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00
Abstract. Let S(P) be the class of functions f(z) = 20 anp+12"PH, I1f (2)] < 1,
n=
regular and univalent in the disc K = {z: |z| < 1}, where p is an arbitrary fixed
natural number. We define for any z € K, # # 0, and for any function from the class
8 the quantities &, = f'(0), 7 = |2, v = |f(2)l, v' = |f'(2)I.

The present paper offers the definite solution to the problem of determining
the sharp estimation from above of the functional »* = |f’(z)| defined in the class S,
depending on a, = f/(0) and v = |f(2)] for z € K.

It contains also a discussion of relations among r = 2|, ¥ = [F(2)|, V' = |F'(2)l,
where F belongs to the class S(®) of functions which are regular, univalent and p-sym-
metric in A and are normalized by the conditions F(0) = 0, F'(0) = 1. The results
concerning the class S(®) are obtained from those for the class S{P’ by a suitable pas-
sage to the limit.

This paper belongs to the group of works by R. Robinson, Z. J. Jakubowski
and L. Mikolajezyk and is their natural continuation.

o
I. Introduction. Let S{”) denote the class of functions f(2) = Y a,,,,2""*!
n=90

which are regular and univalent in the disc K = {z: [2| < 1} and satisfy
if(2)} <1 for z € K. The grade of symmetry p is an arbitrary fixed natural
number. Without any loss of generality we can assume in our considera-
tions f'(0) > 0. For any z¢e K, z # 0, and for any function fe S let
us define the quantities

(1.1) a, =f (0}, r=I2f, o=If®), o =I|f(2I.
It is easy to see that
0<a,; <1, O0<r<l, O<o<<r<l, O0<?

and, clearly, if ¢, = 1 or v = r, then f(2) = z and hence v’ = 1.
R. Robinson (ef. [11]) determined non-trivial relations between
quantities (1.1) for p = 1.
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His results have been generalized by Z. J. Jakubowski. In [3], [4]
he considered this problem in the class S{” of p-symmetric functions
for an arbitrary p and has obtained various relations between quanti-
ties (1.1).

The present paper belongs to the group of works mentioned above
and is their natural continuation. It offers the definite solution to the
problem of determining the sharp estimation from above of the functional
v = |f'(2)] for feS®, 2e K, depending on a, = f(0) and v = |f(2)|.

It contains also a discussion of relations between

r=1l, V=IF@I, V' =IF()

for F € 8, where 8 is the class of functions which are regular, uni-
valent and p-symmetric in K and are normalized by the conditions

F(0) =0, F(0)=1.

The results concerning the class $'”’ are obtained from those for the class
S by a suitable passage to the limit.

II. Preliminaries.

1. The procedure employed to determine the least upper bound of
the functional v’ depending on a, and v in the class 8% is an example
of an effective application of K. Lowner’s [6] well-known method of para-
metric repregentation of some families of univalent functions. This method
was generalized by I. Bazylewicz [1] to funections univalent and p-sym-
metric in K. From [1] it is known that if a function f(z) € S’ maps the
disc K onto a region obtained from K by deleting a finite number of
Jordan’s arcs, then there exists a function k(t), |k(t)] = 1, defined and
piece-wise continuous for t € (0; ¢,>, t, = —plogf’'(0), such that the solu-
tion f = f(z, t) of Lowner’s equality with the initial condition f(z, 0) = 2
assumes the value f(z,t,) = f(2) at t = t,.

Further considerations concerning the family S’ may be restricted
to functions f(z) satisfying the assumptions of the above theorem.

Obviously, the function f(z,?) which is the solution of Lowner’s
equality satisfies

1—I(f(z, t)*?

0
2.1) P loglfe, 0l = — T s

ot

As seen from the form of (2.1), for a fixed 2, s = |f(z, t)| is a decreasing
function of ¢. On the other hand, from (1.1) and from the boundary con-
ditions f(z, 0) = 2, f(2,1,) = f(2) it follows that when ¢ increases from 0
to t,, then & decreases from » to . Thus the parameter ¢ may be treated
as 2 function of the independent variable s € {v; r).
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Let us now put

11 —sPg(s)’
(2.2) h(s) = i _
where
B Szt
96 = k05 e

From the properties of k(¢) and f(z,?) it follows that h(s) is defined
and continuous everywhere in (v; > but a finite number of discontinuity
points.

Since [g(s)] = 1, we have

(2.3)

for s e {w;r). By (2.1) and (2.2)
(2.4) to—pfhs)—

Note that, conversely, for any piece-wise continuous function %(s)
satisfying (2.3) it is possible [4] to determine 2 function g(s) connected
with A(s) by (2.2); to g(s), in turn, there correspond functions %(f) and
f(z, t), with which a certain function of class S\ is associated.

Therefore, any function %(s) of the form (2.2) determines some function
f(2) of the family 8.

Making use of Lowner’s equality for functions of class S’ we obtain
also [4]

, T (1—0?)
(2.5) v = W_—rzp)‘e ’
where
(2.6) R—p f () 32

The following inequalities are consequences of (2.3)-(2.6)

Uy () , ()
(2.7) Uy (7) ShS Uy (7)

H

’

A Uug(7) <<l v “s(’”)
roug(v) ‘"'3("')

(2.8)
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where

x x 1—2z?F

%, (%) = RO Uy (@) = T ooy Uy (@) = T

Inequalities (2.7) and (2.8), though obtained under the assumption
v < r, remain still valid for v = r, because then a, = v = 1.

2. We shall now present some important relations between inte-
grals (2.4) and (2.6) and discuss their consequences.
Consider the functions

d
#(@,7,0,p) = pfua(s)—Tp fua(w '
_ U7 () r?
= log @ (0) +u3(w)logF,
(2.9)
v(z, 7,2, D) pf —+pf “l(w
1 . ”
=log oy T (@)log —,

defined for x € {v; r). Setting # = r or x = v we obtain

u? (,,.) 7P

@(r,r, v, p) = log — up(v) @(v,7,0, p) = us(v)log P
(2.10)
ug (7) " P
w(r,r,v,p) =log —‘(_)‘; y(v,7,v,p) = u; (v)log o

It can be easily shown [4] that

(2.11) p(r,r,0,p) < @(v,r,v,p) <y, r,0,p) < yp(r,r,v,p),
and
(2.12) pryry,0,p) <t < w(r,r,v,p).

Assuming t, to be an arbitrary fixed number satisfying (2.12) we
find the sharp estimation [4]

y(a,r,v,p) when ¢(r,r,v,p) <t < @(v,7,v,Dp),

. p 2
(2.13) R>{t! (Iog—) when ¢(v, r, v, p) <t < p(v,7,v,p),

¢(8,7,v,p) when p(v,7,0,p) <t < p(r, 7,0, p),
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where a and § are the roots of
(2.14) o(a,r,v,p) =1,
(2.15) v(B, 7,0, p) =1,

respectively, and belong to {(v; r).

The sharp estimation from above of the integral E [4] for an arbitrary
fixed number ¢, from interval (2.12) is of the form

(2.16) R<o(ryr, v, p)+-y(r,r,v, p)—1,.

By (2.13) and (2.5) we have [4]:

THEOREM 1. If f(2) is an arbitrary function of class 8P, then a,, 7, v
and v’ satisfy

(2.17) logv' < M(ay, 7, v, p),

where

(2.18) M(ay,r,v,p) =logw—L(al,r,v,p),
P 1L — P

and

(2.19) L(ay,7,v, D)
y(a, 7,0, p) when p(r,r,v,p) <t < g(v,r,v,p),
1 r? 2
= tO_A(log-:v_p-) when ¢(v,r,v,p) <t < plv,r,v,p),

p(By7y0, D) when p(v,r,v,p) <t < p(r,7,v,p),

a and B being the roots of (2.14) and (2.15), respectively.

This theorem provides the essential relation between a,, r, v, v’ to be
used in our further considerations.
As a consequence of (2.16) we obtain [4]:

THEOREM 2. If f is an arbitrary function of class SP, then a,, r, v, v’
satisfy

1 Pt 1
(2.20) v >a—f1_ o ppi

Since estimations (2.13) and (2.16) are sharp, (2.17) and (2.20) are
sharp, too.
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IOII. Estimation of the functional v’ depending on a, and v in the class S{*.

1. From (2.17) it readily follows that the admissible values of a,, v, v’
satisfy the inequality
(3.1) logv' < supM(a,, 7, v, p).
T

We shall find this upper bound.

(2.18) and (2.19) show that the function M (a,,r,v,p) is defined
by three formulas depending on the position of the integral ¢, in the in-
terval {¢(r, r, v, p); v(r, r, v, p)>. To determine the upper bound in (3.1)
we shall first express the three cases of the position of ¢, in terms involving
of the position of r.

It is clear from (2.10) that all the four functions ¢(r,r, o, p),
¢(v,7,v,D), v(v,r,v,p), p(r,r,v,p) are increasing in r. They increase
in (v;1) from 0 to

wy = lime(r, r, v, p) = —logdu?(v),

r—1

wy = limg(v, 7, v, p) = uy(v)logo™,
r—

w, = limy(v, 7, v, p) = u; ' (v)logv™?,

r—1

(3.2)

Wy = limw(71 ryv,p) = +oo,
r—1

respectively. They satisfy also relations (2.11) (Fig. 1).

p(rrop)
(v,rp,p)
olo,ry.p)
o(rrpp)

-y

Fig. 1

Denote by r,,, 7, 75, 73 the roots belonging to (v; 1) of the equations

(3.3)  W(Tiy Ty 0y D) = 9(0y71,0, D) = @(¥, 73,0, D) = @(Tary 21,y ¥, D) = Lo,
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respectively. If those roots exist, then, by (2.11),
(3.4) VL Ty < T <y < Ty < 1.

From the behaviour of ¢(r, r, v, p) it is seen that for any value of 7,
there exists 7, < 1. It should be noted that all r,, 7,, 7, are defined if
and only if i, < w,,, i.e., if

4%y

(3.5) a, > m

holds.
From the behaviour of functions (2.10) of the variable r it follows
that r € {r,,; 75> and the cases

p(r, 7,0, p) <t < @(v, 7,0, D),
pv,r,v,p) <t < y(v,r,v,p),
p(,7,0,p) <t < p(r, 7,0, p),

are equivalent to
(3.6) T, STy, NSISr, MSTrSr,

respectively.
. If a prescribed pair (v, a,) does not satisfy (3.5), then the variable r
can take values arbitrarily close to 1.

2. We now show that for certain pairs (v, a,) which do not satisfy
(3.5) there exists no finite upper bound of the functional »'.
The following lemma is true:

LeEMMA 1. If the numbers a, and v satisfy

41ipy

(3.7) a; < W y

then there exists mo finite upper bound of the functional v' = |f'(2)| in the
class of functions f e 8 for which a, and v are the values (1.1).

Proof. By (3.7) re(r,;1) and, consequently, we may examine
the behaviour of L(a,, r, v, p) in the left-hand side neighbourhood of the
point r = 1. By (2.19) and (3.6) we have

y(a, 1, v, p) if ry; does not exist,
1

lim L(a,, r, v, p) = { p°ty ' logv™ if 7, and 75, do not exist,
o(f,1,v,p) if r,, 7, and 7, do not exist,

a8 r—1.
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It means that if (3.7) is true, then in all possible cases the above
limit is finite and therefore

limM(a,,r,v,p) = +o00 as r—1.

Now notice that for any sequence {r,}, 0 < r, < 1, r,—1, there exists
a sequence {h, (s)} of functions having the form (2.2) and realizing sharpness
in estimation (2.13). The functions A, (s) determine a sequence of functions
{f.(2)}, f, € 8P, for which v, = M(a,,,, v, p), and this results in limv,
= -+ 00 a8 n—>o0,

3. In the sequel, in view of Lemma 1, we assume that condition
(3.5) is satisfied.
By (2.18), (2.14) and (2.15) we have

(3.8) M,(ay,7,v,D)

p—1+(p+1)r*® 2p 187
r(1 —r’?) oy 1487 for rp <7<y
—1 177 2p°
12 r(_}l_(pr—;"))r —rflog% for r, <r<r,,
- 0
1+ (p+1)r*®  2p 1+4a®
P r(l(—pr“’)) —_ fl—a" for r, <r <<y,

where o and § are defined by (2.14) and (2.15), respectively. Note that
M/(a,, 7, v, p)is a continuous function in the interval {(r,; 7s>.

We shall now examine the sign of the derivative M,(a,,r,v, D)
at the points 7,,, 7y, s, Ta-

If r = r,,, then by (3.3) and (2.15) we have § = r,, and thus

<0 when 7, <v,,

(3.9) M, (ay, ", v, p) =0 When r, = v,
l>0 when 7, > v,
where
3 for p =1,
OV = 20 —V3p2L1 \VP
" ( p—V3p*+ ) for p > 1.
p—1

Let now » = r,. This implies 8 = v and by (3.8)

, 1 [Bp+1+@1—p)v*1r" —[p+1+(1—3p)v”]
Mr(a'lilrl,'v’p) = ;1_ (1—”‘31’)(1—}—’013) .
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To examine the sign of the derivative we shall consider two cases:

p+1
. >
(3.10) sp1
and
P+1
3.11 P .
(3.11) ¥ <31

If (3.10) holds, then M, (a,, 7, v, p) > 0 for any admissible values of a,
and ». In the case of (3.11) being true we readily obtain

I<O for r, < vy,
(3.12) M,(a,r,,0,p) { =0 for r, =wy,

|>O for r, > vy,

where

1+ (1—3p)o® |27
.v1=01(9)=(p+ +(1—3p) )

3p+1+(1—p)o®

If r = r,, then by (3.3), (2.14) we have a = v. Thus by (3.8) we
got

| <0 for r, < v,,
(3.13) Mo (@, 73, 0,p) y =0 for v, =17y,
l >0 for r, > v,,

where

+14+(3p—1)o? \V??
%zvz(@):(p (3p—1) )

3p+1+(p—1)o®
In the case of r = ry; we have a = 75 and thus by (3.8)
(3.14) M, (@, Ty, v, p) < 0.

It should be noted that the inequalities

P +1 )1/1'-7

V< Py vm<(3p_1

are true; thus if r,, < v,,, inequality (3.11) holds.
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Since the functions in (2.10) are increasing in r, we can replace (3.9),
(3.12), (3.13) and (3.14) by the equivalent relations
<0 for a, >k, (v),
(315) M;(aly Tmy Uy P) =0 for a = km('v)’
>0 for a, < k,(v),

<0 for a, > ki (v),
(3.16) M, (a,,r,0,p) { =0 for a, = k;(v),
| >0 for a, < k,(v),

(<0 for a, > k,(v),
(3.17) M,(a,7:,0,p) { =0 for a, = k,(v),
| >0 dor a;, < ky(v),

(3.18) M, (G, Tay 0, 0) <0  for a; > ky(v),
respectively, where
En(v) = uy(v)-u;'(v,) for ve(0;9,,),

O
ky(v) = (v-o7' (v)) ® for ve 0351,

(3.19) ko (v) — (v.vz—l(,v))ua(v) for v € {0; 1),

P
w(0) = Vdu, (v) for v € (0; 1).

4. We now turn to the problem of the behaviour of the functions
(3.19) of the variable » and examine their graphs.

It can be easily seen that k,, is concave and increasing in {0;1)
and %k, (0) = 0, kp (1) = 1. On the other hand, k,, is convex and increasing
in {0; v,,>. Since k,, and k,, are continuous, k,(v,) =1 and v, <1, we
deduce that there exists a point at which the two curves meet. The abscissa
of that point is

12082 o2 \'P
(3.20) ’Ug = ( i =

—1—2087 4P

The function %, increases in <{0;v,,>, k,(0) = 0, k,(v,,) = 1. Similarly,
k, increases in (0; 1%, k,(0) = 0, k,(1) = 1.
Notice that for » € (0; 1) we have &, (v) > k;(v). Indeed, the function
%(v) defined by
%(v) = logky (v) —logk,(v)

is positive for v € (0; 1).
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Let us look at the relationship between &, (v) and k, (v) for v € (0; v,,>.
As it is known, k,,(v,) = k,(v,,) =1 and k,(0) = k,(0) = 0. Note that if

p(v) = logk, (v)—logk,(v), ©e<0;v,>,
then u(v,) = 0 and limu(v) = log4, as v— 0, where

(1_,011))1)2 1/p p_'_l 1/2p
a ) ()

(3.21) A = (

p

We shall examine in detail the behaviour of p(b). It i3 easy to see that

p?P~!
p(v) = — m'g(”)’
‘where
(o) — log L BP L+ (A —p)0"] 4p* (1 —v*) .
p+1+(1-3p)o” = [3p+1+(1—p)v"][p +1+(1—-3p)v”]
Since G (v) > 0 for » € (0;v,), imG(v) = —oco as v—>0 and G(v,) > 0,

G (v) increases from — oo to G(v,,) > 0. Hence there exists v = v, such that
G(v,) = u'(v,) =0 and p(v) increases from x(0) =logAd, to ux(v,) and
then decreases from wu(v,) to p(v,) = 0. On the other hand, if x(0)> 0,
then u(v) > 0 for v € (05 v,,) and %, (v) > k,(v) in that interval. If, however,
1 (0) < 0, then there exists » = v, such that u(v;) = 0 and

< 0 when ve(0; ),

v
m) >0 when v € (v;7,).

Hence we obtain

|< ki(0)  if 0 e (0;05),
(3.22) k,(®) {=k(v) if v =0,
I> Ei(o) if v e (vg;v,).

Considering the behaviour of the sequence {A4,} we can see that
A, <1 for p <10 and 4, > 1 for p > 10. Moreover, for p < 10 we have
k,(vg) < k,,(v4), where v5 is defined by (3.20), and thus, by (3.22), v, < v,
(Fig. 2).

The curves k, and %, also meet at exactly one point » = v,, where
Vg < Vg < Uy«

S. Consider the following sets:

Df = D\nD,; Dj =D,nD;nDy, Dy = Dyn(DsUDy),
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<Y

where
D, ={(v,a,): 0<v<1Aky(v) <a; <1},
D, ={(vy8y): 0<v<v,A0 < a; < K, (v)},
Dy ={(v,a,): 0 <v<V,Ak (V) < @y < 1},
D, ={(v,a): 0 <v<v,,AE,(v) <a,<1},
Dy = {(v,8,): 0 <V <V,A0 < @y <Ky ()},
Dy = {(v, a)): 0, <v<1A0<a,<1}.

LevmmA 2. If (v,a,) € Dy, then M(a,,7,v,p) 8 a function de-
%
creasing in exactly one subinterval of (7,,; 73>, namely
a) if (v, a,) € D}, then M (a,, 7, v, p) decreases in the interval (r,,; 73>}
b) if (v,a,)eD;, then M(a,,7,v,p) increases for r e (r,;7> and

decreases for v € (F; 7y)y T,y < ¥ <7y, where (By, 7(B,)) is the unique solution
of the system

Mal-(a’u;"vv.'p) =0, Y(B2y 7,0, D) = 1y;

¢) if (v,a,) €D;, then M{a,,r,v,p) increases for rc{r,;r> and
“decreases for r e {737y, 1, < T < Ty, where v = r is the unique root of the
equation

-M:-(aly ';', v,p) = 0.

Proof. 1° To examine the behaviour of M (a,, r, v, p) in the sets Dy,
k=1,2,3, for r e (r,;r,> we shall consider the system of equations

(3.23) M;(a’l, r,v,p) =0, p(B, 7, v, p) =1,

where the parameter g takes values in the interval (v;r,>. By (3.8) and
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(2.9) the system can be rewritten as follows:

o _ PH1+H(1-3p)p
3p+1+(1—p)p°’

ﬁ.’P 1_{_ﬂp rP P
IR TRy Ty T e

and hence we get the equation

(3.24) P(p) =0,

where

i 11+p° p+1+(1-3p)p*
Pf) =log——— +— log —
O =Gy Ty 1 By - ]

~log ———.
S @Ay
For B = v we can obtain

>0 for a, > k,(v),
P(v)l

(3.25) =0 for a, = k,(v),

<0 for a, < k,(v).
Since

vP 1,1
Bapa=or T -y

therefore

>0 for a,> k,(v),
(3.26) P(r,)i =0 for a, =E,(v),

<0 for a, < k,(v).

It is easy to see that

- _ pﬂp—l
P'(B) = —H_——ﬂp)zﬂ(ﬁ%

where

H(B) —logh PP H1+(1=2)6"] 4p*(1— p)

p+1+4+(1—-3p)p? [p+1-+(1—3p)p71[3p +1+(1—p)p°]"

To show that M(a,,r,v,p) decreases for r e (r,;r)> in D] we shall
investigate the behaviour of P(B) in the interval (v; r,>, where, by (3.15)
and (3.9), 7, < ,,. For (v, a,) € D}, by (3.25) and (3.26), we obtain P(v) > 0
and P(r,) > 0. Moreover, for g € (v;7,), 7, < v,, for sufficiently small
values of 8, we have H(8) < 0, while for S close to v,, we have H(f) > 0
(H (v,,) > 0).
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The fact that H(f) is increasing and the above considerations imply
the existence of f§, such that the function P(f) increases for e {v; §,>
and decreases for f € (B,; v,

Thus from the behaviour of P(f) it follows that for (v, a,) € Df,
B = 7, is the unique root of equation (3.24) and hence M, (a;,r, v, p) # 0
if re(r,;r) and M(a,,r,v,p) =0 if a, = k,(v). However, in the set
D} we have M, (a,, 7, v, p) <0and M,(a,, r,, v, p) <O0.Thus M(a,,r, v, p)
decreases in D} for r € (r,; 7).

We now prove that if (v, a,) € D; and 7 € (r,,; r,>, then there exists
& unique r — 7,7, <7 <7, such that M(a,,r,v,p) increases in the
interval {r,,; 7> and decreases in (7; 7). '

Indeed, from (3.25) and (3.26) it follows that in the set D; P(v)> 0
and P(r,) < 0.

Notice also that in Dj, v € (v, v,,), where, by (3.15) and (3.9), v,, < T
and hence the parameter § can take values arbitrarily close to v,. As it
has already been stated, H(v,)> 0 and H(B) is an increasing function.
Thus, depending on the sign of this function in the sufficiently small
neighbourhood of v,, P(B) either decreases of first increases and then
decreases in the interval (v; r,,>. Hence in both cases (3.24) has a unique
root f =4,, v<f,<r,, and consequently the existence of a unique
solution (B,, 7), 7, <7 < r,, of the system (3.23) follows. On the other
hand, in the set D; we have M,(a,,7,,,v,p)> 0 and M, (a,,",,v,p) <0,
which results in M(a,, r, v, p) being increasing for r € {r,,; > and decreas-
ing for r e (ry 7).

~ We shall show that the function M (a,, 7, v, p) increases in {(r,;r>
for (v, a,) € Dj.

By (3.25) and (3.26) P(v) < 0 and P(r,) < 0 in the set D;. It should
also be noted that in Dj, v € (vs; 1) and since 8 € (v; 7,,>, the parameter 8
takes values arbitrarily close to »;. On the other hand, in view of (3.15)
and (3.9), v,<7r,, and from the form of P(B) it follows that

p+1 Up
Tm < ( Sp:) .

Since for any p we have H(v) > 0, H(v,) > 0 and H(f) is an in-

creasing function, therefore H(8)> 0 for Be{v;v,>. It is easy to

i 1 \l»
verify that H(8) > 0 also for g e(vm; (E?i‘]_—l) > Hence P(B) decreases
p_
in <(v;7,.)
The behaviour of P () implies that (3.24) possesses the unique solution
p = v and thus M,(a,,r,v,p) # 0 for r € (r,,; ;) and M, (a,,r,v,p) =0
for a, = k,(v). In D}, however, M,(a,, 7y, ?,p) >0 and M,(a,, 7, v, D)

=2 0, which completes the proof of the fact that M(a,,r, v, p) increases
in the interval {r,; 7).
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20 Let us now consider the interval {r;;r,>. By (3.8)
, 1
M (a,ry,v,p) = ™ W(r),
where
p—1+(p+L)r?  2p°

) r
Vo ="—1"m T, =y

It can be shown that W (r) decreases for r € {r,; r,> and increases for

2p e —

r € {ry; 7y, Where 7, = 1/1+t0—l/2t0+t§ . I r,<r, or ry>r,, then
W (r) is strictly monotone in {r;; 7).

Let (v, a,) € Dy UD; and r € (7,3 75).

Then M, (a;,7,, v, p) < 0 and M (a,,7,,v,p) < 0 and the behaviour
of W(r) shows that M (a,, r, v, p) decreases.

If, however, (v, a,) € D;, then M,(a,,r,,v,p) >0 and M, (a,, 75 v, D)
< 0. Thus the behaviour of W (r) in the interval {r;; r,) implies the exist-
ence of a unique r = 7, r, <7 < r,, which is the solution of

(3.27) W) =0

and such that M(a,, 7, v, p) increases for » € (ry; 7> and then decreases
for r e (r;ry.

3° Finally we examine the behaviour of M(a,,r,v,p) in the sets
D}, for 7 € (r,;7y)>. Consider the system of equations

M;(a,l,r,'u,p) =0, playry,v,p) =1,

where a € (v; ry>. By (3.8) and (2.9) the above system can be rewritten
as

(3.28) P(a) =0,
where
P 1 1—adP 14+3p—1)a?
P(a) = log o : p+1+@p—lja _

—_ 0
I1a™)? 2 11 8 Bprlt(p_1)a7]
,v.'l-"
—log—— -,
TrEaT

It is easy to show that

>0 for a, > k,(v),
Pw){ =0 for a, = k,(v),
<0 for a, < ky(v),
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and
P(ry) >0 for a, > ky(v).
Moreover,
, paP~!
P (a) = (_l—l—T")z G(a),

where

2p _ P

@(a) = log [3p +1+(p —1)a”]
p+1+(3p—1)a®
4p* (1 — a’?)

+ .
[p+1+(3p—1)a®1[3p +1+(p —1)a”]
We shall prove that M(a,,r,v,p) decreases for (v,a,)e | D}
k
and r e {ry; a0 .
To show this we should first notice that G (a) is an increasing function,

i.e. G(a) < G(1) ='0. Hence P(a) decreases for a € (v;ry)>. In the set
U D;, we have P(v) > 0 and P(r,) > 0, therefore (3.28) has no solution.
k

Thus we have shown that M/(a,,r,v,p) # 0 for r € {ry; ry> and since
in | JDy, M,(a,7,,v,p) <0 and M,(a,, 7,7, p) <0, we get the desired
5 :

result, namely that M(a,,r,v,p) is a decreasing function in {7y; 7y
The results obtained for the three cases prove the lemma.
Consider the following sets:

E, = Diu{(v, @)): 0 <v<v3ha; = ky(0)},
E, = DyU{(v,a,): v, <9< A0, = kp(v)},
E, = Diu{(v,a,): v,<v<1Ara, = ky(v)}.
Making use of Lemma 2 we shall prove
THEOREM 3. For any function f of the family S\ satisfying f'(0) = a,

and |f(2)| = v, where a, € (0; 1> and v € (0; 1), the following sharp estimation
holds:

(3.29) logv’
1P D
og v(1—v")(1+17)
rm(l+’vp)(1_7'£z)

P71 (1 —2*P) . oo
log vp—]_(l__;zp) —(P(ﬁ27r7v,p) @f (v?al)EE27

if (v, a,) € By,

N

P 1—0?)  p—1+(p+1y*
[log WP 11— 7%P) - 2p (1 —7°7) 'log‘j‘;‘ if (v, @) € By,
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where
10 r =7, 18 the rool of w(rpy Ty, v, P) = i,
20 (Byy 1)y Ty < T < ¥1,y 0 < By < 1y 18 the unique solution of the system

p—1+(p-+1)7? 9 1—p87
1—7P LETWTL

p(Bay ¥y 0, p) = 1y,

30 r =7, 7, <7< ¥y, is the unique solution of

_1 a2p 2 2
polt(p+h)#  2p log. .
177 t v

a

Proof. If (v, a,) € D}, then, by Lemma 2, M(a,,r, v, p) will attain
its upper bound at the point » = r,,. The form of the estimation follows
from (2.17), (3.3) and (2.9). '

If (v,a,) €D;, then by Lemma 2 there exists r = #, 7€ (7,;7),
such that (8,, 7) is the solution of system (3.23) for which M(a,, 7, v, p)

supM(a,, r, v, p) for (v, a,) € D;.

If (v, a,) € D, then (cf. Lemma 2) M (a,, 7, v, p) increases in {r,,; 7>
and then decreases in (r; 7). Hence the upper bound for (v, a,) € D}
will be attained at the point » = 7 defined by (3.27).

The case

(3.30) ay = kp(v)

remains to be examined. Nofice that if (3.30) holds, then there exist only
three of the four roots of (3.3), namely r,,, 7, and r,. Hence the function
M(a,,r,v,p) has the form

71" 11 —2%)

(331) JM’(“], r,v, p) log (l __,,4213)

—L(a,,r,v,p),

where

(8,7, 0,p)  for r <7<,
p 2
(3.32)  L(ay,7,v,p) = (log ) for 1, <1 <r,

yla,r,v,p) for r,<r<1,

e and f being the roots of (2.14) and (2.15), respectively.

Thus if (3.30) holds, then M (a,, r, v, p) does not change its behaviour
in {rp;r;> and {ry;r,>. The variable r, however, can now take values
arbitrarily close to 1, so we shall examine the behaviour of M (a,, r, v, p)
in {r,;1). By (3.31) and (3.32)

P (1 —o°P)

M(ay,r,v,p) = log P (1 — %) —yla,r,v,p),

3 — Annales Polonici Mathematici XXXIV,2
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where a satisfies (2.14). From (3.30)

(1497
to = lOg -_/-EE_—

H

and hence (2.14) can be rewritten as

(3.33) log- 2 __ 1= .7 o
) g(1—|—a”)2 1+a? ga”— )

Note that a—1 as r—1. Indeed, assuming that a does not tend to 1 we
obtain that a is the solution of

(3.34) log % 4+ 17% loga =0

' Eita?e " 1ra Bt T

It is not difficult to verify that ¢ = 1 is the only root of equation (3.34).
Now consider the expression

(3.35)

7t p(1+407) (1—af)? 1
expM(a,, 7,v,P) = T3 50—v") o exp(—pl_aplog* :

Using (3.33) we get

D L+ad logf— = ( +ap)2lo (1 +a?)’
1—a? —a? 4ag?
Thus
1 4+ o?
(3.36) plim + log— =1 a8 r—1.
1—d? a

Also by (3.33)

(1+ap (14 a?)?
1—-a® g 4q? !

and hence

(3.37) lim = as r—1.

By (3.35), (3.36) and (3.37) we see that as r—1, limexpM(a,,r,v,p) =0
and thus
lmM(a,,r,v,p) = —oo.

Summing up we can say that if (3.30) holds, then M(a,, r, v, p)
decreases to — oo in {r,; 1). Thus, under the condition a, = %, (v), the up-
per bound sup M (a,, r, v, p) in the sets E,, F, and F, will be attained for

r

Tm, 7 and 7, respectively. This completes the proof of Theorem 3.



Univalent pesymmetric functions 153

Setting in (3.29) p = 1 we get the results obtained by R. Robinson [11].
The first of estimations (3.29) was obtained earlier [4] in the part

» e
of the region E, consisting of (v, a,) with v € (0; 7,), where r, = l/l/p2 +1—p.

Lowner-Robinson’s method has been also employed in the works of
L. Mikotajezyk [8], [9], [10] for examining relations between quantities
(1.1) with respect to the class of regular univalent p-symmetric in |z] > 1
functions of the form

E% a’n -1
W) =2+ 2_{ zTﬁ-T,
and satisfying |W(z)| > m, where m € (0; 1).

IV. Functions univalent and p-symmetric in the unit disc.

1. Denote by 8‘® the class of functions ¥ of the form

00
\

F(z) =2+ 2‘ Anp+1znp+1

=1

for ze K, K = {2: |2| < 1}, -which are regular and univalent in K.
Denote also

(4.1) r=12l, o=IF)|, v =|F({),

where 2 # 0 is an arbitrary fixed point of K and ¥ is an arbitrary function
of 8@,

For any F € 8 let us consider the function
(4.2) P (2) = 07 F(e2),
where g € (0;1). Note that function (4.2) is regular and univalent for

2z € K, satisties p,(0) = 0, ¢,(0) = 1 and [2]

e 2]

1
<————5
P S A el

thus

lpe(2)| < M,
for 2 € K, where M = 1/(1—p)% As ¢—1, we have ¢,(2)—>F(z) and thus
any function of the class S can be approximated by bounded functions

of the form (4.2).
Now consider for any ¢,(z) defined by (4.2), the function

(4.3) f(2) = (1—)’p,(2).



154 W. Majchrzak

It can be easily verified that f(z) belongs to the elass S considered
earlier, provided a, = f'(0) = (1 — )2
If for any arbitrarily fixed z = 0, 2 € K, we set

(4.4) r=1lel, V,=lp )}, V,=Ilp,()l,

then from (4.3) we get

(4.5) v=aV, v =aV,

where v = |f(z)|, v" = |f(2)|, according to the notation introduced in

Section I. Thus using (4.5) and the relations obtained in Section I, holding
between the quantities a,, 7, v, v’, and assuming a¢,—0 or, which results
in the same, o—1, we obtain the relation between quantities (4.1). Those
relations are the mere consequences of Lowner—Robinson’s method em-
ployed in the previous part of the paper.

2. We shall show that certain estimations of functionals on S§®
can be obtained by a passage to the limit from inequalities valid for fune-
tions of the family S{.

The following lemma holds (cf. [2]):

LEMMA 3. If F e 8% and 2 ¢ K, then the sharp estimation

r T
<V < (1_7.13)2/17

(4.6) W <

18 true.

To show this we must put v = @, V, in (2.7) and then pass to the limit
as a,— 0. Note also the equality signs in (4.6) are realized for the p-sym-
metric Kocbe function

z
(4.7) w = E_W
at the points z, = re™ 97 and 2, = re~"?, respectively, a € R (an arbi-
trary real number).

We next prove

LevMa 4. If F e 8% and z € K, then

1%
(4.8) V> yrL,

7'1) +1

To prove the lemma we put » =a,V, and v = a, ¥, in (2.20) and
pass to the limit as a,—0. The equality sign in (4.8) is realized by function
(4.7) at the point 2z, = re"™?? g€ R.

Inequality (4.8) defines the lower bound of the functional V' = |F'(2)]
depending on r and V.
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Let us now discuss the more complicated problem of determining
the upper bound of V', provided that r and V are given. Consider the
functions

x? 1—a? r?

wo) D(w,r, Vg,p) = log V§(1+mp)2 + 1+ 27 IOgF,
) 2P 1+27 rP
¥z, r, Vorp) = log Vf(l—il;p)z + 1 —zP logﬁ'y

defined for « € (0; ). At x = 0 functions (4.9) are defined additionally by
¥

r
(4.10) &0,r,V,,p) =¥Y(0,r,V,,p) = logﬁ.
e

Thus the values of functions (4.9) at # = 0 are the limits of those functions
as z— 0. Note also that the equalities

D

#(@,7,9,8) = 9(@,7, 6, V0, 2) = B(0,7, Vo ) =108 s

(4.11) )
a
p(@, 730, 2) = 9@, 7, @ Vo p) = F(@,7, Vorp) =108 g
hold.
Using (4.11) we pass to the limit as a,— 0 in the inequalities
p(r,r,0,p) <t < (v, r,v,p),
(v, 7,2, p) <t < y(v,7,0,D),
Y, 7,0,p) < LS p(r,r,v, ),

defined in Theorem 1 and we obtain

’,
(4.12) R V<o,
(4.13) V=r,

r
(4.14) r<r< (1_—14,)253
respectively.

Employing (4.11) we can rewrite (2.14) and (2.15) as
D(a,r, V,,p)+2log(1+a? V7)) =0,
P(B,r, V,, p)+2log(l—al V?) =0,
respectively. Hence as a;,— 0 we obtain
(4.15) D(a,r,V,p) =0,
(4.16) YB,r,V,p) =0.
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Putting v = a,V, and v = @, V, in (2.17) and passing to the limit
as a,—~0 we get from (4.12)—(4.14) and (4.15), (4.16)

LEMMA 5. If F € 8® and z € K, then the sharp estimation

(4.17) logV'< M(r, V, p)
holds, where
yP1
(4.18) M@, V,p) =log Vo (1 %) —L(r, V,p)
and

¥Y(a,r, V,p) for Vr,
(4.19) L(r,V,p) =10 for V. =r,
D(B,r,V,p) for V=r.

Parameters ¢ and g from the interval {0;r) are the unique solutions
of (4.15) and (4.16), respectively.
If V takes the minimal values V,,, = r/(1-+7?)*?, then

, 1—7?
(4.20) V = o)+’
and if V takes the maximal value V_,, = r/(1 —7?)*”, then

14-9P

(4.21) V' == W.

Indeed, if V = r/(1+7")*?, then by (4.8)

, 1—7?
= ?fm)l+2/p ’

but on the other hand, by (4.15), a = r and hence

L(r, Vaun, 2) = ¥(r, 7y Viainy P) = log(l—r”

Thus from (4.17)

: 1—r%
VS T
Combining the results we obtain equality (4.20). In a similar manner
(4.21) can be proved.
From (4.20) and (4.21) it follows that for the extremal values of V
the equality in (4.17) is realized by function (4.7) at the points z, = re'"==?
and 2z, = re”“? acR.
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3. Employing the results obtained we shall prove
THEOREM 4. If F e 8® and ze K, 2z # 0, then the sharp estimation
1—r? , 1477
(4.22) (1 +,,~p)1+2lp = = (1_,,p)1+2/p
holds.

Proof. By (4.8) V' attains its minimal value when V is minimal.
From this and (4.6) we obtain the form of the lower bound of the func-
tional V.

Notice also that in view of (4.18), (4.15) and (4.16) we have

<1 p(l»{—a”

AV

2
v T ) for V<,

— fP\2
;-1—%(1_{_;) for V>,
which means that M (r, V, p) is an increasing funection of the variable V.
From this and (4.21) we obtain the estimation from above of the functional
V'. The equality signs in (4.22) are realized by function (4.7) at the points
2, = re™ VP and 2z, — re” P, respectively, a € R.

As an easy consequence of Lemmas 3, 4 and 5 we get

THEOREM 5. If F e 8™ and ze K, 2 # 0, then the sharp estimation
1—pP ’ 1 D
1—r < rV < +7r
147P V 1—7?

[ -

holds. !

Indeed, the lower bound of the funetional in question can be easily
obtained from (4.8) and (4.6).

From (4.23) it follows also that M (r, V, p)—logV is an increasing
function and hence the considered functional attains its upper bound
only for the maximal value of V.

The extremal function is the Koebe function of the form (4.7).

THEOREM 6. If F e 8® and zec K, z # 0, then the sharp estimation
1—7* V" 1
P < yr+1 < ,.p(l_,ﬁp)

(4.23) M'V(T, V,p) =

(4.24)

(4.25)

holds.

Indeed, the estimation from below has already been found (cf. Lem-
ma 4).

Using (4.23) we can show that the function M (r, V, p)—(p +1)logV
attains its maximum for V = r. Then, by (4.17),

, 1
V< 1—¢?’
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and hence we obtain the estimation from above in (4.25). The sharpness
of the estimation is the result of (4.8) and (4.17) being sharp.

Finally we shall examine relations between V and V' for the functions
of the class 8@, '

THEOREM 7. If F € 8® and z ¢ K, 2z # 0, then for V < 4~Y» we have
(4.26)

47VPY1 _AVP(1HV1—4VP PP KV < 47V V1 14V (1 +V1 +4VP )P,

Equalities in (4.26) are realized for the Koebe function (4.7) at the points
2, = ré'™" ) and z, = re ", respectively, where a is an arbitrary real
number.

Proof. From (4.8) it follows that to determine the lower bound of
the functional V' in (4.26) it suffices to calculate

. 1—r?
min 7,_1—.

The above minimum is taken for the maximal admissible value of r. Note
that, given any value of V < 477, the maximal admissible value is at-
tained by r satisfying

r

(L)

Form this and (4.8) we obtain the form of estimation (4.26) from below.
We shall now determine the estimation from above of the functional
V' for a given value of V.
By (4.18), (4.19), (4.15) and (4.16) we have

(P41 +p—1  p(1—p7)

] for r< V,
’ r(l —r%?) r(1-+ %)
(427) M, (r,V,p) = (p+1)r%P 4 p—1 (1+d")
l P P— _2P for r> V’
T(l __sz) 'r(l - ap)

where a and g are the solutions of (4.15) and (4.16), respectively. Note
that M,(r, V, p) is a continuous function at r = V, since then « = g = 0.

Since @ (a,r, V, p) is a decreasing function of the variables a« and V,
the derivative aj (V) = — @}, /®, is negative. Thus if V increases from its
minimal value to r, then the parameter a decreases from r to 0.

Moreover, since ¥ (8, r, V, p) is increasing in the variable g and de-
creasing in V, the derivative g, (V) = — ¥, [¥; is positive. Thus if V¥
increases from r to the maximal admissible value, then the parameter g
increases from 0 to r.

Consequently, for an arbitrary fixed value of V satisfying V <7,
there exists a unique value of « € (0;r) which is the solution of (4.15).
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Simila.rly, to an arbitrary value of V satisfying V > r, the unique
B € {(0; r> being solution of (4.16) is assigned.

Tt can he easily verified that the only roots of the equation M,(r, V, p)
= 0 are

_ ((3p 1) (p 1)
Po=\tp—1)™ (3p—1)
. z((3p+1)r2p—(p+1)

*\a-p)r®+(3p—1)

Since 0 < gy <7, 0 By <r and q,, P, are the solutions of (4.15)
and (4.16), respectively, M,(r, V,p) = 0 if and only if

1/p
) for r <V,

1/p
) forr> V.

Y(Bos7, Vyp) =0 for v*(p) <7< (:p_:—ll )mp,
or L1
D(ag,r, V,p) =0 for(;;_H) <r<1,'
where
1/2 for p =1,
™ (p) = l(2p ;ijr_i)m for p > 1.

Hence the equation M,(r, V, p) = 0 is satisfied only on the curve

(4.28) V = 47V (N (r))"?,
where
(Bp+1)r**—(p+1) | (3p+1)r* —(p+1)
N(r) = 1
ot exp[ 0P -1 | (p - Gp—) |
2p°(1 —r*%) ((P —1)r*? — (3p—1) )]
logr +-1o
(D7 +p—1 0 e\ (D rPp—1
’P-i-l 1/2p
for 7*(p) < r < 1 and where for r =_(-3—+—1-) we define the value of
P

N (r) by its limit at this point.
To examine the curve defined by (4.28) we shall consider the behaviour
of the function

(4.29) g(h) = log(4V?)?,

where h = r~*” ranges over the interval 1 < h < [r*(p))~%".
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By (4.29) and (4.28)

/ ip*
h) = B(h
70 = T nre—ome 0

where

[(p—1)—Bp—1)k]*  (p+1)—2h—(p—1)hk?
R[(3p +1)—(p+1)R] 2ph '

B(h) = log

3p+1
Since B(h) increases for he(l;-—f—:—l) and B(l) = 0, therefore

3p+1 :
B(h) > 0 in that interval, while in the interval ;::1 < h<rf(p)~*,
B(h) decreases, and
3p+1
IimB(h) = +00 as h>———.
") p+1

However, for sufficiently large values of &, e.g..h = 6, B(h) < 0 for every
p and thus the existence of a unique A = h, such that

3p+1
>0 for -pﬁ_—}_—<h<ho,
p+1

=0 for h = h,,
<0 for hy<h < (1*(p)]”?”

follows.

Hence g(h) attains its maximum for & = h,.

Summing up we can state that in the interval (1; h,) the funection
g(h) increases and attains its maximal value at A = h,. In the interval
ho < h < (r*(p))"*", g(h) decreases.

Thus for »*(p) < r < 7y, by (4.29), the values of V increase from
V(r*(p)) to V(ro), where r, = hy’?, while for r e (r,; 1) they decrease
and limV(r) = 477 a8 r—>1.

As a result we obtain that the curve defined by (4.28) lies above the
line V =477 for r < 1 and lim V (r) = 4~"* as r—1. On the other hand,
by Lemma 3, the curve defined by (4.28) divides the set

. .
D, = {(r, V:0<r<i, 5 <V < Aoy |

into two subsets (Fig. 3).
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vA !
| |
{ : y=—7L
| 1 | (—rh)27p
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| 1 | (+m)27P
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| |
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| | |
1 ! ! .
0 i“l Ty 1 7
Fig. 3

It can be easily verified that below the curve V = 4~Y?(N(r)}'?,

M (r,V,p)< 0 and above the curve, M.(r, V,p) > 0. Let D = D,nD,
where

D, ={(r,V):0<r<1, 0<V<47V7},

M(r, V, p) decreases with respect to » in D and thus at the prescribed
value of V it attains its maximal value for the minimal admissible value
of r which is the solution of

r

If, however, (4.30) holds, then, as we have already shown, M (r, V, p)
1 4P
= .(.:j——p;w;. Thus from (4.17) and (4.30) we obtain the upper bound

of the functional V' in (4.26); this completes the proof.

As a supplement to Theorem 7, we remark that for V > 4717 the
variable r takes values arbitrarily close to 1 and thus, by (4.8), there exists
no positive lower bound of the functional V'.

Furthermore, we shall examine whether for V > 47 there exists an
upper bound of V. As already remarked, the variable r takes then values
arbitrarily close to 1. We shall first examine the behaviour of the function
L(r, V,p) as r—1.

If V> 1, then V > r and, consequently, L(r, V,p) = ®(B8,r, V, p),
where the parameter 8 is the solution of (4.16). Since ¥(f,r, V, p) is an
increasing function of the variables r and 8, the derivative 8,(r) = —¥%,/¥;
is negative. Hence if r—1, then f—0 and lim L(r, V, p) as r—1 is {inite.

If 472 < V < 1, then by the Schwarz lemma, V <7 and thus
L(r,V,p) = ¥Y(a,r,V,p), where the parameter ¢ is the solution of
(4.15). It is easy to verify that ®(a,r, V, p) is increasing in the variable
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r and decreasing in a. Thus if r—1, then the value of the parameter a
increases, which implies that L(r, V, p) also increases and im L(r, V, p)
is finite.

Thus we have shown that for V > 47?7 the limit lim L(r, V, p)
as r—1 is finite.

The case of V = 47 has remained to be considered. In this case
(4.15) takes the form

4a® 1—a” rP

4.31 Io + log— = 0.
(4.31) & (1+a?? ' 1+a® &
Notice that if »—1, then a—1. Indeed, otherwise a would have to satisfy

4a? 1—d*

5 T
(1+a??  1+a?
But the only root of (4.23) is & = 1.
Using now (4.31) we get

(4.32) g(a) = log

loga™® = 0.

1_ p
(4.33) lim 1;1-) —2 as rol
and
1 n
(4.34) limp 1+“p log— =1 as r—1.
—a a

For V =4~ we have L(r,V,p) = ¥(a,r, V,p) and so, by (4.32)
and (4.33),

im([L(r, V,p)+2log(l—r")] =1 as r—>1.
The above considerations results in

limM(r, V,p)= +o0o asr—1 for V> 477,
and
lmM(r, V,p)= —o0 as r—1 for V =477,

Hence for ¥V > 47Y7, in view of the fact that estimation (4.17) is sharp,
‘the upper bound of V' does not exist for any function of the family S®.
If, however, V = 4"'# then M(r,V,p) is a decreasing function and
thus it attains its maximum for the minimal admissible value of r defined
by the equation V = r/(1—1r?)*?,

Thus the final conclusion is that the estimation from above in (4.26)
holds for V < 4717, '

The results of this section for p = 1 have been obtained with the
aid of the consistent method due to R. Robinson [11]. Some of his results
had been, of course, known before. For instance, in the family §, = S®
L. Bieberbach [2], R. Nevanlinna [7], and K. Lowner [6] had otained
the sharp estimations of |f'(2), |f' (2)|/If(2)| and |f’(2)/|f%(2)|, respectively.
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