+С{Х).
7 =  1

Putting
П П

f(X ,  k) =  2  A u ( X ) -  I  Aij {X) tan Tcxj tan kx{,
1 =  1 l,7'= 1
гф1

n

g(X, k) =  ^  Bj(X)t&nkxj,
7 =  1

we obtain
Cx(X, k) =  - k 2f ( X ) - k g ( X ) + C ( X ) .

We shall show that there exists a constant к and a neighbourhood W a V2 
of the origin such that

(11 ) Cx( X , k ) <  0, к Ф 0, cosb?,- >  0 (j =  1 , 2, . . . ,  n), for X eW .

Then v(X)  >  0 in Ж(0), i.e. v(X)  attains at 0 a minimum equal to 0. 
Next applying Theorem 3 to the function v we get the conclusion that 
in this neighbourhood v(X) =  0, whence also u(X) == 0.
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Now we proceed to the choice of a number к and of a neighbourhood 
W of zero so that inequalities (11) hold in W. To this purpose we put 
M — sup{|0(X)|: x e V 2}. The inequality (11) will hold if

(12) - k 2f - k g  +  M  <  0.

We divide both sides of the inequality (12) by k2 and we obtain

- } - \ д + Ь м < ° -
We choose 1c so that

П

* i=i

whence Mjk2< A I 4 and consequently \k\ >  (4JfjA)112.
Now we restrict the neighbourhood F3 to F4 so that the inequalities

(13)
A
r < l < T4 1c 4

A . 3
“ > / > 4 ^ »

be fulfilled, which is possible since the occurring functions are continu­
ous. In fact,

П

f ^ A — Aij(X)ta,iLlcXitaliLlcxi =  A —gp(k, X)
i j — l

for I e F 2) where cp{k, 0) =  0. The function q>(1c, X) is continuous in F2 
and consequently <p(k, X) <  \A in a neighbourhood F4 of the origin 
and for fixed к =  4Ж /4. Thus for l e 7 4 we have f >  A — \A =  f  A. 
Now we shall show that

in a neighbourhood F5 e  F4 of the origin. Writing
П

— =  — V 1 Bj(X)tsmkXj =  ip(k, X), 
к к i=i

we have у (к, 0) =  0 and у) {к, X)  is a continuous in F2. Thus there exists 
a neighbourhood F5 c  F4 in which |ip(k, X)\ <  \A for fixed к =  4 (M/A)112. 
In the neighbourhood F5 inequalities (13) are fulfilled and consequently 
C1( k , X ) <  0 in this neighbourhood. Now we choose a neighbourhood 
IF c  F5 such that oosfcfyX ) in this neighbourhood. By Theorem 3 
it follows that u(X)  == 0 in the set D.

Prace Matematyczne X.l 3
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Corollary 1. Under the assumptions of Theorems 7 and 8 each non­
trivial solution of the equation (1 ) is oscillatory in a point of each cell (*) 
contained in D.

Example 2. Consider the equations 

(I) \Au+3u — 0, и — u{Xx, . .., xn),
П

( ii)  ; £  « * ? + . ..  + < )~ '1гКУщ+з и  =  °-
г=1

It is obvious that equation (II) is a strict Sturmian majorant of equation
(I) in the region -fxl, > 16 . We shall determine the solutions v(r)
of the equation (II) depending only on the distance r =  (x\ - f ... ~fa£)1/2 
from the origin. The function v (r) =  17 (aq, . . . ,  xn) satisfies the ordinary 
differential equation

r2v" (r)Jr (n—2)rv'(r)-\-‘órsv(r) =  0, r >  4,

whose general solution is [6]

v(r) =  Hs_”>,2[C1J(„_3)/3(|V/3 r3,2)+ C 2Y(„_3)/3(|V/3 »-3/2)],

where Ja and ¥ a are Bessel functions of the first and second kind respec­
tively and Clf C2 are constants. Consequently the function U(X) has 
the form

(14) U (X) — {x\ + . . .  +a?n)3 n\CxJ{n~b)ii[W(x\~f • • • + жп)3) +

+  ^2 я-з)/з [ffl 3 ]/((»i + ... +#4)3)].

The solution и =  sin axx sin ax2 ••. sin axn, a =  (12/n)1/2 of equation (I)
possesses zeros in each cell

тл —1 тл
7Г > V/8

—  щ тг = 0, H-a a
m2—l m2

7Г > x 2 < -----7C, m2 = 0, • • • >a a

_L
----------7Г <  xn < ----- 7Г, mn =  0, ± 1 , • • •a a

According to Corollary 1 for every function (14) which does not vanish 
identically in each of the n - dimensional closed cubes K m v m2,...,mn contained 
in the region x\ + .. i-\-x2n >  16 there exists the point in which the 
function (14) is locally oscillatory.

From Theorem 1 results the following
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Corollary 2. I f  u(X)eC2 is a non-trivial solution of equation (2), 
then the zeros of the function u(X) cannot fill an n - dimensional region, 
since otherwise we would have u(X) =  0, which contradicts the assumption.

Making use of Theorems 6, 8 and Corollary 2 we shall now prove a 
theorem on the set of zeros of non-trivial solutions of equation (2).

Theorem 9. Let the coefficients of the equation (2) be of class C0,1 
in a region D, let Z be the set of zeros of a non-trivial solution of class C2 
of the equation (2), then for each open neighbourhood V of each point PeZ  
the set V r\ Z is (n—1) - dimensional, and V r\ Z disconnects V.

Proof .  By Corollary 2, the set Z is nowhere dense, whence The­
orem 9 follows from Theorem 6 and Theorem 8.

Prom a Theorem 1 of Aronszajn, Krzywicki and Szarski there follows
Proposition 2. I f  a solution u{X) of equation (2) fulfills the homo­

geneous Cauchy conditions

du
u(X)  =  0, —— =  0 on a surface Г of class C1,

then u(X)  == 0 in D.
Now, we shall prove a theorem concerning the condensation of the 

set of zeros. We shall use Theorem 1 of [1] and Proposition 2.
Theorem 10. I f  the coefficients of equation (2) are of class C0,1 and 

Г is an arbitrary (n—1) - dimensional piece of surface of class C1, contained 
in D and belonging to the set Z of zeros of a non-trivial solution u(X) of 
equation (2) of class Cz in D , then Г  is not a condensation surface of (fi) the 
set Z.

Proof .  The proof will he carried on indirectly. Consider an (n—1)- 
dimensional open piece of surface of class C1, which is a condensation 
surface of the set Z of a non-trivial solution u(X)  of equation (2). Let 
n(XQ) denote the normal to Г  at the point X 0. Then, according to Defi­
nition 3, there exists on n(X0) an infinite sequence of points X n belonging 
to the set Z and such that Х пеГп and X n-> X 0. Since u(Xn) =  0 and 
[u(Xn) ~ и(Х0)]/д(Хп, X Q) =  0 and since u(X)eC2 we obtain

(15) du(X)
dn

=  0 .
A=X0

Moreover, since u(X0) =  0 and (15) hold for every point X 0 eГ, by Pro­
position 2 we have и (X) == 0 in D, which contradicts the assumption.

(6) Tliis means that there does not exist a sequence of surfaces Гп, different 
from Г, contained in Z, and tending uniformly to Г.
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E em ark. Ph. Hartman and A. Wintner [2] raised the question: 
under what regularity conditions imposed on coefficients of the equation 
(I) in the case n >  2, each solution of (I) vanishing in an open subset 
of the region D vanishes identically in D. In the paper [1] Aronszajn, 
Krzywicki and Szarski proved that it is the case when the coefficients 
g%k{X) are of class C0,1. A. Plis gave an example of an equation (I) with 
coefficients of lower class for which this is not longer the case.
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