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We denote by C(X) the continuous real-valued functions on a compact
Hausdorff space X. A linear operator T on C(X) which is positive (f
= 0= Tf > 0) and takes 1 into 1 is said to be Markov. It is well known (see,
e.g., [5]) that for every Markov operator T there exists a unique family of
probability (Radon) measures P(x, -), xe X, such that

(a) for every Borel set A in X the mapping x — P(x, A) is Borel
measurable;

(b) for every feC(X), Tf = [f(y) P(:, dy).

In fact, we have P(x, ') = T*J,. By B(X) we denote the bounded Borel
functions on X. Using (b) we see that T can be canonically extended to an
operator T B(X)— B(X). Recall that a linear operator T: C(X)— C(X) is
compact if and only if the mapping x — T*§, is norm continuous (see [4],
Proposition 5.9). In particular, every compact Markov operator takes B(X)
into C(X). We say that T is weak* mean ergodic (w*.m.e.) if for every
fe€C(X) the Cesaro means

A =n"Y(f+Tf+ ... + T" 1Y)

converge pointwise (see [1]). If A,f converge uniformly for every fe C(X),
then T is said to be uniformly mean stable (u.m.s.). The operator T* is said to
be strongly ergodic (se.) if the Cesiaro means A¥ converge in the strong
operator topology. T is said to be uniformly ergodic (u.e.) if the Cesaro means
A, converge in the uniform topology, and T is said to be quasi-compact if the
A, converge uniformly to a finite-dimensional projection (see [2]). Let P;(X)
denote the set of all T*-invariant probability (Radon) measures. Lotz [3] has
proved the following:
Let T be a Markov operator such that

(1) T* is se.;

(i) Py(X) has a weak order unit;

(ii)) every T*-invariant probability measure has a non-meager support.
Then T is quasi-compact.
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He asked whether (ii) was necessary. We obtain quasi-compactness of T
without the assumption (ii).

THEOREM. Let T be a Markov operator on C(X). If (1) and (iii) hold, then
T is quasi-compact.

Proof. Similarly as in [3] we show that T satisfies Doeblin’s condition
(see [3], Proposition 3). For ue Py(X), as in [3] we put

Gnu () = IT*"5, A pll,

Hn.u = {fGC(X) Osfsgn,u}s H Hnu’

A,=lteX: h(t) =0 for all heH,}.

"‘ "CB

Let A=NA,, nePr(X). If A=0Q, then by compactness we have
A, NAy,N...nA, =0 for some p, y,..., ta€ Pr(X).

Observe that A, < A, N ...NA, , where fi=n""(u + ... +p,). Indeed, if

t¢A,,, then h(r) > 0 for some continuous function h with 0 < h <g,,,, . Thus

0< h(s)
n

<||IT*™6, An"Y(uy+ ... +u,)l| for all seX

and, consequently, n~!' he H,, ; and t¢ A;. Now, as in [3], it can be proved
that T satisfies Doeblin’s condition with the invariant measure ji. It remains
to show that A4 is empty. Suppose A # @. By the inclusion TH, = H,, the
closed set A4 is T-invariant, so there exists a minimal invariant set B = A. By
(i) and [1], Theorem S5, the set B is the support of a unique T*-invariant
probability v (the separability assumption in Theorem 5 of [1] is unnecessary
since, as the proof of Lemma 2 in [1] shows, every non-empty open set is
visited infinitely many times even if X is non-metrizable). Let B,, = |t:
gnv(t) = 1/k}. By the same argument as in [3], Theorem 1, the sets BN B, ,

are meager. Since int B # (), by assumption (ii) the set B—()B,, is non-
nk

empty. For re B— | B, we have ||T*"§, A v|| = O for every natural n. This is
a contradiction sil,;'c’;e ||A¥ d,—v|| = 0 by (i).

Remark. By the last part of the proof it is clear that (i) in the Theorem
can be replaced by

(i) A,f (t) converge uniformly on the unit ball of C(X) for every ¢ in a
co-meager subset of X.

The following corollary strengthens one part of Corollary 1 in [3].

CorOLLARY 1. Let T be an irreducible Markov operator on C(X). If T*
is s.e., then T is quasi-compact.

As in [6], let A be the family of non-negative lower semicontinuous
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functions such that Tf <f <1 and T"f— 0 pointwise. By the Foguel
boundary F of T we mean the intersection of all zero-sets {x: f(x) = 0} for
the functions fin A. If F = X, we say that T is conservative. By the center M
of T we mean the closure of the supports of all measures in Pr(X). It is well
known that M < F (see [7]). If T* is s.e.,, then M = F. Indeed, we always
have T1,.<1,. (see [6]). By the strong ergodicity of T we have

lim A 6,€ Pr(X), so T"1, ¢(x) < A,1,,(x)— O for all xe X. Thus 1, ;€ 4, so
M 5 F. Now we have the following

COROLLARY 2. Let T be a conservative Markov operator on C(X). Then
T is quasi-compact if and only if T* is s.e., T is um.s., and ex Pr(X) is finite.

Proof. If T* is s.e, then by conservativeness the center of T is X, so
(Usuppu = X, pueex Py (X). Thus supp u is non-meager for pe Py (X) and, by
the Theorem, T is quasi-compact.'

Example 2 in [3] shows that the conservativeness cannot be dropped in
Corollary 2.

CoOROLLARY 3. Let T be a Markov operator on C(X). Then T is quasi-
compact if and only if T is u.e. and the support of every invariant probability is
non-meager in the relative topology on M.

Proof. If T is quasi-compact, then T|C(M) is also quasi-compact, so
we can assume that M = X. For puePr(X) we have Tl,,,,, = 1 ,,,, (see
[6]). By the quasi-compactness of T, the Cesiro means A4,1,,,,, norm
converge to Pl,,,,,. Since P is a compact projection, Pl,,,,, € C(X). Thus

1 T1 = Pl

suppu — 1 lsuppy = --- supppu?

and suppyu is clopen, so non-meager. Conversely, let T be a u.e. Markov
operator and intsuppu # @ on M for every ue Py (X). From the Theorem
we infer that T|C(M) is quasi-compact. By the uniform ergodicity of T, for
every finite measure u, A¥ u(M° — 0 uniformly on the unit ball of C(X)*.
Thus T is quasi-compact on C(X).
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