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Remark on a paper of M. A. McKiernan

by LAszLO SzZEKELYHIDI (Debrecen, Hungary)

Abstract. In this note we give an elementary proof for a result of McKiernan
[2] concerning functions with vanishing n-th differences, without using Hamel-bases.
Our proof is based on a theorem of Hosszu [1] and it can be applied in more general
situations than the case of the real line.

We use the following notation and terminology. Let n>1 be an
integer and let @, 8§ be Abelian groups. A function A4,: G"->8 is called
n-addilive if it is @ homomorphism in each of its variable. A function 4,
is called symmetric if A4,(2y,...,®,) = A, (z;,...,2;,) for @,..., 0, €@
and for every permutation {i,,...,%,} of {1,...,n}. If 4,: G">8§ is an
n-additive symmetric function, then we write

A™W(z) = A,(®,...,2) (ve@).

If f: G>8 is a function and if y,y,,...,¥, €G, we shall use the
notation

4 =[]&,—D

(Wyseees¥p) i=1
and
A;‘ = 4 ,
(TR "))
where
(B, f)(®) = fle+y) (veq),
and

(If)(@) = f(®) (ve@).

The above-mentioned result of M. Hosszu is the following theorem
([1]): Let » > 0 be an integer, @, S Abelian groups and suppose that 8

is divisible; further, let f: @—8 be a function. Then for arbitrary element
n+1
Y1y ---y Yny1 Of G the equality ( 4  f)(x) = 0 holds for every s in @

(1’1,.~n1/1;+1)
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if and only if there exist 4,: -8 (k =1, ..., n) k-additive symmetric
functions and A® € § such that

f@) = AM @)+ ... +4AV (@) + 49  (ze@).

Our result is the following

THEOREM. Let G, § be divisible Abelian groups, S is torsion-free, n > 0
an integer and let f: G—8 be a function. Then

(45 f)(@) =0
holds for each ®, y € G if and only if

n+l
( 4 f)=z) =0
ylt---:un+1
holds for each =, y,, ..., ¥, € G; equivalently, of and only if there ewist
A, G*~>8 (k=1,2, ..., n) k-additive symmetric functions and A® e 8
such that

f(@) = AD@) + ... +AD @)+ A0 (ze@).

Proof. For brevity we use the following terminology. If G, S are
divisible Abelian groups and » > 1 is an integer, then a function f from @
into 8 will be called of degree n if there are py, ..., p,, 73, ..., ¥, Tationals
different from zero and functions f; from & into S (z =1,2,...,n-+1)
such that the equality '

(1) i@+ + D fipa+7:9) +fan(9) +f(2) = 0

holds for x, ¥ € G. It is obvious that a function f from @ into § is of degree

one if and only if for arbitrary #, ¥ € G the value (4,f)(x) does not depend
on z.

Returning to the proof of the theorem we see that the “if” part
is obvious. To prove the “only if” part we note that any function f which

satisfies A7%'f(2) = 0 for every x,y €@ is of degree n+1, because for
z,ye@

n+41
@) = 3 (") (—1if et n+1-i)y).

Thus, if we show that for each funetion f of degree n the function
A,f is of degree n —1 for arbitrary ¢ € G, then by induction on n we get

4 fl@) = A4 [4[... A,lf]...](a;) =0 for every t;,...,1,,,€@

C1eeestny 1) tnt1
and by Hosszu’s thcorem the statement follows.
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Suppose that f satisfies (1) with suitable f;, p;, ¢;, then substituting

#+1t, y—1 In place of x, ¥ in (1) and subtracting (1) from the new equa-
tion, we obtain

(2) D@8 +79) + 90 (@) +(4f)(2) =0 (z,y€@),

=2
where
p:(8) =( 4 f)(s) (seG;i=2,...,m)
(p;—rt
and

Yn1(8) = (A_ifuia)(8)  (s€@).

Let ¢,(8) = wo(p:8)(8 € G) and substitute ] y in place of y in (2);

2
then we obtain

D7

T2

¢1(w+y)+2%(pim+ y)+¢n(y)+(ﬂtf)(w) =0 (#,y€e@),

where
@i(8) = pi1(8) (se@;¢i=2,...,n—1),

Pn(8) = Wn+1(%' 5‘) (s €@).
2

Hence A,f is of degree n—1, and so, according to our preceding re-
marks, the theorem is proved.
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