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A note on the history of the Poisson process
Abstract. The note is devoted to the history of the contemporary
concept of the Poisson process. The survey starts at the beginning
of XX century from Lundberg, through Feller up to a modern con-
cept of a Poisson random measure developed by Wiener (1938), Ryll-
Nardzewski (1953), Rényi (1967). We mention a binomial construction
of the Poisson process, which can be found in papers by Moyal (1962),
Mecke (1967) and Kingman (1967). The findings by Ryll-Nardzew-
ski (1954), who used this construction to compute the characteristic
function for the homogeneous Poisson process, are also discussed.
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1. Introduction. This note reviews the evolution of the concept
of the Poisson process (frequently called the Poisson random measure
or the Poisson point process) throughout the time up to recent times.
That is from Filip Lundberg (1903) and William Feller (1940, 1949)
up to Alfréd Rényi (1967), and finally, a construction of the Poisson
processes by means of binomial (or Bernoulli) processes, which can be
found in papers by José Enrique Moyal (1962), Joseph Mecke (1967)
and John Frank Charles Kingman (1967) . This construction was also
used in the proof of the Theorem for the homogeneous Poisson processes
by Czesław Ryll-Nardzewski (1954).

Let us begin with a quotation from Harald Cramér (1969)

It was not until the 1930’s that the foundation of a general and
rigorous theory of stochastic processes were laid by Kolmogorov,
Khinchin1, Lévy, Feller, and the other authors. In this connec-
tion it became clear that the Brownian movement process, and
the Lundberg risk process, introduced many years earlier by the
pioneers, form the main building stones of an important general
class of stochastic process, known as processes with independent
increments.
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Note that a special case of the Lundberg risk process, with all the sums
at risk equal to 1, leads to what we now understand by the Poisson
process. In general, by the Lundberg risk process Cramér understood
what we currently mean by the compound Poisson process.

One has to distinguish between the results obtained in a less math-
ematically formal way, which refers to standards used before the foun-
dations of probability theory and stochastic processes were laid, and to-
day’s norms and standards. Due to these differences, Filip Lundberg’s
works for many years were rather unnoticed by mathematicians, also
because his papers were published only in Swedish. The main elements,
which later became a part of the so called collective risk theory (which
is a part of actuarial mathematics), were included in Lundberg’s (1903)
doctoral thesis. He introduced therein the compound Poisson process
and worked on the central limit theorem.

On the other hand, Agner Krarup Erlang (1909) considered a proto-
type of the Poisson process as applied to the telecommunications con-
text. Furthermore, Erlang (1917) established his famous Erlang formula
for automatic telephone exchanges, where the calls were flowing into the
system according to the Poisson process as we would say in modern de-
scription of the model. Again, the concepts were difficult to understand
for mathematicians, and besides, another obstacle for an international
community was the fact that the papers were in Danish.

A contemporary reader has access to monographs on point processes,
and, in particular, on the Poisson processes, such as Kallenberg (1983),
or a two-volume Daley and Vere-Jones (2003, 2008) . A modern ap-
proach to point processes and the Poisson processes defined on abstract
spaces can be found in a recent book by Last and Penrose (2018),
wherein the reader can find a section on the history of the Poisson
processes. As an introductory text one can also recommend the book
Kingman (1993).

1.1. The name. Let us first mention the origin of the name “a
point process”. In the dissertation of Conny Palm (in 1943)2 one can
find the first known recorded use of the term a point process as Punkt-
prozesse in German (v. Haugen (1995, 1995)). It is believed (v. Guttorp
and Thorarinsdottir (2012)), that William Feller (1940) was the first to
refer in print to the Poisson process, which was in 1940. Parallelly, the
Swedish statistician Lundberg(1940) used the term the Poisson process
in his PhD dissertation.

2Published as Palm (1988)
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As Guttorp and Thorarinsdottir (2012) note, it is likely that the
term was adopted by most participants of the Berkeley Symposium on
Probability and Mathematical Statistics in 1945 and from that time it
has been commonly used in the literature.

1.2. Early works. According to Guttorp and Thorarinsdottir (2012),
early works include Filip Lundberg’s result from 1903, where by a rather
heuristic reasoning he derived the equation (1.1) for the probability func-
tion f(x, P ):

∂f(x, P )

∂P
= f(x− 1, P )− f(x, P ). (1.1)

This is the forward equation for the Poisson process, which it was later
derived by Kolmogoroff (1931) for Markov processes. The solution of this
equation is f(x, P ) = P x e−P

x!
. In his memoirs Cramér ([3, 4]) mentioned

the Lundberg risk process in the context of the early work on the Poisson
process. He also mentioned the work by Erlang (1909) in the context of
the telephone traffic problem and Rutherford’s and Geiger’s analysis of
radioactive disintegration (1908). Cramér also recalled his early work (in
Swedish) from 1919 on what is now called the Poisson process. Finally,
let us point out a rather overlooked and forgotten pioneering discovery
by Norbert Wiener (1938), that the assumption of independence of the
number of points in disjoint subsets of Euclidean space leads to the
Poisson distribution of a number of points in a subset. He named the
process a discrete or a Poisson chaos.3

In his paper Feller (1949), Feller mentions, among other stochastic
processes, the Poisson process: ”The term is quite familiar to physicists,
who also often refer to it as ’random events’ and occasionally call the
Poisson distribution after Bateman.” Let us remark that William Feller
spent the years 1934–39 in Stockholm, where he could learn Scandina-
vians’ discoveries in the field of interest.

1.3. Poisson process as a counting process. By a counting pro-
cess we mean a stochastic process (X(t))t≥0 with non-decreasing right
continuous and Z+-valued realizations. Following Palm, one can inter-
pret the increment X(t + s) − X(t) as a number of points in interval
(t, t+ s]. By the Poisson process with parameter λ Feller (1949) meant
the following: “events occurring in time, such as telephone calls, radioac-
tive disintegration’s, impact of particles (cosmic rays), and the like. Let
it be assumed that
3The author of this note thanks professor Günter Last for pointing out this ref-

erence.
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(i) the probability of an event in any time interval of length dt, is
asymptotically, λ dt, where λ is positive constant;

(ii) the probability of more than one event in a time interval dt is of
smaller order of magnitude than dt, in symbols o(dt);

(iii) the number of events in non-overlapping intervals represent inde-
pendent random variables.”

If Pn(t) was denoting the probability of having exactly n events in a
time interval of length t, then Feller showed Pn(t) = (λt)ne−λt/n!. In
a modern language, the Poisson process N(t)t≥0 is a stochastic pro-
cess, with (iii) independent increments, (ii) stationary increments and
(i) “orderly”. The name of orderly comes from the Russian ordinarnii
(îðäèíàðíûé) (cf. e.g. Hinčin (1955)). In Daley and Vere-Jones [5, The-
orem 2.2.III] it was recalled that N(t) with stationary and indepen-
dent increments which is also “orderly” is the Poisson process, that is
P(N(b)−N(a) = n) = (λ(b− a))ne−λ(b−a)/n!.

1.4. The Poisson processes. In this section we recall what today
is understood by the Poisson process (or the Poisson point process or the
Poisson random measure). We follow Daley and Vere-Jones [5, section
2.4], who consider E a completely separable metric space, E the Borel
σ-field generated by open spheres of E and (Ω,F ,P) a probability space.
Remark that in the book by Last and Penrose (2018) there is presented
a definition of the Poisson process on a general state space E, however,
one must overcome difficulties of the lack of local finiteness.

A contemporary approach to the point process is to define N as a
measurable mapping (Ω,F) to (N ,B(N )), whereN is a space of discrete
measures locally finite on (E, E), and N is endowed with the so called
vague topology. If N assumes values inN0 of discrete measures with unit
atoms, then N is said to be a simple point process (or without multiple
points). In other words, we have a family of Z+-valued random variables
(N(E))E∈E , such that for each ω ∈ Ω, N(·) is a discrete measure.

We now state what is currently meant by the Poisson process on
(E, E). Suppose Λ, sometimes called a parameter measure, is a bound-
edly finite measure on E. One says that a point process N is the Poisson
process with the parameter measure Λ if

(PP1) for every finite family B = {Bi, i = 1, . . . , k} of disjoint bounded
Borel sets

N(B1), . . . , N(Bk) are independent, (1.2)
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(PP2) for bounded Borel set B

P (N(B) = n) =
[Λ(B)]n

n!
e−Λ(B). (1.3)

Occasionally, N is said to be a Poisson random measure. In other words,
we have a family of discrete random variables (N(B))B∈B such that for
each ω, N(ω)(·) is a discrete measure. Let us remark that there are
theories in which no topological assumptions are required4.

One of the problems is to demonstrate the existence of the Poisson
measure. In the literature it is considered that the positive answer was
provided by Kingman (1967) or Mecke (1967), who constructed of the
Poisson process via the so called binomial processes; i.e. in a set B there
are N(B) points, which are thrown independently in B according to
Λ(dx)/Λ(B) distribution (vide Subsection 1.7). A similar construction
can be found in Moyal (1962), and, for the stationary Poisson process on
the real line it was given by Czesław Ryll-Nardzewski [44, the Lemma].
We will come back to the problem of existence later.

1.5. Marczewski’s and Ryll-Nardzewski’s works inWrocław.
It was Edward Marczewski, with collaborators Kazimierz Florek and
Czesław Ryll-Nardzewski, who initiated in the early 1950s a thorough
study of the Poisson processes. At that time, it was still understood
that E = [0,∞) and the Poisson process was an integer-valued, right-
continuous and non-decreasing stochastic process having independent
stationary increments. In Florek et al. (1953) the authors proposed to
consider Ω as a functional space of integral valued functions on [0,∞),
non-decreasing and right-continuous, F being the σ-field generated by
{ω(t) < y}. A probability measure P on (Ω,F) establishes a count-
ing process. By Ω1 ⊂ Ω one denotes functions with unit jumps only. A
stochastic process ω(t) ∈ Ω is the Poisson process if P(Ω1) = 1. It has
independent increments and the distribution of ω((t, t + y]) does not
depend on t.

Considering the counting process on (Ω,F , P ), Cramér (1951) and
Marczewski (1953) extended the concept based on the number of points
in intervals to one based on the number of points N(B) = ω(B) in
a Borel set B, via #{t ∈ B : ω(t) − ω(t−) > 0}. Then, in Mar-
czewski (1953) it was noticed that for the Poisson process, N(B) is
a random variable.

Subsequently, Ryll-Nardzewski (1953) approached the notion of point
processes similarly to how we understand them now. However, he as well
4Vide eg. the book by Last and Penrose (2018).
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as others overlooked the paper by Wiener (1938). Thus, Ryll-Nardzewski
considered a fixed Borel subset E of finite dimensional Euclidean space
and E0 a denumerable field of Borel subsets generating the σ-field E of
Borel subsets of E. Then, Ω it was the space of finite real valued set
functions on E0 which are σ-additive, and P is a probability measure
defined on a σ-field of subsets of Ω. He supposed that

(1o) E0 3 B → ω(B) is P-measurable and
(2o) ω(B1), . . . , ω(Bk) are independent, whenever Bj are disjoint sets

belonging to E0.

Then he proved that the above conditions are fulfilled for σ-additive set
functions on E . A point x0 ∈ E is called singular if

P(ω({x0}) 6= 0) > 0.

The number of singular points can be at most denumerable. Define
Λ(B) =

∫
ω(B) dP, which today is said to be an intensity (or mean)

measure. It was assumed that the point process is simple, that is P(Ω1) =
1, where Ω1 ⊂ Ω consisting ω has unit atoms only. The following theo-
rem was stated. Suppose that Λ is a finite measure on E. If x0 ∈ E is an

atom of Λ (or, in other words, if x0 is singular), then ω({x0}) assumes
the value 1 or 0 with probability Λ({x0}) or 1−Λ({x0}) respectively. If
B contains no singular points, then ω(B) has the Poisson distribution

P(ω(B) = k) =
Λ(B)k

k!
e−Λ(B).

In the remaining part of the paper the theory was extended for the
case when Λ is σ–finite.

In the paper Ryll-Nardzewski uses only the term “process”, but
the term non-homogeneous Poisson process appears in the title and
therefore it looks as if Ryll-Nardzewski was the first to consider a non-
homogenous Poisson process defined on a subset of Euclidean space.

In the paper Ryll-Nardzewski (1954) means by a process (i.e. the
point process) a random denumerable set X of real numbers, defined
by a sequence . . . < Xj < Xj+1 < . . . of random variables. He introduces
a random variable

N(I) = the number of indices j such that Xj ∈ I

for all intervals I ⊂ <. Furthermore, he assumes
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(i) P(Xj 6= Xk) = 1 for j 6= k,
(ii) P(limj |Xj| =∞) = 1,
(iii) P(Xj = a) = 0 for every j and real a.

It is said that X is a Poisson process when random variables N(I)
have the Poisson distribution, and if for any disjoint intervals I1, . . . , Ik,
random variables N(I1), . . . , N(Ik) were stochastically independent. It
is mentioned that in [43] it had been shown that

P(N(I) = k) =
Λ(B)k

k!
e−Λ(I),

for a σ-finite measure Λ on the line. Next, it is assumed that Λ(I) = λ|I|,
which in modern language means that the Poisson process is homoge-
neous. It is interesting to note that Ryll-Nardzewski discovered what
Kingman (1993) called later a characterization of the Poisson processes
by binomial (or Bernoulli) processes: Let us fix an interval I and de-

note by Qk the event N(I) = k. Then under the assumption Qk, the
conditional distribution of the set of k points of X belonging to I is the
same as the uniform distribution of k independent points belonging to
I.

Next Ryll-Nardzewski introduced the following transform, which one
could call a characteristic functional: for a complex valued function
of a real variable f such that

∫∞
−∞ |f(t)| dt < ∞, he defined φ(f) =

IE
∏

j(1 + f(Xj)) and then under the assumption that X is the homo-
geneous Poisson process, with the use of Lemma above he computed the
characteristic functional

φ(f) = exp(λ

∫ ∞
−∞

f(t) dt).

It is worth comparing this functional with the probability generating
functional defined as E(

∏
j h(xj)) for some suitable test functions h (cf.

[5, p. 15]). Having this tool Ryll-Nardzewski was ready to prove an
invariance theorem of the homogeneous Poisson process.

For a sequence {Yi} of random variables which are equivalent in the
sense of de Finetti (sometimes called exchangeable) and independent of
{Xj}, the process with points {Xj + Yj} is again homogeneous Poisson
with the same parameter λ.

1.6. Budapest probability school. After the World War Second
scientific contacts between the East and West were very restricted. How-
ever, mathematicians from Wrocław could meet their colleagues from
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Budapest and exchange ideas. For example, András Prékopa (1958),
although not quoting Ryll-Nardzewski (1953) paper, wrote in the intro-
duction:

The idea of our general method was suggested by a lecture of
C. RYLL-NARDZEWSKI, who gave an elegant solution of a
telephone-problem

with a footnote “This lecture was held in Wroclaw at the Colloquium on
Stochastic Processes in 1953.” In Prékopa (1958) there appeared already
a contemporary definition of the Poisson process on a general space E.

Note that in Ryll-Nardzewski papers the matter of existence of a
point process was not considered in detail. This problem was taken up
later by Prékopa (1956), where he considered what he called a stochas-
tic set function ξ(B), where B belongs to a family of subsets of a space
E. It is required that ξ(B) has the following finite additivity prop-
erty: P(ξ(A) =

⋃l
k=1 ξ(Ak)) = 1, whenever A1, . . . , Al are disjoint sub-

sets from B0. In this paper, Prékopa was interested in the extension
of the process (ξ(B))B∈B0 , where B0 is a field, to the B indexed pro-
cess, (ξ(B))B∈B, where B is the σ-field generated by B0 and ξ(B) has
the following countable additivity property: P(ξ(A) =

⋃∞
k=1 ξ(Ak)) = 1,

whenever A1, . . . are disjoint subsets from B.
Natural questions arose about relations between conditions PP1 and

PP2 introduced in Section 1.4. The first question is as follows. Suppose
that

P(N(B) = k) =
Λ(B)k

k!
e−Λ(B),

is fulfilled for B ∈ E , where E is a family of subsets of E. Is it true
that (N(B))B∈E uniquely extends to the Poisson process with parame-
ter measure Λ? Alfred Rényi (1967) gave the following answer to this
question for E = R.

Suppose that Λ is a locally finite non-atomic measure on R and B0 is
a field generated by finite intervals [s, t). Suppose that N is a random
additive set function on B0 such that N(B) has Poisson distribution with
mean Λ(B) for all B ∈ B0. Then N(B1), . . . , N(Bk) are independent for
disjoint Bj ∈ B, that is N is a Poisson process with parameter measure
Λ.

The second important result from Rényi (1967) deals with the ques-
tion whether the so called avoidance function B → P(N(B) = 0) defines
the process.

In the setting of the previous theorem, if P(N(B) = 0) = e−λ(B) for all
B ∈ B0 and if N is without multiple points, then N is a Poisson process.
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It was also a question whether it suffices to assume that E is a family
of intervals (s, t]. The counterexample was provided by L. Shepp, and
is enclosed in Goldman (1967). A recent version of this theorem in a
more general setting can be found in the Corollary 3.9 in Kallenberg
[21, p. 80].

1.7. Construction via the binomial process. The following
construction proves the existence of the Poisson random measure in a
simple and useful way. Consider a measurable space (E, E) with a σ-
finite measure Λ. Consider first the case when Λ(E) <∞.

Let Z,X1, X2 . . . be independent random variables on (Ω,F ,P), Z with
Poisson distribution with mean Λ(E) and X1, X2, . . . i.i.d. with the com-
mon distribution Λ(·)/Λ(E). Then a point process N defined by

N(B) =
Z∑
j=1

1(Xj ∈ B),

is a Poisson process on E with intensity measure Λ, that is fulfilling the
axioms (PP1) and (PP2) from Subsection 1.4 of the Poisson random
measure on E.

In the case of non-finite the measure Λ on E, one constructs Poisson
processes N1, N2, . . . on E1, E2, . . . respectively, where Λ(Ej) <∞. Then

N(B) =
∑
j

Nj(B ∩ Ej)

is the Poisson process on E, i.e. fulfils axioms (PP1) and (PP2) from
Subsection 1.4

The above construction is based on Kingman’s (1967) (vide also
Mecke (1967)), although it appeared earlier in Moyal (1962). However,
for a special case of the homogeneous Poisson process on < it is implicitly
in Ryll-Nardzewski (1954).

2. Some relevant papers and books. Poisson random measures,
whose history we surveyed in this short note, are essentialy related to
an older notion of the so called Poisson distribution αl

l!
e−α. The earli-

est derivations of Poisson distribution are attributed to S.D. Poisson in
[38, 205-207], wherein in 1837, the author analyzed a number of wrong
convictions that are placed during a time-interval of a given length.
However, earlier, in 1711, Abraham de Moivre had used what we un-
derstand as the Poisson approximation to solve the binomial equation
B(c, n, p) = 1/2 in 1711 (vide Moivre (1710)).
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Simon Newcomb [36] fitted the Poisson distribution to the number
of stars found in a unit of space in 1860.

Ladislaus Josephovich von Bortewitsch (Władysław Bortkiewicz) in
[45] gave a well known example of how the Poisson distribution fit well
to events occuring in a time interval. In 1898, he studied the distribution
of 122 men kicked to death by horses. This application was popularised
in the celebrated book of William Feller [13].

The Poisson process appears in reference to different cases. For ex-
ample, as a special case of birth and death processes (vide e.g. Kol-
mogorov [26]), as a special case of infinitely divisible distribution (vide
e.g. Ito [19]), as a special case in statistical mechanics (vide e.g. Yvon
[47]–theoretical physics), Janossy [20]–basic reference for point configu-
rations in statistical mechanics, a special case is also a binomial repre-
sentation as discussed in Section 1.7) and Ramakrishnan [41].

Finally, let us mention more relevant books. In Feller [13] the inter-
ested reader can find interesting old references related to pure birth and
birth death processes including the Poisson process. The first extensive
monograph on the stochastic process of Doob [7] contains original re-
sults on the Poisson processes in Chapter VIII. In the line of infinite
divisibility there is the book by Kerstan, Matthes and Mecke [32]. We
close this note referring to the already cited book by Olaf Kallenberg
[22] with the most recent overview of random measures, including the
Poisson processes.
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O historii procesu Poissona.

Tomasz Rolski

Streszczenie. Artykuł jest poświęcony historii współczesnej koncep-
cji procesu Poissona (czasami nazywanej losową miarą Poissona). Za-
czynamy od początków, które są zawarte w pracach F. Lundberga i
W. Fellera aż do Rényi(1967) i wreszcie, konstrukcji procesów Pois-
sona przez procesy dwumianowe (lub Bernoulli’ego), które można zna-
leźć w pracach Moyal(1962), Mecke(1967) i Kingman(1967). Również u
Ryll-Nardzewski(1954) ta konstrukcja została wykorzystana do dowód
twierdzenia o jednorodnych procesach Poissona.
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