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ON ALMOST RIGID MATHEMATICAL
STRUCTURES

We discuss a concept of an almost rigid mathematical structure
and a concept of an almost rigid mathematical structure in the strong
sense.  We compare these two concepts with the usnal notion of a
rigid mathematical structure. We also consider an application of the
introduced concepts to the theory of linearly ordered sets.

Let ¥ be a type of a mathematical structure in the usnal sense of
N.Bourbaki (see [1]). For example, © may be the type of a topological
structure, the type of a structure of a measurable space, the type of an
order structure and of many others.

Suppose that our type ¥ satisfies the following two conditions:

1) for the class of all structures of this type, a class of morphisms
(homomorphisms) is defined in such a way that we have a category in
the standard algebraic sense;

2) if [ is a basic set, S is a structure of the type ¥ defined on FE,

and X is an arbitrary subset of 2, then there exists a struncture Sy of

the same type ¥ such that Sy is delined on X and is induced by the
original structure S,

Condition 2) can be called a hereditarility property of the given
strncture type ¥. Notice that topologies, measurable spaces and rela-
tion structures satisly condition 2). There are also many other struc-
tures for which this condition is fulfilled.
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ON ALMOST RIGID STRUCTURES

B
|

Let £ be again a basic set and let S be some structure of the type
Y defined on 2. Let us recall that the structure S is rigid if the group
of all antomorphisms of S5 is a one-element set. In other words, the
structure S is rigid if and only if the identity transformation of the
basic set [ is a unique antomorphism of S.

In a more general sitnation, we say that a structure S on £ is almost
rigid if, for every automorphism [ : (£,S) — (E,S) of this structure
onto itself, the inequality

card({v € E : [(x) # x}) < card(E)

holds. Further., we say that a structure S on [ is almost rigid in the
strong sense if. for every monomorphism ¢ : (E,5) — (E,5) of this
structure into itself, the inequality

card({x € E : g(x) # x}) < card(E)

holds. Let us remark that il a basic set [ is finite, then the notion of an
almost rigid structure (on £) may rather frequently coincide with the
notion of an almost rigid structnre in the strong sense. For instance,
suppose that ¥ is the type ol an algebraic structure or the type of a
structure of a linearly ordered set and let S be a structure of the type
Y defined on a finite basic set . Then it can easily be checked that S
is almost rigid if and only if S is almost rigid in the strong sense.

Of course, any rigid structure is almost rigid, but the converse as-
sertion is not true. It is clear that any almost rigid structure in the
strong sense is almost rigid, too. The following simple example shows
us that there exists a graph strncture which is almost rigid in the strong
sense but is not rigid. :

Example 1. Let @ and y be any two distinet elements which do
not belong to the conntable set of integers {1,2,....n,...}. Let us pnt

B gl TR ot b}

and let us define the graph structure S on the set £ by the following
edges:

thakdh vk {12}, 12,8} b4 i
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Then it is not difficult to check that S is not a rigid structure. At
the same time S is almost rigid in the strong sense. Moreover, here
every monomorphism of the structure S into itself moves at most two
elements of the basic set [

Let ns notice, in connection with Example 1, that a structure of
an infinite well ordered set without the last element gives us a simple
example of a rigid structnre which is not almost rigid in the strong
sense.

Let £ be an infinite basic set and let S be a structure of the type
Y defined on E. The following two questions naturally arise:

Question 1. Does there exist a subset X of the set £ with
card(X') = card( ') such that the structure Sy induced on X is rigid?

Question 2. Does there exist a subset X of the set £ with
card(X) = card(l) such that the strncture Sy induced on X is al-
most rigid (or is almost rigid in the strong sense)?

Notice that Question | was extensively investigated by several au-
thors for a topological structure and Question 2 was extensively inves-
tigated for a measurable space structure (see, e.g., the article of Shortt
[9] and references given in this article).

Let us remark also, in connection with the first question, that in
the most ol interesting and important situations the answer to this
question is negative. In particular, one of such sitnations is described
in the next simple example.

Example 2. Let us consider the type ¥ of a structure of a measur-
able space with the additional axiom which says that all one-element
subsets of a basic set are measurable. This type of a structure can
often be met in varions domains of mathematics, especially in modern
analysis and probability theory. Now, let I/ be an infinite basic set and
let .S be a striuctnre of the type ¥ on . Then it is not difficult to see
that, for the pair (£.5), the answer to Question 1 is negative.

Another simple example of such a sitnation can be obtained if we
consider the type ¥ of a structure of a complete graph defined on an
infinite hasic set.
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7LPV ZH VHF WKDW LW LV PRUH SHUVSHFWLYH WR LQYH
FRQFHUQLQJ WKH H[LVWHQFH RI DOPRVW ULJLG UHVSHFWL
WKH VWURQJ VHQVH VXEVWUXFWXUHV LQGXFHG E\ WKH R!
‘H ZDQW WR QRWLFH LQ FRQQHFWLRQ ZLWK 4XHVWLRQ W
HVWDEOLVK VRPH JHQHUDO FRQGLWLRQV VXIILFLHQW IRU W
RI WKH DERYH PHQWLRQHG TXHVWLRQ VHEH IRU LQVWDQFF
ORZ 1RWLFH DOVR WKDW WKRVH JHQHUDO FRQGLWLRQV D!
Rl SDUWLDO LVRPRUSKLVPV RU LQ WHUPV RI SDUWLDO PRQ
JLYHQ VWWXGWWUWH UHFDOO WKDW HJ D SDUWLDO PRQRPRI
LOQMHFWLYH KRPRPRUSKLVPG6RI W KHG6IRWKH UMW
VXEVHWDRIG\ LV W KH VW UXFW XUH RQ 9 LQGXFHG E\ WKH RU
WXUH $FWXDOO\ ZH FDQ VD\ WKDW RQH RO W KRVH VXIILFLH
UHVHQWY DQ DEVWUDFW YHUVLRQ RI WKH SXUHO\ WRSROR:
RUHP DERXW H[WHQVLRQV RI ,PPHRPRUSKLVPV RI VXEVHWYV
WR KRPHRPRUSKLVPV RO K~ VXEVHWV RI VXFK VSDFHV 7K
RUHP ZLWK LWV YDULRXV JHQHUDOL]DWLRQV DQG DSSOLFC
FRQVLGHUHG LQ WKH ZHOO NQRZQ PRQRJUDSK RI .XUDWRZV

,Q RUGHU WR ORUPXODWH @GURSRINIWLPBQH DX[LOLDU\ QR
WLRQ FRQFHUQLQJ SDUWLDO KRPRPRUSKLVPV 1DPHO\ OHW

< 6\ ! ( 6 M = 6 M® ( 6

EH DQ\ WZR SDUWLDO KRPRPRUSKLVPV :H VKDOO VD\ WK
KRPRPRUSKLVPMRUKWHY WKH SDUWLDQ@IKRWPPRMRUSKLVP
HIWHQVIpRQ RI

URSRVLWLHRWEH D VWUXFWXUH RX DQ LQILQLWH EDVLF
VXSSRVH WKDW LRU HDFK VXEVHW ' RI ( ZLWK F LUG
HILWWWUXFWXUH 6S RQ ' LQGXRK®KEDW WEHSIHRN H. VW V
D IDPINRO SDUWLDO LQRQRPRUSKLVPVY DFWLQJ IURP VXE\
( VDWLVI\LQJ WKH IROORZLQJ WZR FRQGLWLRQV

FDWG FDUG (
IRU HYHU\ SDUWLDO PRGRBRUS$SKLVWKHUH LV
D SDUWLDO PRQRP.RUSKK WVWKDW | PDMRUKWHYV M

7KHQ WKHUH H[LEWN (DVIDXAEMHW.QJ WKH QH[W W ZR UHOD\

DFDUG ;FDUG (

E IRU DQ DUELWUDU\ PRQRSPRBUBKEYV E WEH



FDUGLQDOLW\ RI WKH VHW
ACUH NS

LV VWULFWO\ OHVV WKDQ WKH FDUGLQDOLW\ RI ;
&RQVHTXHQWO\ WKH VWUXFWXUH 6? LV DOPRVW ULJL
LQ SDUWLFXODU WKLV VWUXFWXUH LV DOPRVW ULJLG

BURRVHW 2 EH WKH OHDVW RUGLQDOF@XE®GEHU RI FDUGL!
2EYLRXVO\ ZH FDQ UHSUHVHQW WKH IDPLOV N LQ WKH IRU

N W L ©"

/JHW XV UHPDUN WKDW WKH LGHQW®WH®R QWWDW®Q RI| RVKMD WIPRQ R
LO\ NDQG ZLWKRXW ORVV RI JHQHUDFORR\L\Q ZAH: ®RW\ DVVXP
ZLWK WKLV WUDQVIRUPDWLRQ 1RZ OHW XV GHILQH DSS
WUDQVOLQLWH UHFXUVLRQ DQ LQMHFWLYH IDPLO\

RS e

RI HOHPHQWYVY RI WV(KH6EBSRNVNHUMWKRW DQG D SDUWLDO
IDPLO\ o R HOHPHQWINMVRDOUHDG\ EHHQ GHILQHG /H
XV FRQVLGHU WZR VHWYV
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R™ RI HOHPHQMRZ ROHW XV SXW



&OHDBOUG ;FDUG QURP WKH DVVXPSWLRQV RI WKH SURSRV
LW IROORZV WKDW WKHUH?RQL$WLM DQ¥FWG XBEE\WWKH RULJLQDO
VWUXFW XDMWH DQ DUELWUDU\ PRQRPRUSKLVP

K E 6 Y 2 % 6 Y

7KLY PRQRPRUSKLVP FDQ EH FRQVLGHUHG DV D SDUWLDO P

J 7 6 A ( 6
$FFRUGLQJ WR FRQGLWLRQ WKHUH H[LVWW\V D SDUWLDO P
VXFK WKPMMRUKW2ZEWLRXVO\ IRU VRPH RUGLQDO QXPEHU
ZH KDYH 7TDNLQJ LQWR DFFRXQW WKHLMRQVWUXFWLRQC

LV QRW GLIILFXOW WR FKHFN WKDW WKH LQHTXDOLW\
FDUG *"B [ # U FDUG ;

LV IXOILOOHG :H DOVR FDQ ZULWH
~U 8 n k1 7~ *G o n |°
+HQFH ZH REWDLQ WKH LQHTXDOLW\
LUO~% K [n =~ FDQO ;
ZKLFK VKRZV XV WKDW 6 WIKH DOOWPRYVAW XULHLG LQ WKH VWURC
VHQVHXV WKH SURRO RO 3URSRVLWLRQ , LV FRPSOHWH
/HW( 6 EH DJDLQ D VHL HTXLSSHG ZLWK D VWUXFWXUH R
'H VD\ WKDW D PDSSLQJ RI WKH IRUP

<?2 V2 = ]

LV D SDUWLDO LVRPRUSKEVEPR LOWWREQJ KIDRPE
DUH VRPH VXEWHWWEIDUH WKH VWUXFWXUHYVY RQ WKHVH VX
LOGXFHG E\ -6fVDIXG LVRPRUSKLVP R6 \WRKHWRWWEKHWXUH
VWUXFN XUH

7TKH QH[W SURSRVLWLRQ LV DQDORJRXV WR 3URSRVLWLRC(

SURSRVLWUR®YE BH WWUXFWXUH RQ DQ LQILQLWH EDVLF
DQG VXSSRVH WKDW IRU HDFK VXEVHWUGRI ( ZLWK FQU(
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WKHUH HDMWWXYFWXUH 6X RQ ' LQGXFHG E\ 6 6 XSSRVH
WKHUH H[LVWWRI ISDDPUMLADO LVRPRUSKLVYPY® DFWLQJ IUR
LQWR6 VDWLVI\LQJ WKH IROORZLQJ WZR FRQGLWLRQV
FQMGAFDUG (
IRU HYHU\ SDUWLDO LVRPRUSKLVEWRDFWBEQJ IURP
WKHUH LV D SDUWLD® NWXRKR W ®IDWmRUKWHY 2
7TKHQ WKHUH H[LVWYVY D VXEVHW ; RI ( VDWLVI\LQJ WKH
DFXUG ;FDUG (
E IRD@QUELWUDU\ LVRPRUSKLVPSK 6WNKH FDUGL
QDOLW\ RI WKH VHL
Nt or$ K o Un v

LV VWULFWO\ OHVV WKDQ WKH FDUGLQDOLW\ RI ;
,Q SDUWLFXODU WKH VWUXFWXUH 6? LV DOPRVW ULJL

I1RWLFH WKDW WKH SURRI RI 3URSRVLWLRQ LV TXLWH
RI 3URSRVLWLRQ

S5 HPDUNKH UHVXOW RI 3URSRVLWLRQ , VRPHWLPHYV FDQ
WR WKH FDVH RI SDUWLDO PRUSKLVPV ZKLFK DUH QRW QF
SKLVPV )RU LQVWDQFH D GLUHFW DQDORJXH RI 3URSRVL\
WKRVH SDUWLDO PRUSKLVPV ZKLFK KDYH VPDOO SUHLPDJ
FDUGLQDOLW\ RI WKH RQH HOHPHQWR VM ESVWHVFYVRHIOD EDVLF
LI WKH FDUGLQDJLMM BHMWIOHD WHDWG DOO SDUWLDO PRUSKLYV
VDWLVI\ WKH LQHTXDOLW\

FDUG la [FDUG (

IRU HDFK HOHPHQKHQ WKH DQDORJXH RI 3URSRVLWLRQ L
VXFK SDUWLDO PRUSKLVPV WRR

5HPDUN 7KH DVVXPSWLRQ WKDW ' IRU EDWK VXEVHW

FDUG "FPLO WKHUH H[LVWYVG6MIR K@ UDQFGNOFUHES L\

UDWKHU HVVHQWLDO LQ WKH IRUPXODWLRQ RI 3URSRVLWL
E\ VLPSOH H[DPSOHV RO DOJHEUDLF VWUXFWXUHV ,QGHH
VHWRI DOO LQWHJHUVY HTXLSSHG ZLWK D QDWXUDO JURXS
RI QXPEHUYV W LV QRW GLIILFXOW WR FKHFN WKDW LQ V.
D IDPLO\ N RI SDUWLDO PRQRPRUSKLVPWOWLVI\LQJ FRQ
RI 3URSRVLWLRQ %XW WKHUH GRHV QRW H[LVW DQ LQ



( VDWLVI\LQJ UHODWLRQV D DQG , RI WKH VDPH SURSRVL
WKLYV UDVH DOO LQILQLWH MXBUBRIXBR/PRUY SBQHE WR X S
WKH JURXS VWUXFWQRWH IRQ DOPRVW ULJLG VWUXFWXUH LQ R

SHPDUNHW EH D VWUXFWXUH RQ DQ LEXBGRWH EDVLF VHW
WKDW IRU HYHWROVWEVHUMH H[LVWVEB RQVURBWERH 8
E\6 6XSSRVH DOVR WKDW W KHUHX EV HIWADWR LLONI\ L Q J
WKH IROORZLQJ FRQGLWLRQV

FDU& FDU O (
IRU HDFK VHW = EHOWGBHLEDUMR QDOLW\ RI WKH IDPLC

DOO PRQRPRUSKLVPV IIURMHVVQRWRBEYEDO ?WR

+ IRU DQ\ SDUWLDO PRQRPRUSKLVP

o 9 2 < K
WKHUH H[LVWVY D SDUWLDO PRQRPRUSKLVP
= ( = K (

VXFK WKDW = % E DQG PDMRUDW HYV
KHQ LO LV HDV\ ,R VHF , KDW , KHUR H[LVWYV D IDPLO\ NRO

SKLVPV VDWLVI\LQJ WKH DVVXPSWEBRQVHRIXBQR®RVEWLRQ
FDQ DVVHUW WKH H[LVWHQFH RO D (VXEK¥KWWEKEDRMI WKH EDVLI
FDU& FQUG QG WKH VWUXFWXUH 66 RQ BBOPRBWFHG E\
ULJLG LQ WKH VW URQJ VHQVH

/IHW XV QRWLFH WKDPWHQYWHR@RGODERYH LV DV XVXDO DQ
QHU REMHFW IRU WKH JLYHQ VWUXFWXUH 6 L H DQ LQQHU
WR WKH WHUPLQRORJ\ R@ %RMKKUHDNAYK WRHRWLFH DOVR WKD
FRQGLWLRQ PD\ EH FRQVLGHUHG DV DQ DEVWUDFW YHUVL
WKHRUHP RQ H[WHQVLRQV RI OPPHRPRUSKLVPV

SHPDUN/HW EH DQ LQILQLWH & EHFDVWWU XFMWXKUH RQ
( DQG OHW N EH D IDPLO\ Rl SDUWLBDQQRMRRBSKLVPV IURP
VDWLVI\LQJ WKH VXEVHTXHQW WZR FRQGLWLRQV
FDUNS FDUG (
IRU HYHU\ SDUWLDIOURRUGKLYWR6 WKHUH LV D
SDUWLDO PRUSKNVXFEK WRDWRUDO HV
ULLHQ WKHUH H[LVWV D PDSSLQJ



KDYLQJ WKH IROORZLQJ SURSHUW({ ZLRWKDMHYBUAN VHW $ d
FDUG WKH UHVWUKPFWE RY @RW D PRUSKLYPWRRP

KH SURRO RO WKLV ODF LV DQDORJRXV WR WKH S
,OGHHG DSSO\LQJ WKH PHWKRG RO WUDQVILQLWH UHFXU"
D PDSSKQJ 2 ( VR WKDW WKH LQHTXDOLW)\

FDUGU (* K | + "FDUG (

ZLOO EH WUXH ORU HDFKI SDNUWLDO PRUSKLVP

$FWXDOO\ WKLV FRQVWUXFWLRQ LV GXH WR 6LHUSL V
6LHUSL VNL DSSOLHG W KH FRQVWUXFWLRQ SUHVHQWHG DI
XDWLRQ ZKIWUWKH W\SH RI D WRSRORJLFDO VWUXFWXUH LC
PRUSKLVPV LV WKH FODVV RI DOO FRQWLQXRXV PDSSLQJV
UHVXOW GXH WR 6LHUSL VNL DQG =\JPXQG LV IRUPXODWI
HILVWV D IXQFWLRQ

K 5 ©'5

VXFK WKDW LWV UHVWULFWLRQ WWRUBQ\RDXBBWHW $ RI 5 ZL\
LV QRW D FRQWLQXRXYVY PDSSLQJ KHUH 5 GHQRWHYV WKH V|
HTXLSSHG ZLWK WKH VWDQGDUG RUGHU WRSRORJ\

1RWLFH WKDW DQ DQDORJRXV UHVXOW LV DOVR WUXH L
DOO %YRUHO PDSSLQJVY DV D FODVV RI PRUSKLVPYV

5HPDUNHW EH DQ LQILQLWH EDVLF VHW OHW EH DQ L
RI( DQG ®©®@BEW D VWUXKWXUH RQ
‘H vD\ W KDW WKH VWUXFWXUH 6 LV ULJLG LI IRU HY

%

RI WKLV VWUXFWXUH RQWR( LWVHONU%ZH KDYH
H vD\ WKDW WKH VWUXFWXUH V LV ULJLG LQ WKH
HYHU\ PRQRPRUSKLVP

J ( 6 ( 6

RI WKLY VWUXFWXUH LQWR( LWY¥HOIn g H KDYH ~ v
2EYLRXVO\ WKH FRQFHSW RI D ULJLG MWUXFWXUH DQG

ULJLG VWUXFWXUH LQ WKH VWURQJ VHQVH DUH JHQHUDOL]

D ULJLG VWUXFWXUH DQ DOPRVW ULJLG VWUXFWXUH DQG D



LQ WKH VWURQJ VHQVH $OVR LW LV HDV\ WR VHH WKDW VF
SURSRVLWDR®Y UDQ EH IRUPXODWHG DQG SURYHG IRU UuLlJ
LQ WKH VWURQJ VHQVH PDWKHPDWLFDO VWUXFWXUHV ORU

VRPH QDWXUDO FRQGLWLRIQY KW KMIN BQVMR WKDW

JHW XV UHWXUQ WR DOPRVW ULJLG VWUXFWXUHV DQG WR
WKH EHJLQQLQJ RI WKH SDSHU 1DPHO\ ZH ZLVK WR GLVFX\
DSSOLFDWLRQ RO IURGRWRLRQN VLWXDWLRQ ZKHUH WKH W
FRLQFLGHV ZLWK WKH W\SH RO D VWUXFWXUH RI D '"HGHNLQ
RUGHUHG VHW ZLWK VRPH DGGLW LRQDO SURSHUWLHV ,Q W
WKH FODVV RO DOO LQFUHDVLQJ PDSSLQJV DV D FODVV RO
W\SH / +HQFH LQ WKLV FDVH WKH FODVV RO DOO PRQRPRU
RO DOO VWULFWO\ LQFUHDVLQJ PDSSLQJV

$ GHWDLOHG LQIRUPDWLRQ RQ OLQHDUO\ RUGHUHG VHWYV
RQ 'HGHNLQG FRPSOHWH OLQHDUO\ RUGHUHG VHWV FDQ EH
NQRZQ PRQRJUDSK RI 6LHUSL VNL > @

JLUVW OHW XV FRQVLGHU D VLW XDWLRQ ZKHUH ZH GR QRV
VWUXFWXUHY DOPRVW ULJLG LQ WKH VWURQJ VHQVH ,QGHH
RI'' D VWUXFWXUH RO DQ LQILQLWH ZHOO RUGHUHG VHW 2E
WDQHRXVO\ WKH W\SH RI D VWUXFWXUH RI DQ LQILQLWH "
OLQHDUO\ RUGHUKG WHWDQ/HDWELWUDU\ LQILQLWH VHW HTXL
ZLWK D VWUXFWXUH RI WKH W\SH & 2QH FDQ HDVLO\ YHULI\
D PRQRPRUSKLVP

S 6 a .." 6

VXFK WKDW WKH HTXDOLW\
FLQO*YU - [ n k' FQUG (

LV IXOILOOHG 6LPLODUO\ IRU DQ\WKHUBLWH WWXEVIHW $ RI
PRQRPRUSKLVP
ov 9 V ¥ 2?2

VXFK WKDW
FDUG "B [ n £ PUG ;

&RQVHTXHQWO\ WKH VWUXFWXUH Vm LQGXFHG RQ WKH VH
ULJLG LQ WKH VWURQJ VHQVH
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+RZHYHU ZH VKDOO VHH EHORZ WKDW VRPH DGGLWLRQDC
WKH W\SH .. RI D VWUXFWXUH RI DQ LQILQLWH 'HGHNLQ
RUGHUHG VHW LPSO\ WO[ T H[LVWHQFH RI DQ LQILQLWH VX!
LQ WKH VWURQJ VHQVH

2XU IXUWKHU FRQVLGHUDWLRQ QHHGYV WZR VLPSOH DXJ[LC
FHUQLQJ OLQHDUO\ RUGHUHG VHWYV

IHPPD J/HW ( EH D "HGHNLQG FRPSOHWH GHQVH OLQF
GHUHG VHW DQG OHW ; EH D VXEVHW RI ( GHQVH LQ ( L
RSHQ VXELQWHUYDO RI ( LQWHUVHFWYV ; 7TKHQ IRU HDF
T 9 2( WKHUH H[LVWYV DQ LQFUHDVLQJ PDSSLQJ = v ( 2
\ ORUHRYHU LI WKH RULYLQWOLFWSGLQQFUHDVLQJ WKH
PDSSLQJ M LV VWULFWO\ LQFUHDVLQJ WRR

7KLYV OHPPD LV ZHOO NQRZQ DQG LWV SURRI LV QRW G|
WKH UHTXLUHG H[WHQVLRQ FDQ EH GLUHFWO\ GHILQHG

2 VXSA\ U.. P[QG [H"

ZKHWH.V DQ DUELWUDU\ HOHPHQWV BN MQIHLEMR. D KFHRX Q W
WKH IDFW( WKW D GHQVH OLQHDUO\ RUGHUHG VHW ZH V}I
D VWULFWO\ LQFUHDVLQJ PDSSLQJ WKHQ LV D VWULFW
WRR :H DOVR ZDQW WR UHPDUN WKDW LQ JHQHUDO
HIWHQVLRQ RO

IHPPD J/HW ( EH D '"HGHNLQG FRPSOHWH GHQVH OLQH
GHUHG VHW v WKH EDVLF VHW ( FRQWDLQV DW OHDVW
WKHQ FQUGB ZKHIWKEHQRWHYVY WKH FDUGLQDOLW\ RI WKH FR

7KLV OHPPD LV ZHOO NQRZQ DQG FDQ HDVLO\ EH SURYH«
PHWKRG XVLQJ D G\DGLF VAIVWHP RI FORWXHG ERXQGHG VX

JTHW ( EH DQ RUGHUHG VHW :H VD\ WKDW WKLV VHW
WKH FDUGLQDOLW\ Rl HDFK QRQHR SIMW\ HRTSXD®D WXE L\@KHH U Y D
FDUGLQDOLW\ RO (WK® FEWNKHE MRWGY LVRG\QH LO DQG
RQO\ LI WKH MBRNRG\QH ZLWK UHVSHFW WR WKH RUGHU V
H[DPSOH WKH UHDO OLQH 5 LV DQ LVRG\QH OLQHDUO\ RU

JHW XV GHQRWH E\OWRH(V\WEKRIOVHW RI DOO VWULFWO\
FUHDVLQJ PDSSLQJV IURP( WKW R UWGHHIE VHW



IHPPD ,V W EH DX LQILQLWH LVRG\QEHRUGHUHG VHW
WKH OHDVW RUGLQDO QXPEHU FRUUHVSRQGLQJ WR WKH F
VHW ( DQG OHW

ORQ ( A'M D

7TKHQ WKHUH H[LVWV D VXEVHW
E N UA A%

RI ( VDWLVI\LQJ WKH IROORZLQJ UHODWLRQV

WKH IDPEO\ QLV LOQMHFWLYH EQUS®UWLFXODU
FDUG (

$LV GHQVH HYHU\ZKHUH LQ (

A ORLVHDFK RUWGL®DRU DQ\ WZR RIGLQRDOOV L
ZHKDYHNUP 0o DQG UQ n

, URRI DHKHXPHQW LV YHU\ VLPLODU WR WKH SURRI RI 3U
1DPHO\ ZH VKDOO FRQVWUXFW E\ WKH PHWKRG RI WUDQV
LOMHFWLKN HXHQFH RI SRLQWYV

AN UAM O U (

JRU WKLV SXUSRVH @HQRWHWEWH NDPLO\ RI DOO QRQHPSW\
RSHQ VXELQWH UDQ@G® VO RW h " EH WKH IDPLO\ RI DOO
PRQRPRUSKLVRKEVLOQURR2] FRXUVH ZLWKRXW ORVV RI JHQHUD
ZH FDQ DVVXPH WKDW ~ LV WKH LGHQWLW\ WUDQVIRUPD
6XSSRVH QRZ WKDW IRU DWKRUGSGDQWQDWY*"RS VHTXHQFH

%0 " KDV DOUHDG\ EHHQ FRQVWUXFWHG /IHW XV GHOLQH W
, “"OLIJ[L ML h Q
oo t % " Q

2EYLRXVO\ WKH FDUGLQDO+ WYV RIWWKHWWHWOHVY WKDQ WK|
FDUGLOQDOLW\(R®BLWEH . WHWRG\QH WKHUH H[LVWYV DQ HOHPHI
EHORQJLQJ WR WKH VHW

9 ? $0!%



/IHW XV[®XW[ 7TKHUHIRUH XVLQJ WKH PRW KRG RI WUDQVIPLW|
ZH DUH DEOH WR FRQVWWHIKW QOF HF HHUWHDQ KORW QLWYV RO
FOHDU WKDW WKLV VHTXHQFH LV LQMHFWLYH DQG LI ZH SX

; A D D~

WKHQ LW LV QRW GLIILFXOW WR FKHFN WKDW WKH VHW E L\
FKDQJLQJ WKH DERYH DUJXPHQW ZH FDQ SURYH WKDW WK
VDWLVILHVY DOVR WKH IROORZLQJ UHODWLRQ
FDUGI9 FXUGIRU HDFK QRQHPSW\ ROHQ VXELQWHUYI
R I(
2] FRXUVH UHODWLRQ LV PXFK VWURQJHU WKDQ UHOD
WKH SURRW

1Rz ZH FDQ IRUPXODWH RQH RO PDQ\ UHVXOWY GHDOLQ
WHQFH RI DOPRVW ULJLG VXEVWUXFWXUHY RO WKH RULJLQ
WXUH +HUH ZH UHVWULFW RXU FRQVLGHUDWLRQ WR WKH
FRPSOHWH GHQVH OLQHDUO\ ROGHQ G VHWYV , KH FODVVI
D VHW LV WKH UHDO OLQH 5 ZLWK LWV QDWXUDO RUGHUL
HI[DPSOH LV WKH VR FDOOHG 6XVOLQ OLQH VHH ([DPSOH

3URSRVLWLRW EBQQILQLWH GHQVH LVRG\QH 'HGHNL
FRPSOHWH OLQHDUO\ RUGHUHG VHW DQG OHW

FQUG ORQ ( ( FXUG (
,Q RW KHU ZRUGV ZH FDQ ZULWH

ORQ ( "bo© h

ZKHUHV WKH OHDVW RUGLQDO QXPEHU FRUUHVSRQGLQJ

RI WKH EDVLF VHW ( /HW : KH D VXEVHW RIl ( VDWLVI\LCQ
DQG L RI /HPKPHDQ WKH VWUXHAWXUHPRVW ULJLG LQ WKH

VWURQJ VHQVH

BURRIMHW KH DQ\ PRQRPRUSKLV@PWIRIRBP %\ /HPPD
WKHUH H[LVWYV D PRQRPRUSKLVYPLQ {YZR DK HO WY GWR P
7DNLQJ LQWR DFFRXQW WKH GHILQLWLRQ RI WKH VHW %

FWLULO$~[IL [ nU® FDUS



&RQVHTXHQWO\ ZH LOVR KDYH

IFf v ~U * 9 n vUDLUG

DQG WLQ VWUXFWXUH E LV DOPRVW ULJLG LQ WKH VW

([DP SOH /IHW QV SXO " 5 DQG OHW XV WDNH DV
RUGHULQJ RI' 5 7KHQ LW LV HDVN\ WR VHH WKDW 3URSRVLW
DSSOLHG LQ WKLV FDVH +HQFH WKHUH H[LVWYV DQ HYHU\Z
RI' 5 VXFK FWKBWLY HTXDO WR WKH FDUGLQDOLW\ RI WKH F
DQRG HYHU\ VWULFWO\ LQFUHDVLQJ IPQOWRBLRI LOFMLQJ IURF
PRVW LGHQWLW\ WUDQVIRUPDWLRQ RI E ‘H FDQ DOVR DV\
QRQHPSW\ RSHQ WXRLOSWHWKBOLQWHUY HKRDWL RVK H
FDUGLQDOLW\ RI WKH FRQWLQXXP ORUHRYHU ZH FDQ HYH(
D %HUQVWHLQ VXEVHW RI 5 IRU WKH GHILQLWLRQ RI D %H
UHDO OLQH DQG IRU WKH SURSHUWLHV RI VXFK VXEVHWYVY \

H DOVR FDQ FRQVLGHU D PRUH JHQHUEM WIQWXDWLRQ 1
LQILQLWH FDUGLQDO QXPEHU VXFK WHDAH HRYHHIYHU\ FDUG
WKH LQHTXDOLW\

D

7KHQ WKHUH DUH GHQVH LVRG\QH 'HGHNLQG FRPSOHWH OL
( VDWLVI\LQJ WKH IROORZLQJ FRQGLWLRQV
UDUG (
( FRQWDLQV D G H QMMWFMDXEG/ H W
YRU YDULRXV H[DP SOHMVRIWKH DERYH PHQWLRQHG SURS
WLHVY VHH HJ WKH PRQRJUDSK RI 6LHUSL VNL > @
&RQVHTXHQWO\( IRUZMXKRYH WKH LQHTXDOLW\

FDUGAORQ ( UDUG (

7KXV ZH PD\ DSSO\ GLUHFWOR®(3URS$SBSDWLRY WKWWR
SURSRVLWLRQ ZH REWDLQ WKDW WKWFK HWN KDWY D VXEVHW
DFDUG ;FDUG ( ?
E $ LV GHQVH HYHVP\ZKHUH LQ
F; LV LVRGYQH ZLWK UHVSHFW WR WKH LQGXFHG RUGHL

G $ LV DOPRVW ULJLG LQ WKH VWURQJ VHQVH ZLWK UHV
RUGHU



([DP SOH /JHW XV UHFDOO WKDW D 6LLVOLQ OLQH LV D
FRPSOHWH GHQVH OLQHDUO\ RUGHUHG VHW - ZLWKF
ODVW HOHPHQWYV VDWLVI\LQJ WKH 6XVOLQ FRQGLWLRQ |
FRQGLWLRQ ZKLFK VD\V WKDW HYHU\ GLVMRLQW IDPLO\ RI
WHUYDOVVRDW PRVW FRXQWDEOH DQG QRQVHSDUDEOH LC
RJ\ ,W LV ZHOO NQRZQ WKDW WKH H[LVWHQFH RI D 6XV(
ZLWK WKH XVXDO D[LRPDWLF VHW WKHRU\ =)& DQG LV (
WKLV WKHRU\ VHH @RU /HQW WD FRHQVE:GHU EULHIO\ WKH T
DERXW WKH FDUGLQDOLW\ RY R QX \WKDLAG OEQHHPPD
ZH KDYH WKH DQIHITX {OALW2Q WKH RWKHU KDQG ZH KDYH
LQHTXFQAMAAG F 7KH ODWWHU IDFW FDQ GLUHFWO\ EH GF
HDFK RI WKH IROORZLQJ WZR ZHOO NQRZQ UHVXOWYV

WKH (UG V 5DGR WKHRUHP RI WKH FRPELQDWRULDO V
WKH $UKDQJHOVNLL WKHRUHP DERXW WKH FDUGLQD
WRSRORJLFDO VSDFH VDWLVI\LQJ WKH ILUVW FRXQWDELO!
1RWLFH DOVR WKDW E\ D FODVVLFDO UHYXOW RI ' .XUH
FRQWDLQV DQ HYHU\ZKHUH GHQVH VXEVHW ZKRVH FDUGL(
ILUVW XQFRXQWDEOH rRD WEKLH DE RMPEHQWLRQHG LQHTXD(
FDUG (k IROORZV LPPHGLDWHO\ IURP WKLV UHVXOW 7K.
WKDW WKH HTXDOLW\

FDUG ( k

KROGYV DQG ZH FDQ GHGXFH WKDW@QVREVOQHQODQRYBIUO\
RUGHUHG VHW

/IHW XV UHPDUN WKDW 5 -HQVHQ VKRZHG DVVXPLQJ WK
VWUXFW LELOLW\ WKH H[LVWHQFH WKH RIHQMWIL RXNW®LQ O
D[LRP ZLWK LWV YDULRXV FRQVHTXHQFHY DQG DSSOLFDV
GHWDLO H J LQ >!@ JXUWKHUPRU® WO KDWXNYRWKIBURY H!
$[LRP RI &RQVWUXFW LELOLW\ KROGV WKWQFRKVKHUH H[LV\
WKDW IRU DQ\ FRQWLQXRXYV PDSSLQJ

('

DW OHDVW RQH RI WKH IROORZLQJ WZR DVVHUWLRQV LV V
D-LV D FRQVWDQW PDSSLQJ
E- LV WKH LGHQWLW\ WUDQVIRUPDWLRQ RI



$QRWKHU LQWHUHVWLQJ H[DPSOH LQ =)& ROp D "HGHN
GHQVH LVRG\QH OLQHDUO\ RUGHUHG VHW LV WKH VR FDOOF
GURY 7KLV OLQH LV D QRQVHSDUDEOH RQH GLPHQVLRQDO
FRQWDLQLQJ DQ HYHU\ZKHUH GHQWH VXEVHW RI FDUGLQDOL

([DP SOH XYBWQRWH WKH ILUVW LQILQLWH FDUGLQDO QX
REYLRXV WKDW LI WKH &RQWLQXXP +\SRWKHVLV KROGV WK

F Bu R>

7KH 6HFRQG &RQWLQXXP +\SRWKHVLV LV WKH IROORZLQJ V
VHUWLRQ

8 _ 6 & I

7KLY DVVHUWLRQ ZDV FRQVLGHUHG PDQ\ \HDUV DJR E\ 1
HISHFWHG WKDW LW LV FRQVLVWHQW ZLWK WKH XVXDO DJ[LR
DV WKH FODVVLFDO &RQWLQXXP , O\SRWKHVLYV ,QGHHG PX
PRGHOV RI 6HW 7KHRU\ ZHUH FRQVWUXFWHG LQ ZKLFK WKH |
+\SRWKHVLY KROGY VHH ORU LQVWDQFH > @ ,Q SDUWLEF)>
RI 6HW 7KHRU\ LQ ZKLFK ZH KDYH WKH IROORZLQJ HTXDOLW

$FWXDOO\ LO ZH VWDUW ZLWK DQ DUELWUDU\ FRXQWDEOH
=)& VDWLVI\LQJ WKH *HQHUDOL]HG &RQWLQXXP +\SRWKHYV
WKH &RKHQ ORUFLQJ WR LW WKHQ ZH REWDLQ D PRGHO RI
DERYH PHQWLRQHG HTXDOLWLHY DUH IXOILOOHG IRU GHWD!]

$VVXPH QRZ WKDW WKH 6HFRQG &RQWLQXXP +\SRWKHVL\

IHW ( EH DQ DUELWUDU\ 'HGHNLQG FRPSOHWH GHQVH L
HDUO\ RUGHUHG VHW FRQWDLQLQJ DQ HYHU\ZKHUH GHQVH V
X-?7KHQ ZH KDYH

FDYG ( R R k

$OVR LW LV QRW GLIILFXOW WR YHULI\ WKDW
FXU OO0 P ( P F

KHUHIRUH LQ WKLV VLWXDWLRQ ZHHAD@ MSEIDVZBURSRVLW|
FRQFOXGH WKDW=)l&) WK&G&RUHDFK OLQHDUO\ RUGHUHG VHW



( ZLWK WKH SURSHUWLHY IRUPXODWHG DERYH FRQWD
GHQVH VXEVHW E VDWLVI\LQJ WKH IROORZLQJ UHODWLRQ

DFDUG ;FDUG ( ?

E $Y LV DOPRVW ULJLG LQ WKH VWURQJ VHQVH ZLWK U
RUGHU

,Q DGGLWLRQ ZH VHH WKDW,; WRKIH RDHr *HHUHFR Q/ XEVH W
VWUXFWHG VR WKDW IRU DQ DUELWUDW\RFRQHP SW\ RSHC
ZH KDYH WKH HTXDOLW\

FQUGI 9 UbuG (

ORUHRYHU ZH FDQ HYHQ LYWWV X HUWKWWWLQ W\SH VXEVHW |
L H

FQUG I 3 FDUG?® ;( | 3 FDUG (
IRU HYHU\ QRQHPSW\ SHRIIHFW VXEVHW

([DPSOH 7KH SUHFHGLQJ H[DPSOH UDQ EH JHQHUDOL]
VLWXDWLRQV ZKHUH ZH KDYH D '"HGHNLQG FRPSOHWH GH
RUGHUHS VHIML WK

FDUG I F

ORUH SUHFLYHDG GHEMH DQ\ WZR LQILQLWH FDUGLQDO QXP
IN\LQJ WKH HTXDOLW\

d

)XUWKHU( OHWLH D '"HGHNLQG FRPSOHWH GHQVH LVRG\QH
GHUHG VHW VDWLVI\LQJ WKH QH[W WZR FRQGLWLRQV
L XUG (E
( FRQWDLQV D G H QALMOKDUEY M \$
7KHQ WKHUH H[LVWV D GHQXFHKVWEDMW 9 R
DUDUG ;FDUG (
E $ LV DOPRVW ULJLG LQ WKH VWURQJ VHQVH ZLWK UI
RUGHU
ORUHRYHU ZH PD\ DVVXPH WKDW IRU DQ\ QRQHPSW\ R
9 RI WKH VHW Y WKH HTXDOLW\

FDUGI & FDUG (

KROGY LQ SDUWLFXODU $ LV DQ LVRG\QH OLQHDUO\ 2UG



S5HIHUHQFHYV

>@ 1 %YRXEHWNILKHRRMFRZ LQ 5XVVLDQ WUDQVODWLRQ IURP )UH
>@ . .XUDWRRSRORWMRO ORVFRZ LQ 5XVVLDQ
>@ - 2[WRHEDVXUH DQG &®SWHJIRIHU 9HUODJ 1HZ <RUN QG

HG
>@ - ORUJD®LLLO 6HW OKWHRHO 'HNNHU ,QF 1HZ <RUN DQG %DVHO
> @ LFKGLL $ .KDUD]LVEXEUHWUULRIRWQRBPUWDL /1AaRE (

8QLYHUVLW\ 3UHVV ayG(
> @*DQGERRN R|I ODWKHPDOWUWKO+RRIOBQG $PVWHUGDP
>@ : 6LHUSA&DWMNLLQDO DPL 2UGL@R®L 1 XPEWIDZD

>@ 9, )XMVRWURQJO\ ULJLGLBR GWIXEXX LX 6HW 7KHRU\ DQG 1RQ
FODVVLFDO /RJLFV ORVFRZ LQ 5XVVLDQ

@ 50 6, PUWURXSY RI PHDVXUDEOH DXWRPRUSK LVPV IRU VSDFHV RI
&RQWHPSRUDU\ ODW KHPDWLFV

\%

$,N[DL HU . K DUD]LVK YLOL

2 35%:,( 6=7<:1<&+ 6758.785%&+
0$7(087<&=1<8&+

<9 SUDF\ UR]ZD*D VLU SUDZLF V]W\ZQH VWUXNWXU\ PDYV
=RvwWD&a\ |JEDGDQH SHZQH Z4DVQR FL WDNLFK VWUXNWXU

,QVWLWXWH RI $SSOLHG ODWKHPDWLFYV
8QLYHUVLW\ RI 7TELOLVL
8QLYHUVLW\ 6WU 7TELOLVL *HRUJLD



