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Some properties of zeros of solutions of second-order
linear partial differential equations of elliptic type

Introduction. The purpose of this paper is to prove some quali-
tative properties of non-trivial solutions of second order self-adjoint
linear partial differential equations of elliptic type, viz.

(1) Z(G”‘ Juri+ B (X)u(X) = 0, X = (m ..., @),
and
(2) 2 A (X) i X) + D) Bi(X)u(X)+0(X)u(X) = 0

k=1 j=1

in a region D. We investigate the topological structure of the set of ze-
ros of non-trivial solutions of the equations (1) and (2), in particular we
deal with the problems of localization of zeros (Theorem 7), we prove
that each solution assumes different signs in each neighbourhood of a zero
(Theorem 8), we investigate the dimension properties of the set of zeros
(Theorem 9), finally we deal with condensation properties of certain sub-
sets of the set of zeros (Theorem 10).

The main prerequisities for this paper are the results of a paper
of Aronszajn, Krzywicki and Szarski [1], & classical Theorem of Iopf
[3] and the fundamental results of dimension theory.

In this paper the dimension is understood in the sense of Menger [7].

In Section 1 the main definitions and notations are collected. Sec-
tion 2 contains the theorems needed for the sequel. Section 3 contains
the main results.

1. Definitions and notations. Let us consider two equations

(T) D (X ug e H (X)u(X) = 0
t,k=1

and

(IT) D@ X) U)o+ F(XD) U(X) = 0.

=
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We assume that G*(X) and ¢*(X) (X = (2 ..., x,)) are of class (! in
a region D (!) of the Euclidean »-space R", continuous on the closure D of
D; moreover we assume that quadratic forms with the matrices g™ (X)
and G'*(X) are positive-definite in D, and that f(X) and F(X) are con-
tinuous in D.

DeriNITRON 1. The equation (II) is called (after Hartman and Win-
tner [2]) a strict Sturmian majorant in D of the equation (I) if either

(a) f(X)< F(X),f(X)=£F(X) in D and the quadratic form
with the matrix (Ru(X)) = (Gy(X)—gi(X)) is non-negative in D,
(G4 (X)) and (g (X)) denoting the inverse matrices of (G**(X)) and (9™ (X))
respectively, or )

(b) f(X) = F(X) in D, the quadratic form (R;(X)) is positive de-
finite at least at one point X, of D, and f(X,) = F(X,) # 0.

DEFINITION 2. A continuous function #(X) in a region D will be
called locally oscillatory at the point X «D if in every neighbourhood of
X there exist points X, X,eD such that «(X,)u(X,) < 0.

DErFINITION 3. An (r—1)-dimensional piece of surface I' of class
(1, contained in the set E of nodes, i.e. of zeros of the function w, will
be called a condensation surface in E if there exists a sequence of surfaces
I, contained in E such that for every point XeI" and the normal »n(X)
to I there exists a sequence of distinet points X, el}, X,en(X) such
that X, — X, X, # X.

2. Preliminary theorems. We shall need the following consequence
of the main theorem of Aronszajn, Krzywicki and Szarski [1] and of the
remark 3 of this paper.

THEOREM 1. Let the coefficients Ay (X) of the equation (2) be of class
C*'(2) in D, let the remaining coefficients be continuous in D, and let Pye D
be & zero of infinite order of a solution w(X) of class C* of (2) (¢.e. let

[ w(X)= 00" as r— 0, for each a > 0); then w(X) =0 in D.
1 X—Pyl<r

THEOREM 2 ([2]). Let the equation (1I) be a strict Sturmian majorant
of the equation (I) in a bounded region D, let u(X) be a solution of class C?
of (I) in D, vanishing on the boundary d(D) of D, then each solution U(X)
of (I1) wn D has zeros in the set D.

We shall need also a theorem of E. Hopf ([3], p. 159):

THEOREM 3. Let the coefficients of the equation (2) be continuous in
the closure D of a bounded region D, let C(X) < 0 in D, let uw(X) be a so-
lution of class C* of the equation (2) obtaining at an interior point of D its
extremal value equal to zero; then wu(X) = 0.

(1) I.e. open, connected set.
(3) Le. having Lipschitzian derivatives of the first order.
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PRrOpPOSITION 1. The equation

(3) %Au(X)—[—cu(X) =0, X =(...,%)

with A, ¢ positive constants, admits a non-trivial solution defined in R",
whose set of zeros consists of the family of hyperplanes

kl k%
(C) m1=7n, ey {Dn:"‘;l—ﬂ',
where d = I/Ac/n and kyy ..., k, are arbitrary integers.

Proof. The solution # = sindx,sindx,...sindx, will do.

The following theorems from dimension theory will be needed:

THEOREM 4 (MAZURKIEWICZ (3)). If A < R" and dimA <n—2 then
the set R"—A 1is connected.

THEOREM 5 (4). Let A be a n-dimensional set in R", then A contains
an non-empty open set.

From Theorems 4 and 5 we shall deduce

THEOREM 6. Let the set Z of zeros of a continuous function f(X) defined
in region D of R™ be nowhere dense, and let f(X) be oscillatory at every point
of Z. Then for each mneighbourhood (°) V < D of every point PeZ the set
VA~Z is (n—1)-dimensional, whence V~Z disconnectes the set V, if V is open.

Proof. Let PeZ and let V =« D be an neighbourhood of P. The
dimension of V ~ Z is less than =, for in the eontrary case, by Theorem 5,
the interior of V ~ Z would be non-empty whenee Z could not be non-den-
se. Suppose now that dim(V ~ Z) < n—2, let K be a ball with the cen-
tre P contained in V. Then dim(K ~ Z) < n—2. Theorem of Mazurkie-
wicz [4] being obviously true when R" replaced by a ball in R", we see
that K —Z is connected. The function f(X) is different from zero in K —Z;
on the other hand, by the oscillatory property it assumes in K—Z dif-
ferent sings, which is impossible. Thus we have dim(V ~ Z) = n—1.

3. Qualitative properties of solutions.
THEOREM 7. Let the coefficients G*(X) of the equation (1) be of class
Ct in a region D, let F(X) be continuous in D. Suppose moreover that

(d) there exists a positive constant A such that

D @a(X) > A YK
1,k=1 i=1
for every XeD,

(3) See [4], p. 343.

(%) Menger [7], p. 244.

(5) According to now common terminology a neighbourhood of P is a set V con-
taining P in its interior.
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(e) F(X)>¢ >0 in D, ¢ being a constant
then every solution of class C? of the equation (1) admits at least one
zero in each cell ' '
k, 41 kn Fn+1

(*) SRR K Ty ey T & K

d d . d

™

contained in D, k; being integers, and d being equal to V Aen

Proof. We may confine ourselves to non-trivial solutions of (1).
It is easily verified that the equation (1) is a Sturmian majorant of the
equation (3) (case (a)), for by the assumption (d) the quadratic form with
the matrix '

(Gir(X) —gir (X)) = (Gir(X)— A4 63)

is positive definite. By Proposition 1 there exists a solution of (3) whose
zeros form the set of hyperplanes (¢). Thus, if a cell (%) lies in D, each
solution of (1) must have a zero in this cell.

ExampLE 1. Consider the elliptic equation

(4) 2 Qg U, +C = 0
k=1
where a;,,  are constants and ¢ > 0. We shall prove that there exists
a system K of n-dimensional closed cells filling up the whole space and
such every non-trivial solution of equation (4) has zeros in every cell
of the system K. o
Proof. Since equation (4) is a Sturmian majorant of the equation

5

k=1

where ¢ is a constant and e << C, it is enough to construct a solution of .
equation (5) whose set of zeros forms a net of cubes K. We shall give
a proof first in the particular, diagonal case (a;; = d;), and then in the
general case. So let us consider the equation

n
(6) Qg H0U = 0, @ >0, j=1,...,m.
“~

7
Like in the proof of Proposition 1 one can easily verify that the function
% = sindw,sindw,...sindz,, where d = +[cf(ay;+...Fam)]"* #0 is a
solution of (6). The zeros of the function % form the countable set of
(n—1)-dimensional hyperplanes

m;

(7 Xy =
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where m; = 0, +1, +2,... Hyperplanes (7) split the space into n-di-
mensional congruent cells.

The general case may be reduced to the diagonal one by applying
an orthogonal transformation

(8) X=3Y

where the matrix B = (by), 4k =1,...,7n, is orthogonal and chosen
in such a manner that it reduces the quadratic form with the matrix
(a;r) to the canonical (diagonal) form

n n

T 9

Z iphidy = Z mim;.
iF=1 i=1

By transformation (8) equation (5) reduces to
n
9) D m;Uyy+oU =0,
i=1

where U(Y) = U(¥Y1y -+« Yn) = u(du1¥1+ - +01alny « - oy bua ¥y + oo +bunn)-
According to the first part of the proof the function

U = sindy,sindy,...sindy,

is a solution of (9). For this solution the zeros form a net (8) of n-di-
mensional cells. It follows that by a suitable rotation of the net (S)
we obtain the zeros for the function

ULy oeey Bp) = SINd (01121 + oo F0y). .. 8SINd (Qp 2+ . oo F0pp®y,)

where a;;, are the elements of the matrix inverse to the matrix 8.

Making use of Theorems 1 and 3 and applying the method of a
factor correcting the sign of the coefficient C(X) [5] we shall prove a the-
orem on change of the sign of non-trivial solutions of equation (2) in a
neighbourhood of the zeros of these solutions.

THEOREM 8. If the coefficients Au(X), B;j(X) and C(X) of equation
of elliptic type (2) are of class C** in a region D, if u(X).is a non-trivial
solution of class C? in D, of the equation (2) and if uw(X,;) = 0, then u(X)
s locally oscillatory at the point X,. :

Proof. By a translation of the coordinate system we may suppose
that X = 0. Let V be a neighbourhood of 0 contained in D. If there were
a neighbourhood ¥V, < V of the point 0 such that u(X) =0 in V,(0),
then the point X, would be a zero infinite order of the function #(X) and
by Theorem 1 [1] we would have #(X) = 0 in D, against the assumption.
Consequently in every neighbourhood of the point X, there exists a point
X at which «(X) = 0. Now we are going to show that in every neigh-
bourhood of the point 0 there exist points X, and X, such that «(X,) < 0,
u(X,) > 0.
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Suppose, if possible, that there exists a neighbourhood V, c V, of
zero such that #(X) >0 in V,. Since #(X) = 0, each neighbourhood
of zero must contain a point X at which «(X) > 0, we shall deduce from
this faet that «(X) = 0.

Applying the transformation

(10) u(X) = v(X)coskz,coskx,...coskx,,

we have v(X)eC? and v(0) = u(0) = 0, the equation takes then the form
n
D) A (X)L (05, oy ) +C (K, X)v =0,
i7=1
where L is a linear form of the variables v}, ..., v; , Viz.

n
L=—k ZAi,-(X)(v;itankm,-—}—@;itankw@-)—

i,j=1
n n
—2k 2 AM(X)'U;itan k.’l)l—f— Z Bj’U;j,
i=1 i=1
and

n n
Oy, X) = —k*( > Au(X)— ZAﬁ(X)tankw,-tankwi)—
i=1 t,7=1

17

—k ) Bjtanka;+C(X).
i=1
Putting
n n
J(X, k) = ZAu(X)—— Z‘ Ay;(X)tanka;tan ka;,
P bi=1
9(X, k) = > B;(X)tanka,
=1

we obtain

C1(X, k) = —k*f(X)—kg(X)+C(X).
We shall show that there exists a constant ¥ and a neighbourhood W< V,
of the origin such that
(11) Cy(X,k)<0, k #0, coskx; >0 (j=1,2,...,n), for XeW.

Then »(X) > 0 in W(0), i.e. v(X) attains at 0 a minimum equal to 0.
Next applying Theorem 3 to the function v we get the conclusion that
in this neighbourhood v(X) = 0, whence also #(X) = 0.
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Now we proceed to the choice of a number k¥ and of a neighbourhood
W of zero so that inequalities (11) hold in W. To this purpese we put
M = sup{|C(X)|: xeV,}. The inequality (11) will hold if

(12) —k*)f—kg+ M < 0.
We divide both sides of the inequality (12) by %2 and we obtain

el oo
PERET :

We choose k so that

n
df

4M
S it Mg X 4o,
k? Xy bt

whence M [k? < A[4 and consequently |k| > (4M|A4)".
Now we restrict the neighbourhood V; to V, so that the inequalities
A g A 3
L A it 4
(13) T < < f>4,
be fulfilled, which is possible since the occurring functions are continu-
ous. In fact,

n A
f=4— Y A;(X)tanks;tanks; = A —p(k, X)

i,f=1

for X eV, where ¢(k, 0) = 0. The function ¢(k, X) is continuous in V,
and consequently ¢(k, X) < +4 in a neighbourhood V, of the origin
and for fixed k¥ = 4M|A. Thus for XeV, we have f>A—14 = }$A.
Now we shall show that

A g A

By

in a neighbourhood V; = V, of the origin. Writing

n

B;(X)tanka; = y(k, X),

=R

g

k et
we have y(k, 0) = 0 and y(k, X) is a continuous in V,. Thus there exists
a neighbourhood V, = V, in which |y (k, X)| < 14 for fixed k = 4(M[A)'".
In the neighbourhood V; inequalities (13) are fulfilled and consequently
Cy(ky X)< 0 in this neighbourhood. Now we choose a neighbourhood
W = V5 such that coska; >0 in this neighbourhood. By Theorem 3
it follows that «(X) = 0 in the set D.

Prace Matematyczne X.1 3
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COROLLARY 1. Under the assumptions of Theorems T and 8 each non-
trivial solution of the equation (1) is oscillatory in a point of each cell (x)
contained in D.

ExAMPLE 2. Consider the equations

(1) 14u+3u =0, u =u(xy,...,2,),

(II) 2 (@4 ... +a2) " UL)e+3T = 0.

=1

It is obvious that equation (II) is a strict Sturmian majorant of equation
(I) in the region @}+...+a% >16. We shall determine the solutions v(r)
of the equation (II) depending only on the distance r = (2} ... 4a2)"?
from the origin. The function »(r) = U(a,, ..., ®,) satisfies the ordinary
differential equation

720" (r)+(n—=2)rv'(r)+38r80(r) =0, r >4,
whose general solution is [6] k
v(r) = 1«(3—")/2[01(7("_3)/3(§V§¢3/2)+0217(”_3)/3(%V§r3/2)],

where J, and Y, are Bessel functions of the first and second kind respec-
tively and C,, C, are constants. Consequently the function U( ) has
the form

4 — 4
(14)  UX) = V(@ +... 32 [0 ss (3 3V (@4 ... +ad)) +
— 4 —_—
+ 0y Y5 (3V3V (@3 F ... +22))].

The solution w = sinax,sinaw, ... sinax,, a = (12/n)"* of equation (I)
possesseés zeros in each cell

m;—1 My
" T<L Y < —m, m; =0, +1, ...,
my—1 My
e T LWy < —m, My, =0, +1,...,
my,my,..., My a
My—1 my,
TE Ly < — 7, my, = 0, +1,...
a a

According to Corollary 1 for every function (14) which does not vanish
identically in each of the n-dimensional closed cubes _Kml Mgty contained
in the region 4. A +a2 > 16 there exists the point in Whlch the
funetion (14)islocally oscillatory.

From Theorem 1 results the following
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COROLLARY 2. If u(X)eC? is a non-trivial solution of equation (2),
then the zeros of the function u(X) eannot fill an n-dimensional region,
stnee otherwise we would have u(X) = 0, which contradicts the assumption.

Making use of Theorems 6, 8 and Corollary 2 we shall now prove a
theorem on the set of zeros of non-trivial solutions of equation (2).

THEOREM 9. Let the coefficients of the equation (2) be of class C°
n a region D, let Z be the set of zeros of a non-irivial solution of class C?
of the equation (2), then for each open meighbourhood V of each point PeZ
the set V ~ Z is (n—1)-dimensional, and V ~ Z disconnects V.

Proof. By Corollary 2, the set Z is nowhere dense, whence The-
orem 9 follows from Theorem 6 and Theorem 8.

From a Theorem 1 of Aronszajn, Krzywicki and Szarski there follows

ProprositIoN 2. If a solution w(X) of equation (2) fulfills the homo-
geneous Cauchy conditions

d
u(X) = 0, ;l:l,—z =0 on a surface I' of class C1,
then u(X) =0 in D.

Now, we shall prove a theorem concerning the condensation of the
set of zeros. We shall use Theorem 1 of [1] and Proposition 2.

THEOREM 10. If the coefficients of equation (2) are of class C*' and
I' is an arbitrary (n—1)-dimensional piece of surface of class C*, contained
in D and belonging to the set Z of zeros of a mon-trivial solution u(X) of
equation (2) of class C% in D, then I' is not a condensation surface of (°) the
set Z.

Proof. The proof will be carried on indirectly. Consider an (n—1)-
dimensional open piece of surface of class C!, which is a condensation
surface of the set Z of a non-trivial solution #(X) of equation (2). Let
n(X,) denote the normal to I" at the point X,. Then, according to Defi-
nition 3, there exists on n(X,) an infinite sequence of points X, belonging
to the set Z and such that X,e/, and X,—> X, Since u(X,) = 0 and
[u(X,)—u(X)])o(Xny X;) =0 and since u(X)eC* we obtain

(15) wiX) |y,
’ dn |x=x,

Moreover, since u(X,) = 0 and (15) hold for every point X,eI', by Pro-
position 2 we have #(X) = 0 in D, which contradicts the assumption.

(%) This means that there does not exist a sequence of surfaces I',, different
- from I, contained in Z, and tending uniformly to I
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Remark. Ph. Hartman and-A. Wintner [2] raised the question:
under what regularity conditions imposed on coefficients of the equation
(I) in the case n > 2, each solution of (I) vanishing in an open subset
of the region D vanishes identically in D. In the paper [1] Aronszajn,
Krzywicki and Szarski proved that it is the case when the coefficients
g% (X) are of class C%. A. Pli§ gave an example of an equation (I) with
coefficients of lower class for which this is not longer the case.
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