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Abstract. The paper includes key aspects of the history of develop-
ment of qualitative methods of non-linear functional analysis (fixed
point theorems, theory of mapping degree, theory of Orlicz spaces),
within the framework of which Polish-Soviet interaction was most clearly
manifested. In the period up to the mid-twentieth century these areas
were advanced by the representatives of Lvov Mathematical School,
Warsaw Mathematical School, Moscow Mathematical School and Odessa
Mathematical School. Examination of their results is a significant part
of this work. Much attention is paid to the investigations of the Soviet
mathematician M.A. Krasnosel’skii, who used the achievements of J.
Schauder and K. Borsuk as well as Orlicz spaces for solving a wide
class of problems in qualitative theory of nonlinear integral equations.
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1. Introduction
Soviet mathematicians’ activity concentrated in the same areas of

the emerging functional analysis as those that were developed by their
Polish colleagues (fixed point method, the theory of existence of so-
lutions of nonlinear integral equations). This can be explained by the
special situation forming around USSR after the revolution of 1917. Al-
most until the mid-1920s Soviet mathematicians did not receive foreign
1The main results of this article were presented at the conference Development of

Mathematics and Related Sciences in Central-Eastern Europe in the 20th Century,
Kraków, September 13–15, 2017.
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mathematical periodicals, being isolated from the rest of the scientific
world. As noted by P.S. Alexandrov in his report at the 1st International
Topological Conference in Moscow (1935), an exeption were regularly
received Polish journals Bulletin international de l’Académie Polon-
aise des Sciences et des Lettres, Classe des Sciences Mathématiques
et Naturelles: Série A, Sciences mathématiques (Cracow) and Funda-
menta Mathematicae (Warsaw). Furthermore, despite the difficulties
with postal deliveries, Polish and Soviet researchers maintained cor-
respondence with each other (N.N. Luzin – W. Sierpiński, P.S. Urysohn
– K. Kuratowski, etc.) [42, p. 63]. There was a large delegation of Polish
mathematicians [65, p. 125] at the 1st International Topological Con-
ference and natural exchange of topological ideas between Polish and
Soviet mathematicians took place.

After the inclusion of the Lvov region into the USSR in 1939, Ba-
nach’s functional-analytical ideas began to spread much more rapidly
in the mathematical circles of the Soviet Union. This was facilitated,
in particular, by Banach’s scientific trips to the Soviet cities of Kiev,
Moscow (together with S. Mazur and J. Schauder) and Tbilisi in 1941
[22, Part IV, chap. 24]. Topological achievements of Soviet scientists
also became available to Lvov mathematicians (and through them to
their Polish colleagues) thanks to talks of P.S. Alexandrov and L.A.
Lyusternik at Banach’s seminars [19, p. 74–75]. Let us remark that ear-
lier results of Soviet mathematicians in the field of topology, were also
well known to their Polish colleagues. This is evidenced, in particular, by
the fact that in Banach’s monograph Théorie des operations linéaires,
in the ‘Notes’ section [4, p. 237;243] there are references2 to the works
of A.N. Kolmogorov [27] and P.S. Urysohn [74]. It should also be noted
that the founder of the Moscow Mathematical School, N.N. Luzin3 took
part in the First Polish Mathematical Congress in Lvov (1927). In ad-
dition, he lectured at Polish universities, was keenly interested in the
state of Polish mathematics in the mid-1920s and discussed with W.
Sierpiński the direction of its development [65, p. 118].

Such close contact between two scientific communities4 led to ac-
celerated creation of new knowledge in functional analysis; the most
progressive ideas of one community were quickly picked up by the other.

2The author of this article found out about this fact thanks to the Reviewer 1.
3Among his students there were P.S. Alexandrov, P.S. Urysohn, A.N. Kol-

mogorov, V.V. Nemytskii, L.A. Lyusternik and L.G. Shnirel’man [43, p. 179], men-
tioned below.
4More detailed information about the scientific contacts of Polish and Soviet

mathematicians between two world wars is contained in [65].
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For better understanding of further development of functional anal-
ysis on the European and worldwide scale it is expedient to identify
common points in the investigations of the Soviet and Polish mathe-
maticians. The main aim of this paper is to assess the mutual influence
and relationship between the relevant scientific schools, restricting to
the mid-twentieth century, and consequences for the developing of func-
tional analysis in global. Three areas will be distinguished (mapping
degree, fixed-point method5 , Orlicz spaces) in which, in the author’s
opinion, the interests of these schools overlapped most.

2. Area 1: mapping degree. We start with the scientific inter-
actions that can be traced in the research of L.A. Lyusternik, L.G.
Shnirel’man, K. Borsuk, S. Ulam, J. Schauder and M.A. Krasnosel’skii.

Key concepts that made it possible to take qualitative methods for
investigating equations like f(x) = 0 to a new level, are the topological
(homotopy) equivalence of functions and the associated definition of the
mapping degree6 (deg f). They were introduced by L. Brouwer in 1912
in the study of continuous mappings of the n-dimensional sphere S into
itself [14]. The mapping degree of f is the multiplicity of the covering of
a surface S by its image f(S), determined up to homotopy7 and taking
into account the orientation.

In the figure 1 we see an example where deg f =2, if orientations of
S and f(S) are the same, or deg f =-2, if these orientations are opposite.

Figure 1: Covering S by f(S) [16, p. 136].

The major applications of the notion of degree, which brought Brouwer
the world fame, was the fixed-point theorem [14, p. 115]:
5Not based on the mapping degree.
6The history of this concept originates in the works of Gauss and Kronecker (see

[70], [53]).
7Two functions are homotopic if one of them can be transformed into the other

by a continuous deformation.
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If deg f6= (−1)(n+1), then the continuous mapping of the sphere Sn

into itself has at least one fixed point : ∃x ∈ Sn : f(x) = x.
One of finite-dimensional generalization of this theorem belongs to

K. Borsuk (Warsaw Mathematical School) and to S. Ulam (Lvov Math-
ematical School). In a simplified version, Borsuk–Ulam theorem says
the following (see, for example, [51, p. 21]):

B–U Theorem. If a function f is continuous on the n-dimensional
sphere Sn and has the antisymmetry property (that is, f(P ′) = −f(P ),
where P and P ′ are the ends of the same diameter of the sphere), then
there is a point P0 belonging to Sn at which the function f vanishes.

Developing this theme, in 1933 Borsuk proved two more statements
that are equivalent to B–U Theorem [11, p. 178]:

1. Antipodal theorem. Any spherically symmetric (f(P ′) = f(P ))
mapping of the sphere Sn into itself is an essential mapping (not
homotopic to a constant).

2. In any closed cover of the sphere Sn consisting of sets {M1, · · · ,Mn+1}
at least one of these sets contains a pair of antipodal points.

However, the second theorem was also formulated and proved by
the Soviet mathematicians Lyusternik and Shnirel’man as a lemma8 in
1930 at the context of the proof of the Poincaré conjecture about three
geodesics [47, p. 30].

The transfer of the concept of the mapping degree to the infinite-
dimensional case was carried out by the joint efforts of J. Schauder
and J. Leray (1934) [44], [45]. It was based on the following idea. The
equation

F (x) = x (1)

where x belongs to the Banach space E, is replaced by a more general
equation

F (k, x) = x, (2)

where k is a parameter, and the dependence on it is continuous. It is
assumed that for k = k0 equation (2) is solvable and has the form

F0(x) = x. (3)

The transition from the equation (1) to the equation (3) can be
realized by continuous transformation of the operator F.

8Therefore, it is often called Borsuk–Lyusternik–Shnirel’man theorem (see, for
example, [24, p. 91]).
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Suppose we have a topological invariant, characterizing the existence
of solutions for the entire family (2). Then the solvability of equation
(3) implies the existence of a solution of equation (1). Such an invariant,
as was shown by Leray and Schauder, is the mapping degree of x →
y = x − F (x) at the point y = 0, defined for a completely continuous
operator F (an operator that maps bounded sets into compact ones).

To implement this idea, Leray and Schauder used the so-called lo-
calized mapping degree of Φ : Ḡ → RN – the value deg(Φ, G,M). It
was defined by Brouwer in 1911 in his paper [13], devoted to the in-
variance of dimension (for historical details, see [21, p. 178–180]). To
determine deg(Φ, G,M), where G is a domain in RN ,M ∈ RN is a
point, Brouwer approximated Φ by a simplicial mapping Φε with accu-
racy ε. For sufficiently small ε, the difference between the number of
positive and the number of negative simplices covering M remains the
same for all approximating mappings; this is the “mapping degree in
micro scale” deg(Φ, G,M).

Suppose, that in Figure 2 S1 and S2 are positive simplices, covering
M ∈ S∗ and S3 is negative one. Then deg(Φ, G,M) =1.

Figure 2: Defining localized mapping degree [16, p. 135].

The most useful and applicable property of the localized mapping
degree is the following fact, proved by H. Hopf in 1926 [25]:

Theorem 1 If deg(Φ, G,M) 6= 0; Φ(X) 6= M for X ∈ ∂G, then the
equation Φ(X) = M is solvable in G. 2

This is an analogue of theorem on existence of the root for a continuous
function on a segment.

The transition to the mapping degree in an infinite-dimensional
space, realized in [44]–[45], can be divided into two stages:

1. Approximation of a completely continuous operator F by a fi-
nite operator Fn (Schauder projector) with values in a finite-
dimensional subspace En.
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2. Determination of the new mapping degree Deg(Φ, U, z) for Φ =
I−F at the point z ∈ U (U ⊂ E) in terms of the finite-dimensional
localized Brouwer’s mapping degree of the operator Φn = Φ|En =
In − Fn by the formula

Deg(Φ, U, z) = deg(Φn, U ∩ En, z). (4)

The correctness of the definition of Deg(Φ, U, z) by the formula (4)
follows from the independence of this degree from the choice of the
finite-dimensional subspace En and finite-dimensional operator Fn ap-
proximating F (it was demonstrated by Leray and Schauder in [44, p.
77]). The new mapping degree Deg(Φ, U, z) inherits all properties of the
finite degree, including fixed point principle, contained in the Theorem
1:

Let F : U → U be a completely continuous operator such that the
operator Φ = I − F does not vanish on ∂U . Then, if Deg(Φ, U, 0) 6= 0,
then there exists an element x0 ∈ U , such that Fx0 = x0.

The corollaries are the existence theorems for solutions of a family
of quasilinear boundary value problems with parameter λ. They were
proved by Leray and Schauder for the case when these solutions are
bounded and solvability of one problem for λ = λ0 was established.

Leray and Schauder’s research was continued in the late 1940s by
a representative of the Kiev School of functional analysis M.A. Kras-
nosel’skii. He considered vector fields defined on the boundary L of con-
nected bounded domains U(U ∈ E) having the same form Φ = I − F ,
as in (4). Unlike Leray and Schauder, Krasnosel’skii used a nonlocal
mapping degree for a domain U :

Deg(Φ, U) def= γ(Φ, L).

Here γ(Φ, L) is the rotation9 of the vector field Φ, determined as [33,
Ch. II, p. 125–127]:

γ(Φ, L) def= γ(Φn, ∂Ω),

Φn is Schauder projector Φ on a finite-dimensional subspace of E ;
Ω is Krasnosel’skii’s original covering of a special subdomain U, con-
taining zero vectors of Φ, by a finite number of balls of the space E.

Krasnosel’skii reformulated the Leray–Schauder principle as follows:

9Krasnosel’skii exploited a formula based on Kronecker’s integral and known to
J. Hadamard [1, p. 465–466].
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For the existence of a fixed point10 of a completely continuous field
Φ inside the domain U ⊂ E it is sufficient that the rotation of this field
on the boundary of U be non-zero.

Thereby, conditions for non-zero rotation of the field Φ are of great
interest. They were also found by Krasnosel’skii and were based on the
assertion that the rotations of homotopic fields are the same. This made
it possible to replace the given field Φ by a homotopic one, Ψ , whose
rotation is easy to calculate [31, p. 83–84]. The existence of homotopy
of completely continuous fields Φ and Ψ assumed the possibility of com-
pletely continuous deformation of them into each other [31, p. 84].

Generalizing B–U Theorem on completely continuous vector fields
in infinite-dimensional spaces, Krasnosel’skii obtained a new fixed-point
principle – an analog of the theorem of antipodal mapping in Banach
spaces [31, p. 82]:

Theorem 2 Let F be a completely continuous operator defined on a closed
ball B of a Banach space E with boundary S. If vectors Fϕ − ϕ and
F (−ϕ) + ϕ have different directions for each point ϕ of the sphere S,
then the rotation of the field Φ = I −F is odd and there is a point ϕ̄ in
the ball B such that Fϕ̄ = ϕ̄. 2

In the already cited paper [44], Leray and Schauder also proved
a theorem on existence of an isolated fixed point x0 for the completely
continuous differentiable vector field Φ = I − F . An essential condition
of the theorem was that Ax0 6= x0, where A is the Fréchet derivative
of the operator F. On the basis of this result, Krasnosel’skii proved
existence and uniqueness of the fixed point x0 for completely continuous,
differentiable vector field Φ, perturbed by the quantity F1 (i.e., a field
having the form Φε = Φ− εF1). Here F1 is a continuously differentiable
operator in a neighborhood of x0 and 0 < ε ¬ ε0 [33, p. 143].

Using the Leray–Schauder theory, non-local (with respect to λ) ex-
istence theorems for solutions of operator equations Au = λu were ob-
tained. They were extended to some classes of nonlinear differential and
integral equations in the last 1930s and 1940s by Leray himself and
some other mathematicians (for details, see [54]). In these theorems one
used fields, homotopic to linear fields in the form I – B, for which the
inequality ‖Bϕ − Aϕ‖ < ‖ϕ − Aϕ‖ holds for ϕ ∈ G ⊂ E [33, p. 128].
The role of the operator B was initially played by the Fréchet derivative
of A [45, p. 79].

10A zero vector of a field Φ is called a fixed point of it.
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In the development of these ideas, Krasnosel’skii proved the exis-
tence theorem for solutions of equations close to odd ones, but not close
to linear equations. Let A be a linear operator, B – be completely con-
tinuous and odd, then the field Φ = I−A−B is (due to the Theorem 2)
odd, but is not linear. For the small ε vector field Φε = Φ+εC, where C
is a completely continuous operator, is homotopic to the field Φ and its
rotation on some sphere of E is odd. These arguments led Krasnosel’skii
to a proof the following theorem [33, p. 164]

If in the equation

ϕ = Aϕ+Bϕ+ Cϕ, (5)

A is a linear operator, B is an odd completely continuous operator, C is
a completely continuous operator with a small norm, then the equation
has at least one solution.

An example of equation (5) is an equation with A.M. Lyapunov’s
series W =

∑
n
Wn(ζ), whose n-th term consists of n=2k summands

and each of them contains an iteration of a nonlinear operator of the
following form:

Aζ =
b∫
a

K(s, t)ζα(t)dt

(similar series occur in equilibrium theory of rotating liquid [8, p. 89]).

3. Area 2: fixed-point method. Research in this area was car-
ried out by Polish mathematicians J. Schauder, K. Borsuk and Soviet
mathematicians P.S. Urysohn, V.V. Nemytskii, P.S. Alexandrov, A.N.
Tikhonov, M.G. Krein and V.L. Shmul’yan.

Chronologically, the first out of the scientists listed who obtained
significant results in the development of the fixed-point method, was
Schauder. In 192511 he extended the theorem on existence of an in-
variant function, proved by G.D. Birkhoff and O. Kellogg in 1922 [5],
for continuous mappings, acting in the spaces C and Lp, to arbitrary
Banach spaces [67, p. 52]:

Let F be a continuous operator, acting in a linear complete normed
space E. If F transforms a closed convex set M ⊂ E into its compact
part, then F has a fixed point.

This theorem is an infinite-dimensional analogue of the corollary to
Brouwer’s theorem mentioned above: For any continuous mapping of

11The work was published in 1927.
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a finite-dimensional topological polyhedron into itself there exists a fixed
point [14, p. 115].

Schauder’s main motive was the theory of existence of solutions for
quasi-linear equations of mathematical physics (hyperbolic and elliptic)
such as, for example, the quasilinear Poisson equation:

∆z = f(x, y, z, zx, zy), (x, y) ∈ Ω ⊂ R2.

This equation is reducible to a functional equation of the form

U [z(x, y)] = z(x, y),

where U is a nonlinear integral operator.
In 1930 Schauder refined the formulation of the fixed-point theorem

by replacing the closed convex set by a compact one [68, p. 175].
The problem of fixed points was also actively investigated at that

time in the Moscow Mathematical School. Thus, in 1926 Nemytskii and
Alexandrov made a report at the Moscow State University Institute of
Mathematics and Mechanics presenting a fixed-point theorem in Hilbert
spaces [49, p. 146–147]. However, having heard about the more general
result of Schauder, Alexandrov and Nemytskii did not publish their
work.

The studies in the field of abstract topological spaces led to a differ-
ent view of the problem of fixed points. This problem was reformulated
as follows: What properties should the set have, so that for any continu-
ous transformation of it into itself there is a fixed point? The answer was
found within the framework of retract theory (K. Borsuk, early 1930s).

Sets whose arbitrary continuous maps into themselves have a fixed
point were called by Borsuk sets that have fixed point property. Investi-
gating these sets, he produced the concept of a retract [10, p. 153].

Let X be some set and Y ⊂ X. Y is a retract of the set X if there
exists a continuous map f : X → Y that leaves every point of the set Y
fixed.
The mapping f in this case is called the retraction of the set X on Y.

In the example on the Fig. 3, all points of the square ABCD are
mapped (retracted) to the CD side, moving parallel to the sides AC
and BD.

Borsuk named a set homeomorphic to a retract of the Hilbert cube,
[0, 1] × [0, 1/2] × [0, 1/3] × . . . , an absolute retract (AR-space) [11, p.
179]. An AR-space is a generalization of the concept of polyhedron to
an infinite-dimensional case [12]. This analogy helped Borsuk to prove
that any AR-space has the property of a fixed point [10, p. 160]. The
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Figure 3: Retraction of the square to its side.

proof was based on the topological identity of a subspace of the Hilbert
cube and a separable metrizable space, established by Urysohn in 1924
[73], and on Schauder fixed point theorem.

The results of Borsuk and Schauder are valid for functional equations
Fx = x considered in Banach spaces. The transition to non-complete
spaces was made by A.N. Tikhonov, P.S. Alexandrov’s student. In 1935
Tikhonov introduced so-called locally convex spaces, as topological vec-
tor spaces in which there exists a basis of neighborhoods of zero consist-
ing of convex sets [72, p. 768]. A typical example of locally convex spaces
are Köthe’s sequence space K12 , discovered in 193413 [29]. Tikhonov
generalized Schauder fixed point theorem to continuous mappings in
locally convex spaces:

Every continuous mapping of a convex compact set in a locally con-
vex space into itself has at least one fixed point (Schauder–Tikhonov
theorem).

Note that a Banach space (and any normed space) is locally convex.
The converse is not true. Moreover, a locally convex space is normable
if and only if it contains a bounded open set (Kolmogorov theorem [28,
p. 30]).

One of the direct applications of Schauder–Tikhonov theorem was
existence theorem for the solutions of an infinite (countable) system of
first-order nonlinear differential equations:{

dyα
dx

= fα(x, . . . , yβ, . . . ),
yα(x0) = y0α

α, β ∈M (6)

12Let us remark that extension of this theorem to any Hausdorf topological vector
spaces was implemented only in 2005 [18]. The author was informed about this
fact by Professor M. Zarichnyi at the conference Development of Mathematics and
Related Sciences in Central-Eastern Europe in the 20th Century.
13Tikhonov, apparently, did not know about Köthe’s space at that time.
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where M is a set of arbitrary cardinality, and the right-hand sides of (6)
fα are continuous and bounded functions for |x− x0| ¬ a.

It is interesting to note that independently of Tikhonov, locally con-
vex spaces were also identified by S. Mazur in his lecture Une classifi-
cation des espaces linéares, given by him in February 1935 [30, p. 511].

Schauder’s geometric ideas were developed in Nemytskii’s studies of
1934–1936 on the qualitative theory of integral equations ([59]–[60]). To
prove the existence theorems for the Hammerstein equation

u(x) = λ
∫
G
K(x, y)f(y, u(y))dy (7)

he applied Schauder’s fixed point theorem, method of decomposition of
a Hammerstein operator (for details, see [9, p. 96]) and Banach contrac-
tion principle. The last one is [59, p. 439] as follows:

If a mapping of a complete metric space to its part makes the distance
between the images less than the distance between the preimages, then
there exists one and only one fixed point.

This principle was formulated and proved in 1922 by S. Banach [2,
p. 160] for complete normed spaces and was extended to metric complete
spaces in 1930 by R. Caccioppoli [17].

A corresponding theorem of Nemytskii (in a simplified form) looks
like this [59, p. 448], [60, p. 161]:

If the functions K(x, y) and f(y, u) are bounded in L2(Lp) as func-
tions of the variable y, and the function f(y, u) satisfies the Lipschitz
(Hölder) condition with respect to the variable u, then there exists a unique
solution of the equation (7).

A more general result, including the principle of contracting map-
pings and Schauder’s theorem, was obtained by Krasnosel’skii in 1955
[32, p. 125]:

Let U ⊂ E be a closed convex set; let (A + B)ϕ ∈ U for ϕ ∈
U , where A is completely continuous, and B is a contraction operator:
‖Bϕ1 − Bϕ2‖ ¬ q‖ϕ1 − ϕ2‖ where 0 < q < 1. Then the operator
C = A+B has a fixed point in U .

This theorem was applied to justification of the method of successive
approximation for nonlinear operator equations.

A significant number of general propositions in the theory of Banach
spaces in 1930s–1940s were established because they were analogues of
various statements of n-dimensional Euclidean geometry [39, p. 613].
One such assertion was H. Minkowski’s theorem [57]:

If a linear manifold does not contain interior points of a convex body,
then there exists a hyperplane containing this linear manifold, on one
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side of which the given convex body is located.
In the studies of S. Mazur this theorem was generalized to infinite-

dimensional spaces (1933). He proved that if a point x0 does not belong
to a closed convex set K of a linear normed space E, then there exists
a hyperplane f(x) = c (f ∈ E∗), which separates K and x0 : f(x0) > c
and f(x) ¬ c for any x ∈ K [56, p. 72–73].

Developing Mazur’s results about the weak closedness of convex
closed sets [56, §2] and about the compactness of the convex hull of com-
pact sets in Banach spaces [55, p. 7], M.G. Krein and V.L. Shmul’yan14

proved the following theorem (1940), [38, p. 579]:
If S is a weakly compact set in E, then its weak closure is weakly

compact and weakly closed, and the convex hull of S is weakly compact
(Krein–Shmul’yan theorem).

For the sake of completeness we give the definitions implicit in this
theorem.

The sequence xn ∈ E weakly converges to the element x0 ∈ E if for
any linear functional f ∈ E∗ the following condition is satisfied:

lim
n→∞

f(xn) = f(x0).

Here the element x0 is called the weak limit of the sequence {xn}.
If from any sequence {xn} ∈ S one can choose at least one subse-

quence that weakly converges in E to some point x0 ∈ E, then S is
called weakly compact. The weak closure of S is the set of all elements
of S and their weak limits. The set is weakly closed if it contains all its
weak limits.

Krein–Shmul’yan theorem also became classical. At present, it is
included in textbooks of Banach spaces theory (see, for example, [58,
Ch. 3]) and of nonlinear analysis (see, for example, [20, Ch. 3]).

The proof was based on the theory of regularly convex sets developed
by the authors, following the pattern of the Banach’s theory of regu-
larly closed linear subspaces of the conjugate space E∗ [3, Ch. VIII].
In addition to the modification of the transfinite methods used by Ba-
nach, Krein and Shmul’yan utilized some facts concerning the classical
moment problem [38, p. 557]. The central place in Krein–Shmul’yan’s
theory was occupied by the concepts of regular hyperplanes and regular
convex bodies in the space E∗. They called the hyperplane H ∈ E∗

14V.L. Shmul’yan died on a battlefront on the outskirts of Warsaw in 1944 [41, p.
131].
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regular if its equation can be given in the form15

f(x0) = c,

where f ∈ E∗, x0 is some element of E, corresponding to the hyperplane,
and c ∈ R. The set K ∈ E∗ was called regularly convex if any element
g ∈ K can be separated from K by a regular hyperplane [39, p. 615].

Krein–Shmul’yan theorem made it possible to generalize the follow-
ing Schauder fixed point theorem [68, p. 176–177, Satz III] as follows:

Let E be a separable Banach space; S ⊂ E is a convex, weakly com-
pact, and weakly closed set. If a weakly continuous16 operator F trans-
forms the set S into its part, then it has a fixed point x0 (Fx0 = x0).

These generalizations were formulated as two theorems for operators
acting in the spaces E and E∗ [38, p. 581].

Theorem 3 Let S ⊂ E be a convex closed set. If a weakly continuous
operator F(x), defined on S, transforms it into a separable and weakly
compact part of S, then it has a fixed point x0 (Fx0 = x0). 2

Theorem 4 Let K ⊂ E∗ be a convex, separable, and weakly closed set.
If a weakly continuous operator F(f) maps K into its weakly compact
part G ⊂ E∗, then it has a fixed point f0 (Ff0 = f0). 2

4. Area 3: theory of Orlicz spaces and its applications.
In the preceding section, the notion of the convexity of sets and

spaces played a significant role. In this section the concept of convex
functions will be used. The main interest here is in the interconnections
that unite the studies of W. Orlicz, M.A. Krasnosel’skii, Ya.B. Rutitskii
and some other mathematicians ([64, Chap. 6], [9], [48], [6]).

W. Orlicz’s generalization of Lp spaces in 1932–1936 led to the emer-
gence of new classes of summable functions LM . These classes were de-
termined by means of special convex functions (N -functions), instead
of power functions, figuring under the integral in the definition of the
norm in the space Lp [61] – [62]. Orlicz introduced a norm in LM by
analogy with Banach’s normalizing of the space Lp (using the norm of
the conjugate space):

‖u‖LM = supρN (v)¬1

∫ b

a
uvdx,

15A standard hyperplane is determined by the equation X0(f) = c, where X0 ∈
E∗∗.
16An operator A is said to be weakly continuous if, for every xn, the fact that xn

weakly converges to x0 implies that Axn weakly converges to Ax0.
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where ρN(v) =
∫ b
a N(v(x))dx and N(x) is the Young conjugate function,

corresponding to M(x). Orlicz constructed the theory of Banach spaces
L∗M and used so-called ∆2-condition17 for the generating function M(x)
(it means that M(x) grows no faster than a power function) in paper
[61]. In 1936 Orlicz defined spaces L∗M in general, that is without ∆2-
condition and studied the role of this condition in such problem as
separability, representation of linear functionals, weak compactness and
reflexivity of L∗M [62, p. 97–98].

Orlicz spaces18 with ∆2-condition were applied to the study of inte-
gral equations by A. Zaanen [75] in 1946. He showed complete continuity
of linear integral operators with unbounded kernels which are integrable
with some N -functions. This made it easy to prove the solvability of the
corresponding equations

Lu(x) =
∫
D

K(x, y)u(y)dy,

using Schauder fixed point theorem.
Extension of Zaanen’s approach to nonlinear integral equations was

rather difficult. The difficulty came from the fact that ∆2-condition
did not allow one to consider operators with fast-growing functions
f(y, u(y)) on the right hand of (7) such as

A1u(x) =
∫
D

K(x, y)eu(y)dy. (8)

At the same time, for power nonlinearities, Lp spaces were quite suffi-
cient, as showed by Nemytskii.

The hurdle was overcome by Krasnosel’skii. He proposed to consider
Orlicz spaces without ∆2-condition (thus obliterating “good” properties
of spaces L∗M mentioned above – reflexivity, separability, etc.) This idea
was developed by Krasnosel’skii himself and by his student Ya. B. Ru-
titskii. They introduced a new classification of N -functions, determined
by their behavior at infinity [35, p. 23–25]:

• functions that grow faster than any power function (satisfying the
so-called ∆3-condition);

• functions that have exponential growth (satisfying the so-called
∆2-condition).

17This condition was introduced by J.C. Burkill in 1928 [15, p. 494].
18The term was first used by S. Lozinski in 1944 [46]. The author of this article

was informed about it by the 2nd reviewer.
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Within the framework of the revised theory of Orlicz spaces Kras-
nosel’skii and Rutitskii defined in L∗M the closure of the set of bounded
functions and named it EM . This subspace has a number of useful prop-
erties, such as separability and linearity, and satisfies the theorem on the
representation of linear functionals. Using Nemytskii’s results [59], they
formulated the condition of complete continuity of the Hammerstein
operator H1 in L∗M :

H1u(x) =
∫
D

K(x, y)f(y, u(y))dy.

Its nonlinear part should satisfy Caratheodory condition and the in-
equality:

|f(x, u)| ¬ b(x) +R(|u|); x ∈ D, u ∈ (−∞,+∞),

where R(u) is a positive, continuous and monotone increasing function
for u  0; b(x) ∈ LN . The function αK(x, y) must be M(u)-integrable
with respect to the aggregate of variables (x, y) ∀α > 0. An example of
such an operator may be the operator A1 defined in (8).

Krasnosel’skii and Rutitskii proved that sufficient conditions for the
complete continuity of the operator H1 in Orlicz space depend on the
rate of growth of the function R(u) at the infinity. For the case when
b(x) ≡ b = Const these conditions have the following form:

If the function M(u) satisfies ∆3 or ∆2-condition, and R(u) has
growth order subordinate to M(u), then the operator H1 is completely
continuous in some ball BM of the space L∗M .

Under the condition of complete continuity of the Hammerstein op-
erator H1 in the space L∗M , the proof of the existence theorem for the
equation19 u = λH1u for small λ was carried out by Krasnosel’skii and
Rutitskii in two stages20:

1. selection of the compact set K ⊂ BM ⊂ L∗M which transforms to
itself by the operator H1;

2. application of Schauder fixed point theorem.

The solvability of Urysohn equation u = λH0u, where

H0u(x) =
∫
D

K(x, y, u(y))dy,

19 Similar equations appear in the modelling of the process of combustion and
thermal explosion. For the details see [9].
20This approach was originated by Schauder in his work [69].
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was established by a similar algorithm [35, §19] under restrictions

|K(x, y, u)| ¬ k(x, y)[a(x) +R(|u|)], x ∈ D, u ∈ (−∞,+∞),

where k(x, y) ∈ EM × EM .
Let us emphasize that Krasnosel’skii was deeply involved in Orlicz’s

ideas based on N -functions, LM classes and L∗M spaces and skillfully
developed this theory in its use in nonlinear integral equations solving.
Shortly after the publication of the monograph Convex functions and
Orlicz spaces [36] and its English translation [37] he was considered as
the second expert after Orlicz in the theory of spaces L∗M [66, p. VII]. In
this regard, the monograph of famous scientists M.M. Rao (USA) and
Z.D. Ren (PRC) Applications of Orlicz spaces (2002), was dedicated to
the memories of both Orlicz and Krasnosel’skii.

5. Conclusion
The problem of the mutual influence of Polish and Soviet scientists

in the field of non-linear functional analysis (even for 30 years) seems to
be quite extensive and it is not possible to disclose it full in one article.
For example, the works of L.V. Kantorovich and his students in the
semi-ordered spaces dated by 1940s–1950s (see the bibliography in [26])
and, adjacent to this topic, research of M.G. Krein and M.A. Rutman
in the field of cones theory [40], undoubtedly influenced the scientific
worldview of Polish mathematicians. However, this topic does not fit
well into the framework of methods of nonlinear analysis outlined above.
If circumstances permit, it will be described in an upcoming article in
its entirety.

Nevertheless, based on the sections of functional analysis discussed
here, definite conclusions can be drawn.

Firstly, the work of Polish and Soviet mathematicians propelled ac-
tive dissemination of the ideas of non-linear functional analysis. In all ar-
eas mentioned the following pattern could be observed: fundamental re-
sults obtained by Polish scientists were developed in the work of their So-
viet colleagues. Afterwards, the works of the latter also became classical.
Eventually, during the 30 years (1925–1955), the world science was en-
riched by such achievements as Schauder, Borsuk, Schauder–Tikhonov
and Krasnosel’skii fixed point theorems; Mazur and Krein–Shmul’yan
theorems about the closedness of convex sets. New approaches to solv-
ability of nonlinear integral equations in Lp spaces (Nemytskii) and
Orlicz spaces L∗M (Krasnosel’skii, Rutitskii) were developed. New fixed-
point principles, based on the theory of mapping degree (Leray, Schauder)
and on the generalization of the Borsuk–Ulam theorem (Krasnosel’skii),
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were obtained. All these results are included in some form or other in
monographs on nonlinear functional analysis (see, e.g., [76]).

Remarkable is the fact of postgraduate learning in Moscow State
University of a graduate of the Warsaw University A. Granas (later he
became a professor with a world-famous name). He was under scientific
supervision of two leading mathematicians: a Soviet one (a specialist
in functional analysis L.A. Lyusternik) and a Polish one (a topologist
K. Borsuk) [24, p. 691]. The result was a thesis Some Applications of
the Antipodal Theorem in Topology of Functional Spaces, which was
successfully defended at Moscow State University in 1958 [50]. This is
an evidence of high degree of mutual trust of representatives of scientific
schools. Such cooperation became possible also due to the kinship of
scientific interests and close levels of development of nonlinear functional
analysis and topological methods of analysis in Poland and in the USSR
in the period under review.

Secondly, the discussed research of Polish and Soviet mathematicians
stimulated the emergence of new investigations in nonlinear functional
analysis in the late 1950s – early 1970s both in these countries and
outside of them. We mention the most famous scientists21 whose results
are a continuation of research in the field of fixed point methods, the
theory of mapping degree, and applications of the theory of Orlicz spaces
[24, §1; §5–7; §13], [76, Ch. 2], [34, Ch.6], [23, §5], [63, §5], [52]:

• USSR:
– Leningrad (O.A. Ladyzhenskaya, N.N. Uraltseva, V.G. Mazja);
– Moscow (A.A. Markov, L.A. Lyusternik, M.I. Vishik, Y.A. Du-
binskii, M.M. Vainberg);
– Voronezh (M.A. Krasnosel’skii, S.G. Krein, Ya.B. Rutitskii, P.P.
Zabreiko, Yu.G. Borisovich, P.E. Sobolevskii, I.S. Iokhvidov, B.N.
Sadovskii, A.I. Perov);
– Odessa (M.G. Krein, M.A. Rutman, D.P. Mil’man);
• Poland: Warsaw (A. Granas, W. Holsztyński, M. Altman); Cracow

(T. Ważewski, S. Zaremba);
• USA (F.E. Browder, K. Fan. V.L. Klee, F.R. Meyers, S. Kakutani,

J. Dugundji, W. V. Petryshyn, J. Cronin, R. D. Nussbaum, P.
Hartman, Charles B. Morrey, M. Schechter, V.L. Shapiro);
• France (J. Leray, H. Brezis, J.– L. Lions, R. Temam);
• Germany (H. Amann, E. Kamke);
• Australia (N.S. Trudinger)

21The final list was compiled taking into account the additions of the 2nd Reviewer.
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• Belgium (J.P. Gossez, J. Mawhin);
• Canada (M. Edelstein);
• Japan (M. Hukuhara, S. Yamamuro, M. Nagumo);
• Italy (R. Caccioppoli. E. Magenes, C. Miranda, G. Scorza-Dragoni,

G. Stampacchia, G. Talenti);
• Romania (V. I. Istrǎtescu);
• Sweden (T. Carleman, M. Riesz);
• Czech Republic (S. Fucik, A. Kufner, P. Drabek).

In addition, these studies initiated new approaches to solutions of ap-
plied problems [6, p. 33], [7, p. 84], [71].

6. Acknowledgement
The author is grateful to R.R. Mukhin (Russia, Stary Oskol Techno-

logical Institute) for attention paid to this work and for helpful discus-
sions, as well as to L. Maligranda (Sweden, Lule̊a University of Technol-
ogy), J. Mawhin (Belgium, University of Leuven), W.Wiȩsław (Poland,
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nelles, Ann. Sci. École Norm. Sup. 61, 45–73. MR 1509338; Zbl
0009.07301

[45] Ëåðýé Æ., ØàóäåðÞ. Òîïîëîãèÿ è ôóíêöèîíàëüíûå óðàâíå-
íèÿ (Ïðèìåíåíèå íåêîòîðûõ òîïîëîãè÷åñêèõ ìåòîäîâ ê èññëå-
äîâàíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîä-
íûìè), ÓÌÍ, 1:3-4 (13-14) (1946), c. 71�95. (in Russian). Zbl
0060.27704

http://www.ams.org/mathscinet-getitem?mr=0126722&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0126722&return=pdf
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0095.09103&format=complete
http://www.ams.org/mathscinet-getitem?mr=0002009&return=pdf
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0024.41305&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0039.11603&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0039.11603&format=complete
http://www.ams.org/mathscinet-getitem?mr=0027128&return=pdf
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0030.12902&format=complete
http://www.ams.org/mathscinet-getitem?mr=0184835&return=pdf
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0127.00607&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0127.00607&format=complete
http://www.ams.org/mathscinet-getitem?mr=0565253&return=pdf
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0438.01006&format=complete
http://www.ams.org/mathscinet-getitem?mr=0386959&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1509338&return=pdf
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0009.07301&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0009.07301&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0060.27704&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0060.27704&format=complete


E. Bogatov 153

[46] Lozinski S., (1944) On convergence and summability of Fourier
series and interpolation processes, Rec. Math. [Mat. Sbornik] N.S.,
14(56):3, 175–268. MR 0012144; Zbl 0060.18301

[47] Lyusternik L.A., Shnirel’man L.G. (1930) Topologicheskie metody
v variazionnyh zadachah, Issled. in-t matem. i meh. pri 1 MGU,
Moscow (in Russian). JFM 56.1134.02

[48] Maligranda L., Wnuk W. (2000) Władysław Orlicz (1903-1990),
Rocz. Pol. Tow. Mat., Ser. II, Wiadom. Mat., 36, 85–147. MR
1817358 Zbl 1242.01057

[49] Ìàòåìàòèêà: Íàóêà â ÑÑÑÐ çà ïÿòíàäöàòü ëåò (1917-1932).-
Ìîñêâà-Ëåíèíãðàä: Ãîñ. òåõíèêî-òåîðåò. èçäàò., 1932. 239 ñ.

[50] Mathematics Genealogy Project. Andrzej Granas [Online]22
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Kluczowe momenty wzajemnego oddziaływania
polskich i sowieckich szkół

nieliniowej analizy funkcjonalnej w latach 1920–1950

Egor Mikhailovich Bogatov

Streszczenie. Artykuł zawiera kluczowe aspekty historii rozwoju me-
tod jakościowych nieliniowej analizy funkcjonalnej (twierdzenia o punk-
cie stałym, teoria stopnia odwzorowania, teoria przestrzeni Orlicza),
w ramach których najbardziej uwidoczniły się wzajemne oddziaływa-
nia polsko-radzieckie. Do połowy XX wieku w dziedzinach tych dokonał
się postęp za sprawą przedstawicieli lwowskiej szkoły matematycznej,
warszawskiej szkoły matematycznej, moskiewskiej szkoły matematycz-
nej i odeskiej szkoły matematycznej. Analiza ich rezultatów stanowi
główną część niniejszej pracy. Szczególną uwagę zwracamy na bada-
nia matematyka radzieckiego M. A. Krasnosel’skiego, który korzystał
z wyników J. Schaudera i K. Borsuka oraz z przestrzeni Orlicza przy
rozwiązywaniu szerokiej klasy problemów z jakościowej teorii nielinio-
wych równań całkowych.
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