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1. Introduction. Let C,(X) be the spacc of real-valued continuous
and bounded functions defined on the topological space X with the norm

Ifl = sup{|f(#)|: = e X}.
For any f e Cp(X) and a > 0 define the following closed set:

Mi(a) = {x e X: |f(x)] > a}.

If « = ||fll, then we denote this set by M,.

Let G be a non-empty subset of C,(X). We say that an element g € G
is a best approximation to f € Cp(X) in @ if ||f—g|l < ||f—h| for all A €@.
Kammler, assuming additionally that X is an interval of the real axis
and G is a linear family, has formulated in [3] necessary and sufficient
conditions for g to be a best approximation to f.

In this paper we obtain a Kolmogorov type characterization of a best
approximation if @ is a non-linear family and X is a topological space.

2. Main results.

Definition 1. A subset G of Cy(X) has the weak betweenness property
if for any two distinct elements ¢ and A in G and for every non-empty
closed subset D of X such that

inf {|h(z) —g(x)|: 2 e D} > 0
there exists a sequence {g;} of elements of G such that
(1) }ﬂ lg —gdl =0,
(if)  inf{[A(x)—g,(®)1lg;(x)—g(x)]: x € D} >0  for all integers <.

We note that if D is a compact set, then inequality (ii) is equivalent
to the fact that g,(x) lies strictly between g(x) and A(x) for all € D (i.e.
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either g(z) < g,(z) < k() or h(z) < g;(x) < g(x)). Therefore, if X = [a, b],
then Definition 1 is equivalent to Definition 1 from [7].

Example 1. Let P be a convex subset of C,(X) and let 4, be a sequence
of real numbers from the interval (0, 1) convergent to zero. It is easy to see
that the sequence defined by

9:=Mh+(1—-2)9, ¢=1,2,..,
satisfies (i) and (ii) in Definition 1. Indeed, we have

limlg — g, = llg—Allim 4, = 0.
100 i—>00

Additionally, if inf {|h(z) —g(x)|: © € D} > 0, then we obtain

inf{[h(x) — g:(=)1[9;(x) —g(2)]: = € D}
= 2;(1—A;)inf {[A(2) — g(2)I*: @ € D} > 0.

Hence P has the weak betweenness property.

Example 2. Let P and @ denote convex subsets of Op(X) and let
2; be such as in Example 1. Assume that inf {g(2): z € X} > 0 for an arbitra-
Ty q € Q. Let us set

R ={r =plg: peP and qe@}.

Now, let A = p/q and g = 8/t be two distinct elements from R. Define
the sequence g; by
_ Ap+(1—4)8
" dgra—a

Since [it] > 0, we have

. sq—tpll .
timlg— g < 24PNy, — 0.
oo M oo

Additionally, if
e [P _t00l0) )
q(z)t(x)
then in view of 1,9+ (1—4,)t € Q we obtain

inf{[h(x)—g;(x)][g;(x) — g (x)]: = € D}
[p()(z) — g(2)8(2) T
: D 0.
4@ @) @) + L= @F }>

Hence R has a weak betweenness property.
For X = [a, b], other examples of subsets having a weak betweenness

property have been given in [7].
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THEOREM 1 (characterization theorem of Kolmogorov type). If a sub-
set G of Cy(X) has the weak betweenness property, then g 8 a best approvima-
tion to f € Cy(X) if and only if there exist no element h € G and no positive
number e, < ||f—gll such that

(1) inf{{f (@) — g ()] [h(x) —g(#)]: © € M;_,(If —gll—2)} >0
Jor all 0 < & < &,.

Proof. Necessity. Let us suppose on the contrary that there exist an
gy 0 < g <|f—gll, and h €@ such that (1) holds. Additionally, let us
set U = M, ,(If —gll— 2o)-

Since
. 1 .
inf{|h(z) —g(@)|: # €U} > mlﬂf{[f(w)—y(w)][h(w)—y(w)Pw eU}>0,

it follows from Definition 1 that there exists a sequence {g,} of elements
of @ satisfying conditions (i) and (ii) with the set D replaced by U.

Let us assume that an integer n has been chosen so that for all2 > n
we have

. 8 3
llg —g.ll < mm(&, ?0)’ where 6 = inf{|f(x) —g(x)|: @ € U}.
Since 4 > 0 by (1), condition (i) implies that it is possible to select
such an n. Hence for each fixed ¢ > » and for all # € U we have

sign [f(2) — g(2)] = sign [f(2) —g¢(x)] = sign [g,(x) — g(2)]
and
If (@) — gs(@)] = ([f(@) — g(®)]— [g,() — g(x) 1) sign [f(z) — g4(2)]
= |f(®) — g (@) — |gg(®) — g (®)] < If —gll — 74,

where, by (ii), the number %, = inf{|g,(x) —g(x)|: € U} is positive.
Now, for all ¢ > n and € X\ U we have

17(0)— g4(@)] < 11(2) —g(@) |+ lg (@) ~ g4(a)]
<Uf—gl—et 50 = I =gl— 5 co.

Combining this inequality with the earlier inequality for x# € U, we
obtain

. (1 . .
If — g4l < If — gll — min (—2— €9y m) < |If—gll for each fixed ¢ > n.

Thus we get a contradiction to the fact that g is a best approximation
in @ to f.
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Sufﬁciencjr. Let us suppose on the contrary that an element 2 € G
is a better approximation to f than g, ie. ||[f—h| < ||[f—gl. Write &
= |If—gll—IIf— A}l > 0. Let ¢, be a positive number such that e, < 8/2.
For every ¢, 0 < ¢ < ¢,, and for all x € M,_,(||f —g|l — ¢) we have

3.
If(@)—g@) —If —hll = If —gll — eo— If — hll > R

Hence for these ¢ and « we obtain

[f(x) — g(«)][h(2) — g(2)]
= |f(z) — g(@)(If (x) — g ()| — [f (#) — h(w)]sign [f(z) — g ()]}

> 1f(e) = g(@)(If ~ M+ 3 — [f(o) — h(o)]signLF(o) — g(o)]

0 0 é
= 5 |f(@)—g(@) > —Z‘(Hf—hll-l- 5-)

This iniplies that (1) is satisfied. Therefore, the proof is completed.

Note that the proof of the sufficiency of Theorem 1 does not require
any assumption about the structure of @.

Now, we assunie that X is a compaet metric space. In thls case we
denote the space C,(X) by C(X). We often characterize the best Chebyshev
approximation for functions from C(X) by the:following criterion:

KOLMOGOROV CRITERION. An element g € G 18 a best approximation
to fe C(X) tn G if and only if there is mo element h € G such that

[f(2)—g(@)][h(2) —g(@)] > O for all @ € M,_,.

Obviously, this criterion is true only for the sets G satisfying some
additional restrictions (see, e.g., [2] and [4]).

THEOREM 2. A necessary and sufficient condition for the Kolmogorov
criterion to hold for all f € C(X) is that G has the weak betweenness property.

Proof. Necessity. Let h, g be arbitrary fixed distinct elements of G
and let D be any non-empty closed subset of X such that

6, = min{|h(x) —g(x)|: © €D} > 0.

Define a closed subset Z of X by Z = {&: g(¢) = h(x)}. Obviously,
we have DNnZ =0. Let i, (¢t =1,2,...) be any sequence of positive
numbers convergent to zero. Denote by f, the function from C(X) defined by

B dist(z, Z)
filz) = g(m)+€1. dist(z, Z) - dist (z, D)

where 0 < ¢; < 0.5min(4,, é,).

sign [h(2) —g(@)],
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Since [fy(x)—g(@)][A(z)—g(x)]>0 for all zeD and D =M, ,,
it follows from the Kolmogorov criterion that there exists a better approxi-
mation g, €@ to f, than g, ie. |fy—g,ll < [lfi—gll = ¢,. Hence we have

lg — gall < Ifi—gall + Ifi —gll < 4.

Additionally, since |f,(2) —g,(®)] < |fi(x) —g(=x)| for all x € D, we can
easily show that g,(x) lies strictly between g(x) and h(x) for all # € D.
Put

8, = min{|g,(x)—g(x)|: ® € D} > 0.

Now, replacing g; , (9o = k) by ;1 4_, by 4;, and é;_, by 9;, we
can construct — by induction — functions f; (¢ =2,3,...) such that
D = M, _, and that g is not the best approximation to f; in G. Finally,
denoting a better approximation to f; by g;, we may prove that conditions
(i) and (ii) in Definition 1 are satisfied for these g;. Thus the proof of the
necessity is completed.

Sufficiency. Since X is a compact space and f, g € C(X), we obtain
My = () Myy(if ~gli—e)
&8>

and, consequently, the Kolmogorov criterion holds in the case where G
has the weak betweenness property (see also [7], Theorem 5).
Finally, we give an example of a non-linear approximating family &
which does not have the weak betweenness property.
Example3.Let 2y, @ =z <2, < ... < &, = b (s> 0), be arbitrary
knots and let P; (§ =0,1,...,38) be n,-dimensional Haar subspaces on
intervals [z;, z;,,]. Let us set

Plzyy ..y 3] = {p €C[a,b]: pllrgy v, ] €Pyy o =0,1,...,8},
where p|[c, d] denotes the restriction of the function p defined on [a, b]
to the subinterval [¢, d] of [a, b]. It is known [6] (see also [1]) that

h(x)

A /. r(x)
VAN 4

g(x)
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Plx,, .. ,m] is a ( Zni—s) dimensional linear subspace. We dcnote by
P° the (2 n;)- pammeter non-linear family of the functions from

Plx,, ..., .n,], where knots z;, 6 <2, <2, <... <7, < b, are free, i.e. z;
are unknown parameters. In general, the set P has not the weak between-
ness property.

Indeed, setting s =3, P, =span{l, &} and D = {o;, x,, 3, ¥, Y3}
(see Fig. 1), it is obvious that there exists no polygonal line 7(x) with at
most three vertices, lying between g(x) and & (x) for all # € D. Conscquently,
condition (ii) in Definition 1 is not satisfied for this family P°.

Note that the family P° contains the important family of splines with
free knots [5]. From Example 3 and Theorem 2 it follows that we cannot
use the theorem of Kolmogorov type to the characterization of best
approximations by elements of P° in the whole space C[a, b]. Therefore,
the following question is interesting:

What is a necessary and sufficient condition for g to be a best approxi-
mation in P° to an arbitrary function f € C[a, b]? (P 1169)
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