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Aleksander Kharazishuvili

ON ALMOST INVARIANT SUBSETS
OF THE REAL LINE

Some partitions of the real line, consisting of almost invariant sets,
are considered and one theorem of Sierpiiski concerning such parti-
tions is generalized.

Let £ be an infinite basic set. We denote by Sym(FE) the family
of all bijective mappings acting from E onto E. Obviously, Sym(E)
is a group with respect to the operation of composition of mappings.
Let us fix a subgroup (7 of Sym(F). The pair (£, ) is usnally called
a space equipped with a transformation gronp. If the group (7 acts
transitively in £, then the pair (£,G) is called a homogeneons space
(with respect to (7).

Let X be a subset of E. We say that X is almost G--invariant (or
X is almost invariant with respect to () if, for each transformation
¢ € G, we have the inequality

card(g(X)AX) < card(F),

where the symbol A denotes, as usual, the operation of symmetric
difference of two sets.

Evidently, the following three relations hold:

1) il a set X is almost G-invariant, then the set £\ X is almost
G=invariant, too:
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2) if sets X and Y are almost G—invariant, then the set X UY is
almost G—invariant, too;
3) if we have the inequality

cf(card( ) > w

and {.X, n € w} is an arbitrary countable family of almost G-
invariant subsets of £, then U{X, n € w} also is an almost G-
invariant subset of 2.

In particular, relations 1) and 2) show us that the family of all
almost G=invariant sets forms an algebra of subsets of £. Relation
3) shows us that if ¢f(card(F)) > w. then the same family forms a
o-algebra of subsets of [,

We want to remark that almost invariant sets play an important role
in the theory of invariant (or, more generally, quasiinvariant) measures.
Some applications ol such sets to the theory of invariant extensions of
the classical Lebesgne measure are considered in [1] and [2].

There are many interesting examples of almost invariant subsets of
the real line R (see, for instance, [2], [3] and [4]). One of the earliest
examples is due to Sierpinski (see [5]). Namely, Sierpinski constructed,
using the method of transfinite recursion, a partition {X, Y} of R such
that

a) card(X) = card(Y') = card(R);

bh) for each ¢ € R, the inequalities

card((g + X)ANXN) < card(R), card((g+ Y)AY') < card(R)

are fulfilled.

In particular, both the sets X and Y are almost R-invariant subsets
of R. Moreover, it is possible to show, by the same method, that the
partition { X, Y} mentioned above can have some additional properties.
For instance, the sets X and Y can be Bernstein subsets of the real
line R (for the definition of a Bernstein subset of R, see e.g. [3] or [4]).
Notice also that if Martin’s Axiom holds, then one of the sets X and
Y can be a Lebesgue measure zero subset of R (or a first category
subset of R). But it is reasonable to remark here that X and Y cannot
be Borel subsets of the real line.
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If the Continunm Hypothesis holds, then the Sierpinski partition
{ X, Y} satisfies the following two conditions:

(a) card(X) = card(Y') = card(R);

(b) for each ¢ € R, we have

card((g + X)AX) <w, card((g+Y)AY) L w.

Conversely, it is not difficult to prove that the existence of a parti-
tion {X, Y} of R satisfying conditions (a) and (b) implies the Contin-
uum Hypothesis.

Now, let (¢ be an uncountable subgroup of the additive group of R.
Suppose that {X,Y} is a partition of the real line such that

(1) card(X) = card(Y') = card(R);

(2) for any element ¢ € G, the inequalities
card((g + X)AX) <w, card((g+Y)AY)<w

are fulfilled.

Then the following question naturally arises: does the Continnum
Hypothesis hold in such a sitnation? Clearly, the answer to this ques-
tion is negative. Indeed, it is easy to see that if ¢’ is a proper subgroup
of R with

card((7) = card(R),

then the partition

{‘\,, )} = {(.',‘ R\ (:'}

consists of two G—invariant subsets of the real line and, hence, satisfies
conditions (1) and (2), but the cardinality of the continuum (denoted
by ¢) can be strictly greater than the first uncountable cardinal number
wi. Thus, if we want to dednce the Continnum Hypothesis from the
existence of a partition {X, Y} of R satisfying conditions (1) and (2),
we must have some additional information abont { X, Y'}. In our further
considerations we shall discuss some properties of {X, Y} which enable
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DQG LV DQ XQFRXQWDEOH VHW \ WEWXHFKHMKYKWW DQ HOHPH

DUG ~L FML =~ WR
+HQFH ZH REWDLQ WKH LQHTXDOLW\
FDUG J I< I Xl

ZKLFK \LHOGV D FRQWUDGLFWLRQ ZLWK FRQGLWLRQ 71
VKRZV XV WKDW UHODW LRQ F LV WUXH 1RZ WDNLQJ LQW
LW LV HDV\ WR VKRZ WKDW UHODWLRQVY D DQG E DUH I
&RQYHUVHO\ VXSSRVH WKDW D SDUWLWLRQ ~: M > RI WK
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