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The polygonal method of solving the differential
equation ?/' = h(ty ¥,9, y’)

by Z. KowALSKI (Krakow)

§ 1. The purpose of the following considerations is a strictly Eulerian
approach to the problem of solving the differential equation

(1)1) yl:h(t’ yyyyy')7

the right-hand member containing the derivative of an unknown func-
tion.

This equation will be solved in a complete Banach space with a homo-
geneous norm, since then the case of n differential equations for » real
functions can be treated without complicated calculations.

The polygonal method presented here does not involve the
solving of (1,1) with respect to the derivative y’, and can be described
in the following manner:

Let

. 6 .
(1,2) tj=tn) =7 B (1=10,1,2,..)
be a sequence of equally spaced points #; in the interval I': 0 <t< aq,

n being a positive integer and 0 < 6 = const. We shall define successively
rectilinear segments of the polygonal line y,(tf) in the intervals

(1,3) A,': Lo <t < iy 31=1,2,3,..).

First we define a slope y,(0) at the initial point ¢= 0. To this end
we assume that the right-hand member &A(¢, u, v, w) of (1,1) is defined
in some domain (cf. § 3, assumptions H), we compute d,;, (the slope)
with the aid of the formula

(1,4) dn11=50(0,0,0,d,), dy=0 (n=1,2,3,..)

and we define the first rectilinear segment for ¢ e 4,(n) by the differential
equation

(1,5) Yn(t) =h(0,0,0,d,) for tedi(n), ya(0)=0,

with a constant right-hand member.
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Suppose that the segment y.(t) in the interval 4;(n) (j—fixed, § > 1)
is given. Then we define the segment ¥,(f) in the next interval A4;,(n)
as a solution of the differential equation with a constant right-hand
member

(1,6) Ya(t) = h(tir Yn(ts)s Ynlti-1), ?/;z(ti—l)) for ted;n(n),

joining the segment ya(t), te€ 4;41(n), with the preceding one so as to
obtain the continuous funetion () for 0 <1t < t;4,.

In the subsequent intervals (1,3) we proceed in a similar manner.
Accordingly, the value y.(?) in the next interval A;y,(n) is always deter-
mined by the values y.(?) and y7(¢) at two points of the preceding interval
A;('n,).

So we obtain the sequence of polygonal lines y,(t), as » tend to infinity,
the slopes at the initial point { = 0 being defined in a special way (cf. (1,4)
and (1,5)).

yli /

Y, (t)
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Fig. 1. The construction of the rectilinear approximation ¥,(?)

Hence this is a difference method of the Eulerian type. Because
of its connection it may be regarded as a consequence of another difference
method (that of curvilinear polygons xx(t)), treated previously (cf. Z. Ko-
walski [3]), where the values of z,(f) were determined by known values
at all (oo many) points of the preceding interval 4;(n). This can be seen
by connecting (1,4), (1,5) and (1,6) with the corresponding formula

(1,7) Gn41=0(0,0,0, ds) , d, =0 (n=1,2,3,..),
(1,8) xp(t) = h(t, xa(t), 0,ds) for tedy(n),

/ 4 é é
(1,9) a},,(t) =h (t, .’Bﬂ(t), Tn (t— %), (L'n(t—%)) for ; <l a ’

dealt with in the method of curvilinear polygons (cf. [3]).
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In this connection the rectilinear polygons #s(f) can be recognized
as an approximation to curvilinear polygons z,(?).

The rectilinear approximations y,(f) may deviate to a greater extent
from the solution of (1,1) than the curvilinear approximations z,(t),
nothwithstanding the faet that they may be of practical interest in nu-
merical computations.

It is worth noting that equation (1,1) can be solved with the aid
of a special iterative method, which also dispenses with the solution
of (1,1) with respect to the derivative y’, the successive approximations
un(t) being defined by

(1,10) Un(t) = b, un(t), Un-a(t), una(t)) , () =0,

for 0 <t < a (cf. Z. Kowalski [2]).

In this paper we solve the problem of location of the functions yx(?),
Yn(t) and of the solution, we evaluate the length of the interval in ques-
tion and prove the almost uniform convergence to the unique solution
of (1,1). In addition, we derive two error estimates for y,(¢), the second
with the aid of the values [ya(t;)) —ya(tj—1)|| and |lya(?;) —yn(ti-1)|l, the
number of points #; being finite.

Also in that case the most difficult situation arises when the uniform
convergence of the (right) derivatives of y,(?) is to be proved. However
it could be proved (cf. the first lines of the proof of theorem 2), with the
aid of precise estimations obtained by means of theorems on differential
inequalities.

Moreover in that case the method of differential inequalities leads
to non-local theorems.

§ 2. We shall make use of the following well-known theorems (cf.
T. Wazewski [6]):

THEOREM A. Suppose that the real-valued function 1(t),1(t,) =0,
continuous in the interval J,

J: fh<t<a (a< +o0),
possesses the right upper derivative D,l(t) and satisfies the inequalily
(2,1) D)y <F(t, 1) for ted,

where F(t,z) 18 a real-valued function of real variables (t,z), continuous
for ty<t<a, —co<z< oo,
Suppose that the greatest solution z(t) of the equation

(2,2) ¢ =F(t,2),
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satisfying the condition
(2,3) L(t) < 2(1y),
exists in the interval J.
Under these assumptions
(2,4) @) <2(t) for ted.

Remark 1. If I(t) satisfies the inequality D.I(f) > F(t, I(t)) for
t edJ, z(l) is the lower integral of equation (2,2) for ¢ ¢ J, and I({,) = 2(¢,),
then I(t) > 2(t) for ted.

THEOREM B. Suppose that a function p(t) defined forted,J: t, <t < a,
with values in a complete Banach space with a homogeneous norm, possesses
a derivative @'(t) for ted.

Under these assumptions

(2,5) Dol <llg’®lI for ted.
(Cf. T. Wazewski [4]).

§ 8. Throughout the rest of the paper we shall use the following
assumptions H:

AssumpTiONS H. 1) Assume that the function % (¢, %, v, w) is defined
and continuous for (¢, u, v, w) € w, where

(3,1) o O0<t<a, [ul<b, [ol<d, |wi<e
(@< 400, b< +00, 6< +09).

2) The values of h(t, u, v, w) are in the Banach space B with a homo-
geneous NOrm:

hit,u,»,w)eB for (l,u,v,W)ew.
3) The Lipschitz condition
(372) "h(iy "7'7 7—)1 E)_h(ta U, v, w)”
S K-[I—t|+M- [a—ulj+N-[|5—2|+L-[|w—w

holds for (¢, @, 7, @) € o, (¢, u, v, w) € w, with arbitrary constants K, M, N,
and the constant L satisfying

(3,3) 0<L<1.
We suppose also that

(3,4) |k(0,0,0,0)| <P (P< +0),
where the constant P satisfies the condition

(3,5) P<ice-(1—-L).
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Denote by s(?) the solution of the non-homogeneous linear differential
equation

M M+ N N (t) +P
satisfying the initial condition 8(0) = 0, and let
(3,7) h(t) = max ||k(t', 0,0, 0)] .

o<t/ <<t
Let I' be the greatest interval contained in the interval I: 0 <t < a:

(3,8) I' 0<ti<a (a¢<a),
such that
(3,9) s()<b, s{H)<e for tel'.

The existence of the interval I’ follows from the theorem on continuation
of the solutions of differential equations.
Denote by A4; the intervals

(3,10) 4y Ha<t<t; (=1,2,3,..),
with end-points

. 0 .
(3,11) ti=ti(n)=?‘ﬁ (3=0,1,2,..),

where n is an arbitrary fixed positive integer and

(3,12) ={‘”f“<+°°’

arbitrary number if ¢ =+ 0.

§ 4. Now we shall prove lemma 1, connected with some estimations
for a sequence d,, and lemma 2, on functlons 2a(t), 7o <t < + oo, simpli-
fying the proof of lemma 3.

LEMMA 1. Let us suppose that the function h(t, u, v, w) fulfils assum-
tions H.

Under these assumptions:

1° All terms of a sequence

(4,1) dn1=10(0,0,0,dp), d,=0 (n=1,2,3,..),
are defined, the sequence d, converges and a limit d = lim d, is a unique

n—++o0
solution of the equation d = h(0, 0,0, d).
2° The inequalities

P P

(4,2) ldp—dyll <2-L""- 1= ldall < 1—T (n=1,2,3,..),

are satisfied for arbitrary posilive integers m,p, q, such that p >n, q > n.
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3° The error estimates of the form

n— P
(4,3) "dp-d" <2-L i 1—-L°

hold for p=2n (n=1,2,3,...).

Proof. From |/d,|| < c it follows that the term d,, d, = A(0, 0, 0, d,),
can be defined.

We shall prove that d, and d, satisfy the conditions

P
(4,4) i —do| <L P, ldll < 75 -

In fact, from (3,4) it follows that |d,—d,]|=|h(0,0,0,0)|<P
=I°P and ||d)| < I°-P < P-Y I/ = P/(1—L). On the other hand (3,5)

7=0
implies ||d,|| < ¢, whence the next term d,, d; = k(0,0,0,d,), can be
defined.

Proceeding by induction, assume that all terms d; (=2, 3, ..., n;
n > 2), are defined and satisfy the inequalities

45) | —dl| <I7*-P, (@ <P/A-L) " (j=2,3,.,n).

We shall prove that the next term d,y, can be defined, and d;
(1 =2,3,..,n+1) satisfy the inequalities

(4,6) & —a;| <L°P, @I <PA-L) (=2,3,.,n+1)

In fact, from the second formula of (4,5) and from (3,5) we obtain
||ldnl} < ¢, whence the term d,., = h(0, 0, 0, d;) can be defined. Moreover,
(4,1), the Lipschitz condition and (4,5) imply that

(4,7) ldn—dnsill = [|k(0, 0, 0, dn_r) —k(0, 0, 0, du)|
<L |dpr—dal <L"'-P,
and according to (4,7) and (4,5):

n+l n+1
lnsall =] Y (@1— | < P- 3 T < PJ0—L);
i=2 i=2
this means that condition (4,6) holds for j =2,3,..,2+1.
By finite induction all terms of the sequence d, are defined and
satisfy (4,5) for arbitrary n.
Hence the series d,+(dy—d,) +(d;—d,) +... as well as the sequence
d,,d,, dy, ... converge to a limit d = lim d,, satisfying the equation

n—»+00

ad=h(0,0,0,d) and the inequality ||d|| < P/1—L) < e.
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The uniqueness results immediately from the Lipschitz condition,
since the equality d = h(0, 0, 0, d) implies that ||d—d|| = ||k(0, 0, 0, d)—
—h(0,0,0,d)| <L-|d—d|, and d = &, in view of (3,3).

This completes the proof of part 1°.

Now we shall prove part 2°. For that purpose observe first that from
the second formula of (4,5) follows

(4,8) lldp—dgll <2-P/1—-L)=2-L°-P/1—L) for p>1,¢=>1.

Suppose that for p > n, ¢ > n, we have

(4,9) ldp—dgl < 2-L""-P/(1—L).
We shall prove that for p >n+1, g =>n+41:
(4,10) ldp—dgll < 2-L*-P/1—L).
In fact, from p>n+1, ¢=n+1 follows p—1>=>n, ¢g—1>n,

whence (4,9) implies

lldp—dgll = ||2(0, 0, 0, dp_s) —1(0, 0, 0, dg_,)||
< L-||dpay —dga|l < 2-L*-P/1—-L),
for p=2n41, ¢=n+1.
By finite induction the last estimation holds for all », which completes
the proof of (4,2).
From (4,2) we obtain (4,3) as g—>-+oco. This completes the proof
of lemma 1.

LeEMMA 2. Suppose that the real-valued function zn(t) fulfils the fol-
lowing assumptions in the intervals 0;:
b Tasi<my (1=1,2,3,..),
4,11 . 0 .
(1) Ti=7i(n)=fo+?'% (41=0,1,2,..).

1° The function z4(l), defined in the interval 0,, as well as the derivative
2n(t) are imcreasing funmctions in 6, and satisfy condilions z(ty) = 0 and

(4,12) (t) =0, 2(t)=0 for teb,
(4,13) 2n(t) = M -25(t) +N-2p(t) + L-2(t) +fn for teb,,
where
(4,14) fn=const > 0.
2° The function zn(t) is the solution = zu(t) of the linear monhomo-
geneous equation
_ é , 8
(4,15) () = M-L(t)+N -2 (t—ﬁ)+L-z,.(t—%)+fn
jo‘r te 054_1(%) (j = 1, 2, ...)

Annales Polonici Mathematicl XIII 12
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and satisfies the inilial condition
(4,16) C(r) =2(r)) =0 (j=1,2,3,..).
Thus, (4,15) becomes

(4,17)  A(t) = M-2a(t) + N -2 (t—§)+L-z;.(t—§)+f,.,

tebiu(n) (1=1,2,3,..)
identioally for te 6;1.,(n) (j=1,2,3,...).
Under these assumplions the funoction z,(t) and its derivative zp(t) are
increasing for te 0;(n) (j=1,2,3,..) and satisfy the conditions

zﬂ(t—g) =2(l) =0,
(4,18) ]
z;(t—;) S >0 for tebiamn) (1=1,2,3,..),

(4,19)  Za() > M on(t) - N-2a(t) + L-2y(t) +fn, teBy(n) (i=1,2,3,..)
and

(4,20) 0<z(t) < za(t;—0), O<2(f) <2p(r;—0) for 7,<t<+o0.

Remark 2. Inequality (4,18) can be interpreted as follows: If we
trapnslate the graph of the segment 2,(t), ¢ € 6;, parallel to the i-axis so

as to obtain the graph of z, (t — -’s-) for te 6;4:, then the segment z,(t) for

te ;41 is under the segment z, (t—g) for te 0;4,. Consequently the func-

tion 2,(t) satisfies the inequality 0 < 2x(¢f) < 2a(r; —0) in the whole interval
T, <t < +4oo. A similar result can be rewritten in the case of derivative
2n(%).

Proof. According to the definition the function z,(f) is completely
determined in the whole interval 7, <t <+ oo by its values in the in-
terval 6, and initial conditions (4,16).

We shall verify first that z,(t) and 2,(f) are increasing funections for
teb; (j=1,2,3,..). In fact, 24(f) and 2,(t) are increasing for te 8, by
assumption. Proceeding by induction suppose that they are increasing

for te6;. Then z,.(t—;g) and 2, t-£) are increasing for te 6;;,; solving

(4,15) we verify that { = 24(f) is an increasing function for ¢ € 6;1,; therefore
2,(t) is increasing for ¢ e 6,4, because of (4,17). Hence 2,(t) and z,(t) are
increasing in all intervals 6; (j =1, 2,3, ...) because of the principle
of finite induction.

We shall now prove the inequalities (4,18) and (4,19). We observe

first that the function 2,(f) satisfies by assumption (4,12) and (4,13) in
the interval 6,.
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Now we proceed by induction. We assume that for some integer j
the function z,(f) fulfils the inequalities

(As) () =20, #)>0 for teb;,
(B;) Za(t) = M -25(t) + N -2a(t) +L-23(t) +fo  for teb;,

in the interval 6;.

We shall prove that the function z,(2), ? € 6;4,, obtained from the
non-homogeneous linear equation (4,15) and the initial condition (4,16),
satisfies the inequalities

z,,(t—g) > 2() > 0,
(Ajy1) 8
z;,(t—ﬁ) = z,',.(t) = 0 for te 01+1 y
(Bs+1) Za(t) = M-2a(t) + N -22(8) +L-23() +fu, tebjy,

in the interval 0;4,.
a) First we show that

(4,21) z,,(t—;?) = 2,(t) for tel;y,.

In fact, the function z,.(t—g), te0;41, satisfies the differential ine-
quality
L
n

a 5 8
zn(t—ﬁ)>M-z,.(t—ﬁ)+N-z,.(t—- )+L-z,,(t—h—)+f,, for  te B

(because of the induction assumption (B;)), the function 2,(t), e 6,4,
satisfies the differential equation (4,15) (because of the definition), and
both functions satisfy the same initial condition z,.(r,—g) = 2a(r;) =0
(cf. (4,16)); hence the theorem A on differential inequalities implies that
z,.(t—g) = 25(t) for t e 0;4.. This completes the proof of part a).

b) We show that
(4,22) 22(0) >0 for teb;y1.

In fact, let us substitute the function y(t) = 0, ¢t € 6;41, in the differ-
ential equation (4,15) in place of {(f); then we obtain the differential
inequality

4,23) () =0< M-0 +N-z,,(t—-;;) +I. z;,(t—g)Jr f for teBu.,

because inequalities (A;) are fulfilled.
12#
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So the function y(t) = 0, t € 0;4,, decreases with respect to the dif-
ferential equation (4,15), the function 2,(t), ¢ € 6;4,, satisfies equation (4,15),
and the initial values are equal: y(7;) = 2a(7;) = 0; hence 2,(f) = y(t) = 0
for t e 6;4,. This completes the proof of part b).

¢) We show that

(4,24) z;(t—g) >2p(t) for tebj4r.
In fact, (4,17), (4,21) and (B;) imply

Zo(t) = M -2a(t)+ N - z‘“(t—g)+L.z;,(t—£)—l— fa

8 8 / é , 0
< M. zn(t—;;) +-N'zn(t"ﬁ) +L'zn(t‘—%)+fn < zﬂ'(t_')_t
for te 0,‘+1 .
This completes the proof of part c).

d) Now we shall prove that z,(t) > 0 for tef;4,. In fact, because
of (4,17), (4,22) and (A,;) we have

z;.,(t) = .M'Zn(t) -I"N'Zn(t—',g) +L'z;,'(t_'£) +fn > O fOI‘ te ej+1 .

This completes the proof of part d).

e) We show that 24(f), e 0;4.,, satisfies the inequality (B;4.). In
fact, (4,17), (4,21) and (4,24) imply that

' é , 0
2n(t) = M - 2n(t) +N-z,,(t—ﬁ) —}—L-z,,,(t—-ﬁ) +fa

= M 2q(t)+N-25(8) + L-25(0) +fn for teby,.

This completes the proof of part e).

Thus we have obtained the desired inequalities (Aj;4+1) and (Byy).
These inequalities are true for all j =1, 2, 3, ..., because of the principle
of finite induction, and this concludes the proof of (4,18) and (4,19).

Inequalities (4,20) follow immediately from (4,19) and remark 2
on the translation of the graph of the function z,(t), t € 0;, and its deriva-
tive 2(t), t € 0;.

This concludes the proof of lemma 2.

§ 5. Now we shall prove a lemma connected with the properties of
the functions 8,(t). Using these functions we shall obtain lemma 5 and 6
needed in the proof of theorem 2 (cf. fig. 2).

LEMMA 3. Suppose that the funcltions 8,(t) satisfy the following con-
ditions in the interval 0 <t < -+ oo:
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1° 84(t) = Sa(t) for tedy(n), where Sy(t) denotes the solution of the
linear mon-homogeneous differential equation with constant coefficients:

G1) s =2t

3

Bt +12p Oa(3) for y<t<teo,
satisfying the initial condition S,.(;&-) =0, and

Calt)=y-t4+yn, y=(M+N)s'(r)+K,
(5,2) n
’ y“=2-L--1%;+(.M+N)-s’(r)-£.

In these formulas s(t) 18 the solution of linear equation (3,6), the number v
being fived.

A /
/
/
/l
7 Sn(t)
/
/
/
/
7/
/7
/
Ve
/
Ve
rd
5.69) S
nen ! L.//?“ >
0 ty i tj-1 t t

Fig. 2. The graph of the functions S,(¢) and s,(f) (cf. lemma 3)

2° 84(t), t € Aj11(n) (7 = 2), is the solution o = sa(t) of the linear non-
homogeneous equation

(5,3) cr'(t)=M-o’(t)+N-s,.(t—£)+L-s (t—-—)-{-O’n(a) for  ted;i,

and fulfils the initial ocondition

(5,4) o(t)=s(l))=0 (j=1,2,3,..).
Thus (5,3) becomes

(5,8) 8n(f) = M-s,.(t)+N-s,.(t—£) +L-s§.(t—£)+ Ca (g) for ted;(n),

identically for t e Aj4a(n).
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Under these assumplions the functions 8x(t) satisfy the conditions of
monotonicity

o 0
5,6) 8,(2-2) < 8a(2-2), s(2-5) < sif23): ol3)< 0(5) for p>n,

the conditions of uniform boundedness

(5,7)0<s,,(t)<S,,(2-£),0<s§,(t)<8§.(2-£) for £<t<+00,

and the conditions of convergence

d

6)—>0, S;(2-3)—>0, C,,(E)—>0., as n—>-t+oo,

(5,8) Sn(2-%
(5,9) sa(t) =0, sp(t)=>0, a8 n—>+4oo, O0<LIi<+o0.

The sign = denoles almost uniform convergence in the interval 0 <1
< + 00, t.e. uniform convergence in every closed interval, bounded and con-
tained in the interval 0 < i < - oo,

Remark 3. It is worth noting that the unknown funetion s$,(i)
occurring in equation (5,3) appears only at those places where the letter o
is printed. Consequently, equation (5,3) is a linear non-homogeneous
equation, since N -s, (t—g)-i—L-s;,(t—g)—i-C,. (g) is a known function
for t e As1(n).

Proof. We verify first the conditions of monotonicity (5,6). In fact,
from definition (5,2) we have

) d
(5,10) C”(E) < Cn(ﬁ) for p>=>mn,
and
(5,11) 0,.(3)90, as  m—>-oo.

The differential equation (5,1) is linear and can be solved in quadra-
tures, which gives

= 1 é é M+ N
(3,12)  Sat) =7—% ‘Cn(%)‘(eka_‘l)—l) for —<t<too, k=7—7,
where #, = t,(n) = g whence (5,12) and (5,10) imply

(3,13) s,,(z.z—‘f) < s,.(z-;‘z) for p>n.
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On the other hand, according to (5,1), (5,13) and (5,10) we obtain

S;,(2-I—f) < S;,(Z-?—(:) for p>mn,

which means that the conditions of monotonicity (5,6) are satisfied.

We shall now deal with the conditions of uniform boundedness (5,7).
To this end we observe first that the functions s,(¢) satisfy all assump-
tions of lemma 2. In fact, according to (5,12) we have s,(t) > 0 for 1 e d,(n),
whence s,(t) > 0 as can be seen from (5,1), i.e. s,() is an increasing
function for ¢ e 4,(n). Therefore it follows from (5,1) that the derivative
8,(t) is also an increasing funetion for ¢ € 4,(n). In addition, (5,1) implies
that

o

Sp(t) = M -84(t) + N -8a(t) +L-s,(t) + Cn (ﬁ) for tedyn),

whence the functions ss(f) satisfy assumptions 1° of lemma 2. The func-
tions sx(f) satisfy also assumptions 2° of lemma 2 in view of (5,3) and (5,4);
thus by formula (4,20) of lemma 2 we obtain the conditions of the
uniform boundedness (5,7).

The conditions of convergence (5,9) follow immediately from (5,7)

and (5,8); consequently, all that remains to be proved is that relations
(5,8) are satisfied.

The third part of (5,8) is identical with (5,11); therefore place ¢ = 2-
in the formula (5,12) and (5,1). Then we obtain

Sl

o 1 0
S"(Z'ﬁ):1—_7;'0"(;)-<0"""—1>—>0, a8 n—>+oo,
(3,14)

(o 8 8, 1 5 _ M4N
Sn@‘a) —""S"(2';)+1—_L'0"(;)*°’ a8 n—>+o0, k=-3—7,

which means that the conditions of convergence (5,8) are fulfilled.
This completes the proof of lemma 3.

Remark 4. It can be seen from definitions (5,1) and (5,2) that the
functions Sx(t), sa(t) and Cy(t) depend on 7, since y and y, depend on =.

Remark 5. The functions s,(t) satisfy all assumptions of lemma 2;
therefore in particular

s"(t_q_(:) = 8i(t) =0,
(5,15)

3;,t—-7;)>s;.(t)>0 for tedia(n) (j=1,2,3,..).

Inequalities (5,15) are connected with a certain characteristic prop-
erty of the difference method (1,2) (cf. § 8, lemma 5).
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§ 6. Now we shall prove a theorem connected with the existence
and location of the functions y,(?) and of derivatives y,(t) in some interval
common for all yx(t).

THEOREM 1. Suppose that the function h(t,w,v,w) fulfils assump-
tions H.

Under these assumptions the continuous functions yn(l) satisfying
conditions

Ya(t) = h(0,0,0,ds) for tedy(n) ua(0)=0,

'_!I;;(t) = h(ti’ ?/n(tf)r yn(ti—l)y ?/;z(ti—l))
for ted;n(n) (j=1,2,3,..),

dn+l=h(010705dﬂ)7 d1=0 (73:172737-")7

(6,1)

are defined in a common interval I': 0 < t < a and satisfy the inequalities:

(6,2) lyal < 8(t),  lya@ < 8(t)  for tel’,

where s(t), t e I’y denotes the solution of the non-homogeneous linear equa-
tion (3,6) and s(0) = 0.

Proof. We observe first that s(f) and s’(f) are increasing functions
for teI’. In fact, solving (3,6) we obtain s(f) >0 for teI’, whence
8’(t) > 0 in the interval I’ i.e. 8(t) is increasing for ¢ ¢ I'. In view of (3,6)
this means that the derivative 8'(f) is also an increasing function for teI'.

We shall now verify that the function y.(f) is defined in the first
interval 4,(n) and satisfies the inequalities

(6,3) lya(Ol < 8(t), [ya@l <s'(t) for tedy(n).

In fact, (4,2) and (3,5) imply that [|da| < P/{(1—L)< ¢; therefore
kR(0,0,0, d;) exists and ya(t) can be defined for ¢ e 4,(n). Furthermore,
using successively (6,1), (4,2), (3,7) and (3,6) we obtain

(6,4) lya@®)ll = [[3(0, 0, 0, dn)|| = [|dn+ll

P _P+h(0) ,
< <Ho = HO <50,

for t e 4,(n), since s(tf) and its derivative s’(f) are increasing funections
for tel’.

Thus, the function |[y.(Z)| satisfies the differential inequality (cf.
theorem B):

(6,5) Dillyat)l < &'(t) for tedy(n),
the function o = s(t), t ¢ I', satisfies the differential equation
(6,6) o'(t)=¢() for tel,



The polygonal method 187
with an initial condition ¢(0) = §(0) = 0, and the initial values are equal:
3(0) = ||ya(0)|| = 0; therefore theorem A implies that
(6,7) lya()ll < 8(t) for tedy(n).

Hence it can be seen from (6,7) and (6,4) that the desired inequalities
(6,3) hold for t e 4,(n).

It may be mentioned that, in virtue of (6,7), we obtain, as t—>¢,—0,
(6,8) lya(t)ll < 8(t), where #(n)<a.

Proceeding by induction let us suppose that the function () is
defined in the interval 4;(n), ?;(n) < a (j > 1), and fulfils the conditions

(6,9) lyaOf < s(@),  llya < 8'() for tedin),
i.e. in particular
(6,10) lya(t)ll < s(25) .

We prove that the function y4(t) can be defined in the next interval
A;j41(n), the inequalities

(6,11) lyall < 8(8), My <8'(1)  for tedjnaln),
hold for t e 4;4,(n), and if t;;,(n) < a then

(6,12) [Ya(ts+ )l < 8(t741) -

In fact, assumption I(n)<e and (6,10) show that h(t;, yalt;),

Yn(ti-1), Yn(ts—1)) exists; therefore ys(t) is defined for te A;.1(n).
According to (6,1), (3,7), (6,10), (6,9) and monotonicity of the func-
tions 8(t) and s'(f) we have

(6.13)  llya®l < 1h(ts, ya(ts) s Yal(ti-1), Ynlts—1)) —h(t;, 0, 0, 0)|i+
‘th(ti: 0’ 03 0)”

< M-yt -+ N - ligat-)ll +-L- liyalt-)l + h(t)

< M-3(t)+N-8(tj-1) +L-8'(8-1) + R (2)

< M-3(t)+N-s(t)+L-s'(t)+h(t)+P=s'(t) for ted;1a(n).

Hence the function |ya(?)|| satisfies the differential inequality (cf.

theorem B):
(6,14) Dilya < 8'(t) for tedjn(n),
the function o = 8(t), te d;51(n), o(t;) = 8(l;), satisfies the differential
equation
(6,15) a'(t)y=28'(t) for ted;i(n),
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and the initial values for t= t;(n) satisfy condition (6,10); hence from
theorem A and from (6,13) we obtain

(6,16) lya) <s(t) for tedsn).

Consequently, as may be seen from (6,16) and (6,13), the desired inequa-
lities (6,11) hold for e 4;4:(n).

Now, if t;,1(n) = a, then ys(t) is defined in the whole interval I’;
in the remaining case, when ?;;,(n) < a, we obtain from (6,16)

(6,17) 1Ya(tir)ll < 8(tg41) -

So the function ya(t) is defined in the whole interval I': 0 < t< a,

(a < +o0) because of the principle of finite induction, and satisfies con-
ditions (6,2).
This completes the proof of theorem 1.

§ 7. We shall now give the precise location of the functions ¥,(t)
and their derivatives yp(t) for p > n, in an arbitrary prescribed interval 6:

6: o0<i<t (rv<a),

bounded and contained in the interval I’ (cf. fig. 3).

Fig. 3. The precise location of #,(t) with the aid of the function E,(f) (cf. lemma 4)

LemmA 4. Suppose that the funotion h(t,u,v,w) satisfies assump-
tions H and oconsider the sequence yn(t) defined by (6,1).
Under these assumptions the functions yn(t) fulfil the inequalities

l9p(t) —2-y5(0)| < Ra(?) ,

(7,1)
lyp(t) —yp(0)| < Rp(t) for teb, p>=n,
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where Ra(t), Ra(0) = 0, denotes the solution of the linear equation

(1.2) RBi(t) = 22 Roft) + 1 - Calt)
Ca(t) is defined by (5,2) and s(t) is the solution of (3,6).

Proof. We shall observe first that R,(f) and R,(f) are increasing
functions in the interval 6. In fact, solving (7,2) we obtain R,(t) > 0,
whence R,(t) > 0 for t ¢ 6 because of (7,2), i.e. Ry(t) is an increasing fune-
tion in the interval 8. Therefore it follows from (7,2) that the derivative

R,(t) is also an increasing function for ¢ ¢ 6.
We shall verify inequalities (7,1) successively in the intervals

4ip)-0  (7=1,2,3,..),

choosing n so as to obtain é/n < r, and we begin with the proof of (7,1)
in the first interval A,(p): 0 <t < é/p, p = n.

All functions ¥,(f) (p=1,2,3,...) are defined in the common in-
terval I' because of theorem 1, whence for t e 4,(p) it follows from (6,1),
(7,2) and (5,2) that
(1,3)  lya(t) —y(0)| = |1 (0, 0, 0, dy) —R(0, 0, 0, dy)|| =0

< M -Ryt) +N - Ro(t) + L- Bi(t) + Ca(t) = Ra(?)
for tedyp).

Thus, the function |y,(t) —t-yp(0)]| satisfies the differential inequality
(cf. theorem B)

(7,4) D,llys(t)—t-yp(O)l < Bn(t) for tedy(p), p>n,
the function g = Ry,(t) satisfies the differential equation
(7,5) o'(t) =Rp(t) for teb,

and the initial values are equal: R,(0) = ||y,(0)—0-y5(0)||= 0; hence
from the theorem A and from (7,3) we obtain

l9p(t) —t-yp(0)|| < Ra(t) ,
l9p(t) —p(0)] < Ra(t) for tedip), p=n.
Proceeding by induction assume that the conditions
ly5() —1-95(O)ll < Ralt) ,
lya(®) —4p(0)| < Ba(t) for tedfp), p=n (j=1),
are fulfilled in the interval 4;(p) (j > 1).

(7,6)

(7,7
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We shall prove that

lyo(t) —£-yp(0)]| < Ra(t)
lup(t) —yp(0)| < Rn(t) for ted;jnip), p=n,

hold in the next interval 4;.:(p), p = =.
In fact, let us write

(19wt =w—t50), 0 =1aft—2)~ (e~ 4100,

for tedi(p), p=n
According to (6,1) and the Lipschitz condition we obtain

(7,10) lyp(t) —y(0)l| = “h(ti’ Yo(ti), Yp(ti-1), Yo(ti- 1)) —h(0,0,0,d,)|

< K-ty + M- (lyp(t)I +N -Nlypti-)ll + L- |yp(ts-1) — 5l

S E-t+M-|lyp(t;) + () —p (Ol + N -lyp(ti-1) + (1) —» ()] +
+L- |yp(ti—1) +v'(8) —'(1) —dyl|

S M-lp@+N-Qv@ON+L-[I» @)+

'yp(t—z—f) _yp(tf-l)ﬂ + L~Hy§o(t—£ - ?/;J(ti—l)” +
+[(M+N)-[lyp(0)l + K]-t+L-[yp(0) —dpll for ted;mlp), p>n.

But

o+ M - || y(t) — yp(ts)|| + N -

v (0] < R,.(t—é) Ra(t)
(7,11)

1Y) < R, (t-—) for ted;julp), p=n,

because of (7,7), whence from (7,10), (7,11), (4,2) and (5,2) it follows that
(7,12) |’ (i < M- p(@)i +N - Ba(t) +L- Ea(t) + Ca(t)
for tedjnlp), p=n.

Thus, the function | u(?)|| satisfies the differential inequality (cf. theo-
rem B)

(7,13) Dy||u(t)l < M -||u (@)l 4N - Ba(t) +L- Ra(t) + Ca(?) ,

for te d;+1(p), p > n, the function p = R,(?) satisfies the differential
equation (cf. (7,2))

(7,14)  o'()= M-o(1)+N-RBa(t)+L-Rp(t) + Cu(t) for €6,
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and the initial values for ¢= t;(p) fulfil the condition | u(t;)|| < Ra(l))
because of (7,7). Therefore from theorem A it follows that

(7,15) @l < Ra(t) for ted;n(p), p=n.
In addition, (7,12), (7,15) and equation (7,14) imply that
@O < M- |lp@)]+N - RBau(t) + L- Rp(t) 4 Cault)
< M- Ro(8) +N - Ba(t) +L- Bp(1) + Ca(t) = Ry(t)
for tedjnlp),p=n,

which completes the proof of inequality (7,8).

By (7,6),(7,7), (7,8) and by finite induction relations (7,1) are satisfied
in the whole interval 6.
This completes the proof of lemma 4.

§ 8. We shall now give the precise location of the rectilinear segment
Yn(t), t € A;43(n), with respect to the continuation

Y() = Ynltim1) + (E—t-1) - Ynlty=1) ,  te djya(n),

of the rectilinear segment ya(t), t € 4;(n).

In this connection it seems to be worth observing that there is a certain
characteristic property of the difference method (6,1), namely estima-
tes (8,1) are decreasing when the interval A;(n) is replaced by the next
interval A;4,(n) (cf. property (5,15) of the functions ss(t)).

LeMMA 5. Suppose that the function h(t,u,v,w) satisfies assump-
tions H and consider the sequence y(t) defined by (6,1).
Under these assumptions

8.1) ya(t) — Yn(ts=1) — (0 —ti=1) - Yu(t;-1)ll < 8alt)
’ [Y2(®) —ynlls-Dll < 8a(t)  for tedju(n)-8 (j=1,2,3,.).
Proof. We shall verify (8,1) successively in the intervals

Ai+1('”')‘0 (G=1,2,3,..),

choosing n so as to obtain 2- £<r.

We begin with the proof of (8,1) in the interval 4,(n). In fact, using
successively (6,1), (6,2), (4,2) and (5,2) we obtain

(8,2)  [1yn(t) —yn(O)| =B (t:, Yalt), ¥a(0), ¥7(0)) —1(0, 0, 0, &,)|
< K-ty + M- |yn(ts)| +-L- | y2(0) — d
< M- ||yn(ty) + Ya(t) — - Yn(0) — ¥a(t) +t-yu(0)] +K-§ +L-||dnr—dall
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< M- ga(t) = - Yo(O) |+ - yn(®) — Yt + D -2 WOV + K -2 4 2. L% -2

—L
< M- Nyn()— GO 4N -5+ L)+ Ca (2] for v e dyim).

Thus, the function u(t) = |[¥a(t) —1t-ya(0)|] satisfies the differential
inequality

(8,3) Dyu(t) < M-u(t)+N-8a(t) +L-sp(t)+ Ca (3) for tedy(n),

the function o = s,(¢) satisfies the differential equation (cf. (5,1))

o

(8,4) o'(t)= M-o(t)+N-sa(t)+L-si(t) + o,.(ﬁ) for g <t<+4oo,

and the initial values for ¢ = 8/n are equal: u(d/n) = s.(8/n) = 0; therefore
from theorem A we obtain

(8,5) yn(t) —t-yn(0)l| < sa(t) for tedy(n).

In addition, (8,2), (8,5) and the differential equation (8,4) imply

950 =90 < B |9a(®)—t- 9 O)] + N -5a(8) + L s5(0) + Ca[

<K M -$4(t)+N - 8a(t) + L-85(8) + Cﬂ(g) = 8,(t) for 1 e dy(n),

which completes the proof of (8,1) in the interval A,(n).
Proceeding by induction assume that

(8,6) [ ¥a(t) —¥a(ti—1) — (¢ —1i-1) - Yu(tsi—1)|| < 8a(?) ,
T @) — vt < sa(®)  for  tedpa(n) (j—tfixed, j>1).

We prove that

l[9n(8) —yn(ts) — (E—1;) - Ya(ti)ll < 8a(1) ,

(8,7) , , ,
lyn(t) —yalti)ll < 8a(t) for tedjpe(n).

To this end let us write
a(t) = ya(t) —yn(t;) — (E—1;) - ynlts) ,

8,8 /
( ) b (t) = ya(t - ;6;) - y”(tj_],) - (t _’“2' e tj-l) ‘ yn(ti—l) fOl‘ t € A 7’+2('n/) -
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Then by (6,1) and (8,8) we have
(8,9)  llya(t) —yalt)l
= | B{tis1, Yn(tisa)s Ya(ls), Yn(ts)) — B{ts, Yalts), Yaltsm1)s Yalts=0))
<K- g + M - [Ya(ts41) — Ya(E) +N - | Ya(ts) — Ynlts=1)l| + L+ | yn(ts) — Yn(ti=a)ll
< M- ||Yaltyer) + 0 (1) = a(8) — Yn(t)ll+2V - | ¥alts) + b () =B (8) — yalts—a )l +
+I- gty + () — b () —alty-)|+ K- 2
< M- a ()| +N-[bE)] +L- | B(0)] + M+ [ ya(t) — yaltisn)ll +
=) PN (1) = 9l + 71— 2=t Iyl +

+I- Hya(i—g) - yi.(tf)|+K£-

From the induction assumption (8,6) it follows that

310) o0 <salt—3)s IWOI<s(t—2) for tedsum),

whence according to (8,9), (8,10) and (5,2) we obtain

(8,11) |’ < M |la(t)|+N ~8»(t—£) +L"“;~("£)+ Cn (g)

for tedigs(n).

Thus, the function |a(t)|| satisfies the inequality (cf. theorem B)

- é , é )
812)  Dilla(®)ll < M-Ja@®l+7-sa(t—2) + L. (t—7) + Ca 2)

for tedja(n),
the function o = s,(f) satisfies the differential equation (5,3) for ¢ € 444+2(n),
and the initial values fulfil the condition ||a(¢;+1)|| < 8s(f;+1) because
of (8,6), therefore from theorem A we obtain

(8,13) la()ll <salt) for teApa(n).
In addition, (8,11), (8,13) and equation (5,3) imply
[60) [ < M- la(t)] 45 -sa (= 3) + L+ (t—2) + Ca )

8

< M-s,.(t)+N-s,.(t—£) +L~s;(t—5) + Cn(a

n

) = 8n(1)

for te A,~+2('n) N
which completes the proof of relations (8,7).
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According to the principle of finite induction inequalities (8,1) are
fulfilled in the whole interval 6, and this completes the proof of lemma 5.

We shall now give the estimates for ya(t) —ya(t;—1) and yn(t) —ya(ti-1),
1€ Aj41(n), with the aid of the functions s,(¢) considered in lemma 3.

LEMMA 6. Let us suppose that the function h(t,u,v,w) Ssatisfies
assumptions H and consider the sequence ya(l) defined by (6,1).

Under these assumplions

(8.14 lYn(t) — yalti-1)|| < 8alt) + (E—15-1)-8'(7) 4

' l9n(t) —yn(ti-)ll < 8u(t)  for tedju(n)-60 (j=1,2,3,..),
and in particular
L
n
, p , 0 .
10 —valti ) < Sa(2- D) for tedium-0 (1=1,2,3,..).

()~ alty)l < Sa(2- 3} +2- 2 -5/

{8,15)

Proof. Inequality (8,1) implies the second line of the (8,14). But

1y () — ¥a(ti-)| < NYalt) — Ya(ts—1) — (E—15—1) - Yu(ti=1)ll + (E—25-1) - [|[yalt;-2)
< (1) + (t—15-1)-8'(7) ,
for ted;(n)-0 (j=1,2,3,...) and this completes the proof of (8,14).

Relations (8,15) follow immediately from (8,14) and the conditions
©of uniform boundedness (5,7).

This completes the proof of lemma 6.

LeMMA 7. Suppose that the fumction h(t,u,v,w) satisfies assump-
tions H and consider the sequence yn(t) defined by (6,1).
Under these assumptions

lyp(f) — yo(B)|| < Ra(l),
lys(t) — Yol < Bu(t) for tedylq), p=q=n,

(8,16)

where Ru(t), te 0, Ry(0) = 0, is the solution of the linear equation (7,2).
Proof. We shall verify (8,16) successively in the intervals
(8,17) A1p)-A(q) (1=1,2,3,..),

choosing n so as to obtain §/n < 7.
We prove first that (8,16) hold in the interval 4,(p): 0 <t < d/p.
In fact, (6,1), (4,2) and definition (5,2) of C,(¢) imply
{8,18)  llyp(t) —ya(®) = ||R(0, 0, 0, &) — (0, 0, 0, dp)|| < L-||dp—dy|
< M-Ra(t) +N-Ra(t) +L-Bo(t) + Onlt) = Balt)  for  teAy(p).
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Thus, the function ||y,(t) —y,(?)]| satisfies the differential inequality
(¢f. theorem B)

(8,19) D.|lyp(t) —yaD)| < Baft) for tedp),
the function ¢ = R,(t) satisfies the differential equation (cf. (7.2))
(8,20)  o'(t) = M-o(1)+N-Ru(t)+L-Ry(t)+ Cn(t) for 1tef,

and the initial values are equal, ||¥,(0)—¥4(0)]| = R.(0) = 0, whence
from theorem A we obtain

(8,21) lyn(t) —ya(t)| < Ru(t) for tedyp).

So relations (8,16) hold in the first interval 4,(p) because of (8,21)
and (8,18).
Proceeding by induction assume that
|yn(t) — ya(t)] < Ralt) ,
Hyp(t) —ye(t)| < Ba(t) for tedyp).
We shall prove that

(8,22)

t - t < Rn t ]
(8,23) [|yp(2) — yq(1)|] (?)
<

Nup(t) —ya(t)ll < Rp(t) for ted;n(p).

In fact, if we write
a@(t) = yp(t) —t-yp(0) ,

(8,24) 5(t)=y,,(t—~1—f)—(t—£)~y},(0) for ted;np),

then from (6,1) and (4,2) follows

(8,25)  llya(t) — gD
= |Blts, ya(t), wplti-1), Yplti—1) —1(0, 0, 0, dy)]|
K-t + M|yt + N - [yt )l + L 195(t-1) — |
K -t4M-||yp(t;) + @ (1) — & (@) +N - |yp(tir) + B (1) — B(O)l| +
+L-[|yp(ti—1) 4 b'(1) — b'(2) — dy
< M-@@)+N -5 @) +L- [15'(1)]] +

<
<

+ M-l yp(t) —yp(t)l + N - +L- +

é , ) ,
y,,(z_ 5)_3,,,@,._1) yp(t— 5)—yp(t,--1>

+IHM +N)-|lyp(0)| + K] -t +L-||yp(0) —dgll  for e A;sa(p) -
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But the induction assumption (8,22), the monotonicity of R,(i),
Ry,(t) and (7,1) imply that
19

4

T ’ 6 ’
i (t)n<R,.(t—1—,)<Rn(t) for ted;a(p),

@)l < Ralt) for teb;

Bl < R,,( ) < Ralt),

(8,26)

therefore according to (8,25), (8,26) and (5,2) we have
(8,27)  lyp(t) —ya(D)l
< M- Ru(t) +N-RBa(t) +L-Ry(t) + Cu(t) = Rp(t) for tedj(p).

Thus, the function ||y,(f) —y,(t)|| satisfies the differential inequality
(cf. theorem B)

(8,28) D.llyq(t) —yp(D)l < Ba(t) for tedin(p),

the function ¢ = R,(?) satisfies the differential equation (8,20) and the
initial values for ¢ = t;(p) fulfil the condition [\y,(t;) —y4(t;)| < Ra(t;) in
view of (8,22), whence theorem A implies

(8,29) |4n(t) —Ya(B)|| < Ba(t) for iedppa(p).

Thus we have obtained the desired inequalities (8,23) in the interval
A+ (p) since (8,29) and (8,27) hold.

By induction relations (8,16) are fulfilled in the whole interval 4,(g),
and this completes the proof of lemma 7.

§ 9. Now we shall give a theorem connected with the existence and
uniqueness of the solution.

THEOREM 2. Let us suppose that the right-hand member of the differen-
tial equation

(9,1) y=ht9,9,9),
satisfies assumptions H.
Under these assumptions:

1° The sequence of functions yn(t) defined by the formula
Yn(t) =h(0,0,0,d:) for tedyn), ¥a(0)=0,

(9,2) Ya(t) = h{ts, Ynlts), Ynlti-1), Yults=1)) for tedju(n) (=1,2,8,..),
divs1=10(0,0,0,ds), & =0 (n=1,2,3,..),

converges almost uniformly in the interval I': 0 <t < a to the unique solu-
tion y= (1), t e I', of equation (9,1), satisfying the initial condition ¢ (0) = 0.
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2° The error estimates of the form

”?/q(t) ‘P(t)” < ka(t) 9
(9,3)
lg(t) —@' DI < Ku(t) for teb, g=mn,

hold in an arbitrarily prescribed interval 6:
(9,4) 0: o0<t<t (t<a),

bounded and contained in the interval I'.
Here the real-valued function kx(t), t e 0, is the solution of the limear
equation with constant coefficients

M+ N ba

(9,5) Kalt) = Tll) +

and satisfies the initial condition k,(0) = 0. The constant b, > 0 is defined by
00 n—oxfafodsn L o) ol drall),

can be computed from (5,2), (5,14) and (3,6), and fulfils the condition
(9,7) bn—>0, a8 wm—>-+4oo.

Proof. a) We shall verify that the sequence y,(f) and the sequence
of derivatives y,(f) satisfy the Cauchy criterion for the almost uniform
convergence in the interval I'.

For this purpose denote by 6: 0 <t < r an interval contained in the
interval I' and assume that é/n < .

We prove first that

l92(1) — o)l < Enl?) ,
lyp(t) —yo(D)l < Kn(t) for tediq), p=qg=n,

in the interval 4,(q): 0 <t < é/¢q. In order to see this, it is sufficient to
verify that

lyp(?) — ¥l < Rn(f) ’

(9,8)

(9,9)

l9n(t) —y4(B)]] < Ra( for tediq), p=q=m,
and
(9,10) Ra(t) < Ea(t), Ra(t) <kn(t) for tedyn).

Inequalities (8,16) imply the relations (9,9), and (9,10) can be proved
as follows:
From (5,2) and (9,6) we see that

(9,11) Ca(t) < ( 6) <bp, for ted(n).

13*
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Thus, the function R,(f) satisfies the differential inequality (cf. (7,2)
and (9,11))
M + N ba

(9,12) vORL() < - Ra(t) + — 1—L for ted(n),

the function %,(t) satisfies the differential equation (9,5) and the initial
values are equal, R,(0) = ks(0) = 0, whence theorem A implies

(9,13) Ra(t) < ka(t) for tedyn).
In addition, as can be seen from (9,12), (9,13) and equation (9,5),

, M+N ba M+N by  ,
Ro(l) < —— 1=L Rf,.(t)-{—1 L\ 11 -k,,(t)—l—lTE—k,,(t) for teAd,(n),

which means that relations (9,10) hold.
This completes the proof of inequalities (9,8) in the interval A4,(q)-
Now we shall deal with the interval é/n <! < 7; namely we prove

that
lyo(t) — o)l < Kal?) ,

9,14 , P
Oyt —yit) < Fa(t),  for c<t<T, p2g>n.
In fact, if ¢ is in the intervals
-<i<T,
(9,15) Aia(d): 4(p) << tin(p),
Aipa(q):  Gilg) <t < i),
then

(9,16)  [lyp(t) —vq(d)ll
= |1 (ts> Yn(ts), Yaltiza) s Yltima)) — (b, Yulte) s Yaltior)s Yeltios))|
<K-§ + M (| y{ts) — Ya(t)ll + N - [19p(t-1) — Yaltia)ll +

+L- [[yp(ti—1) — Yglti—1)|l -
But
lYu(ts) — Yot < N¥p(t) — Yo+ ¥p(t) — Yo +11Ya(t) — yo(ta)ll
NYn(tiz1) —Ya(tim) | < ¥p(ti—1) — Yol +1Yu(t) — (Ol +
(9,17) + 1 Yo(t) — yalts-1)ll
lyo(ti—1) —yalti—)ll < Nlyplti—1) —yp®l + yp(t) — o)l +
+lya(?) — ya(t:-)ll
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whence according to (9,17) and (9,16) we have

(9,18) (1 —L)-[|yp(t) —ya(O)l] < (M +N)-[jy»(t) — yo(O)l| +
+ M - (llya(t) — Yo+ 9a(t) — yaltll) +
+N - (Ilg(t) — Yolti=2)ll +19a(t) — Yolt:—2Ml) +
+ L- ([lyn(t) — yp(ti—0) ||+ ¥a(t) — Yg(t:-1)l}) 5

for ¢ in the intervals (9,15).

Hence, (9,15), (8,15), the conditions of monotonicity (5,6) and de-
finition (9,6) of the constant b, imply

(A —L)-|lyp(t) —ye(t) | < (M + N)- I|yp(t) —:yq(i)ll +
+2Ms(r)—+2 .N. [S,. +2 — s(z)]+2LS( :),
which means that

(9,19) (1 —L)-lyp(?) —yg®Oll < (M + N)-[lyp(t) — Yol + br

for g <t<T,p=q=n.

So the function |[yp(t)—y,(t)l| satisfies the differential inequality
(cf. theorem B)

= M+N n
920)  Dliwglt) — vl < 22 - [plt) ~ vl + {22

for §/¢g<t<7t, p>=q=>n, the function %,(t) satisfies the differential
equation (9,5) for ¢ ¢ 6, and the initial values for ¢ = §/q fulfil condition

o)l <)

as can be seen from (9,8). Hence from theorem A we obtain

(9,21)

é
(9,22) o) — oDl < Ba(?)  for ‘q‘ i<z, p=Zq=n.

In addition, from (9,19), (9,22) and (9,5) it follows that
M+N ba

195(8) = 9o(Ol < =" 196(8) =¥ + =%
M+N , ' o

which completes the proof of (9,14).
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Thus, according to (9,14) and (9,9) we have

lyo(t) — YDl < Ea(?) ,

(9,23)
1Yp() — Yol < Ba(f) for teb,p>qg>n,
in the whole interval 6.
On the other hand k,(t), t € 6, is the solution of the linear equation (9,5)
with constant coefficients, kn(0) = 0, and the term b, tends to zero, as
fn—>+ oo, because of (9,7); therefore

(9,24) ka(t) =0, ki) >0, as mn—>+oo, teb,

(cf. for example E. Kamke [1], p. 145).

Formulas (9,24) and (9,23) imply that the sequence y,(t) and the
sequence of derivatives yp(f) satisfy the Cauchy criterion for uniform
convergence in the interval 0; consequently, they are almost uniformly
convergent in the interval I’.

b) Denote by @(t) the limit function of the almost uniformly con-
vergent sequence (). The sequence of (right) derivatives wyn(t) is
also almost uniformly convergent; therefore (cf. T. Wazewski [5], theo-
rem 3);

(9,25)  yat)=o@(t), ya(O)=¢'(t), a8 n—>foo, tel.
We prove that ¢(t), t € I’, is the solution of equation (9,1) and satisfies

the initial condition ¢(0) = 0.
It is sufficient to show that

(9,26)

Yat) =R (t, a(), a(t), 42D < bn  for ted,
since from (9,26), (9,25) and (9,7) follows, as n—+ oo, the identity
(9,27) p'(t) = h(ty @(t), ¢(1), ‘P’(t)) for teb,

in an arbitrary prescribed interval 6, contained in the interval I'.
We shall verify (9,26) successively in the intervals

din)-6  (j=1,2,3,..),
and we begin with the proof of the inequality

(9,28)  [9a®) —R(t, ya(t), yn(t), yn(D)| < ba  for tedyn).
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In fact, if ¢ e 4,(n), then

(9.29)

)—h(t, ya(t), ya(t), ya(t))|

= i}h(o, 0,0, dn)—h{t, yu(t), Ya(?), ya(t))|

< K t+M-|[ya)]| + N - [|ga()l] +L- [|yn(t) — dall

= [(M+N)-[ynO)+ E]-t+L-[dnsr—dall <ba  for tedyn),

because of (9,2), (4,2), (5,2) and (9,6).
This completes the proof of (9,28) in the first interval A,(n).
Proceeding by induction, assume that (9,26) holds in the interval
Aj(n). We shall prove that (9,26) is fulfilled in the next interval 4;.,(n).
In fact, using successively (9,2), (8,15), (9,6) and (5,2), we obtain

(9,30)

Yalt) = (8, Ya(t), ¥n(t), yu(0))]

= B (t35 yn(t:)s yalti-a)s Yalti-a)) =B {2, Yn(t), ¥n(t), yu()|

<K % + M - | Yn(t) — Y|+ - [|ya() — yn(tj=2) |l + L+ [ Yn(t) — yalti=1)ll

<K- 6+M —-8'(r)+ N - [S,. +2 — s(r)]+L S'( 6)<bn

for Te Aj+1(n) ’

which means that inequality (9,26) holds in the next interval 4;.,(n).

By induction (9,26) is satisfied in the whole interval 0, whence
identity (9,27) holds.

In addition ¢(0)= 0, since ¥»(0)=0 (n=1,2,3,..), and this
completes the proof of existence.

¢) Now the uniqueness of the solution will be proved. To this end

assume that y(t), t € I', is the solution of (9,1) satisfying the initial con-
dition y(0) = 0. Then we have

(9,31)  {l¢"(®)—v' @i

=[h(t, (&), 9 (1), 9’ ®) =B (t, w(t), v (1), ¥ )]

S(M+N)- @) —p®I+L-le@)—p'@) for tel’,
and
M+ ,
(9,32) Dillpt)—y )i < @ —w»@)| for tel,

because of theorem B.
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Thus, the function |@(¢)—y(?)|| satisfies the differential inequality
(9,32), the function &(¢) =0, ¢ € I', is the solution (also the greatest solu-
tion) of the equation
v M+N
(9,33) W =5—%

£(t) for tel',

satisfying condition &(0) = 0, and the initial values are equal, |j@(0)—
—y(0)|| = &(0) = 0; therefore from theorem A we obtain

(9,34) le@®—y @I <&) =0 for tel’,

which implies ¢(t) = y(t) for 1 1'.
This completes the proof of uniqueness.
d) The error estimates (9,3) follows from (9,23), as p -+ oo.
This completes the proof of theorem 2.

§ 10. Now we shall derive another error estimate for the approxi-
mation yx(f). In this connection we shall evaluate the difference
llya(t) —@(?)| with the aid of the differences |ya(f;) — ¥a(t;—1)|| and
[l¥n(ts) — Ya(tj=1)|l, which are considered only at a finite number of points
t; in an interval 6.

THEOREM 3. Suppose that h(t,u, v, w) satisfies assumptions H and
that the fumclion ya(t) is constructed for some n with the aid of equations (9,2)
in the interval (9,4) bounded and contained in the interval 1.

Assume in addition that

¢ = max %a(ts) — yalts=)ll 5
(10,1) 7 = max lIyn(t:) — ynlti-)li 5
o' = m?XIth(ta-)ll ,
for all values j such that i; ¢ 0 and t;_, € 0; thus, there is a finite number of

points t;, all being defined by (3,11).
Under these assumptlions the error estimates are provided by

lya(t) —@ (I < 2(?) ,
lyalt) —@'Dl < 2'(t)  for tel.
Here z(t) = 2-58(1) for te dy(n), s(t) being defined by (3,6) and con-

(10,2)

dition s8(0) = 0; for ,,i: < t< 7 the funclion x(l) is the solution of the linear

equation with constant coefficients

v MAN p
(1013) .’E(t)— 1—1 ‘x(t)+l__—L’
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and satisfies the imitial condition x(é/n) = 2.3(d/n), the constant » >0
being defined by

(10,4) n=N-e+L'17+[(M+N)-a'+K]-£.
Proof. Let us observe that from (6,2) it follows
(10,5) le@iI<s@®), le'WI<s(t) for tel’,
as n—>-+oo, as well as
lya(t) —@ Il < Y@ +Hlip @) < 2-8() = 2(?),
1ya(®) —@" Dl < llga®ll +Hl@' @O < 2-8(@) = 2'(t) for 1edy(n),

i.e. relations (10,2) hold for £ e 4,(n).
For t e A;4.(n)-0 we obtain

(10,6)

(10,7)  |lya(t)—¢' (O
< |ltss ynlts), Ya(tiz), Yaltims)) — B{ts, Yalts), Ynlts), ¥alts))]+
+[B(ts, ya(ts), yalts), Yalts)) —h(t; @ (1), @(1), ¢'()|
< N - (|¥a(t5) — Ya(ti= )| +L- 1 Yn(t;) — yalti-D)ll +
+K-(E—1;) + (M +N)-[|ya(t;) —@ ()| +L- | ya(t;) — @' ()| for tedjya(n)-6.
However,
(10.8) Ya(t) = Yalt;) +(E—1;) - yults) ,
Yn(l) = ynlt;) for ted;(n)-6  (j=1,2,3,..);
accordingly, (10,8) and (10,7) imply
(10,9)  [lya@®) —¢'(Ol < (M +N)-llya(t) —e )l +
+[(M +X)-[|ya(t))l + E]- (1 —1;) +
+ N -{[ya(ts) — Yn(ti—)| +L- |ya(t;) — Yn(ti-1)Il 5
for ted;jti(n)-6 (=1,2,3,..), whence

, , M+ N % K
(10,10)  {ly(t) —@'(Dll < 1—I Nya(t) —@ (O + 1—1L for p <t<rz.

Thus, the function |ya(f)—¢(f)|| satisfies the differential inequality
(cf. theorem B):

M+ N

- 0
(10,11) Dllyalt) —p I < g -y —p@ll+ 705 for - <t<rT,
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the function z(t) satisfies the differential equation (10,3) and the initial
values for ¢t = d/n fulfil the condition ||y.(d/n)—¢@(d/n)| < x(d/n) because
of (10,6). Hence from theorem A we obtain

(10,12) I~ <a() for T<t<e.

Furthermore (10,10), (10,12) and (10,3) imply

(10,13) |lyn(t)—' ()] < % N1ya(t) —@ ()l + l—f T

M+ N
D P

a:(t)—i—-ij—L:a:’(t) for <t<rT,

Sle

which completes the proof of relations (10,2).
This completes also the proof of theorem 3.
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