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Stability of iterates of Markov coperators

by Ryszarp Rubnicki (Katowice)

Abstract. Sufficient conditions are given for the weak and Cesdro convergence of iterates of
Markov operators to the one-dimensional projection. These conditions are based on the idea of
“lower function” due by A. Lasota and J. Yorke (4], [5].

1. Stability and lower function. Let (X, X, m) be a measure space with a
non-negative o-finite measure m. Denote by D = D(X, X, m) the subspace of
L' = L'(X, X, m) containing all non-negative normalized functions, i.., the
densities

D= feL':f>20,|fll =1t}

A linear mapping P: L' — L! will be called a Markov operator if P(D) < D.
From this condition it follows that P is a positive contraction on L!'. The
following properties of Markov operators are well known:

(1.1) (PN)* <Pf* and (Pf)" <Pf~ for fell,
where f* =max(f, 0) and /™ = max(—f, 0),
(12) Pf=f implies Pf*=f* and Pf~ =f" for felL'.

The operator adjoint to P in L® will be denoted by P*. A function feD
satisfying f = Pf is called invariant under P. Let yu be a probability measure
u(X) =1 absolutely continuous with respect to m. By f, we denote the
Radon-Nikodym derivative du/dm; observe that f,e D. When f, is invariant,
the measure u is also said to be invariant under P. Now consider a measure
space (X, X, p). If u i1s invariant under P, then

(1.3) supp f < supp f, = supp Pf csuppf, for felLl,

where supp f = {xe X: f(x) # 0}. For a measure p invariant under P, we
denote by P, the Markov operator on L} =L'(X,Z, y) given by the
formula

(1.4) (P,fdu=[P(ffydm for AcX and felL,.
A A

By D, we denote the subspace of L, containing all densities. From the
definition of P, we obtain the following



96 R. Rudnicki

LemMa 1. Let P be a Markov operator on L' and f, be an invariant
density under P. Then 1y is invariant under P, and for every n and feD, we
have

(1.5) (Puf) Ju = P"(f1)-

If P, is a Markov operator on L} such that P,1x = 1y, then P} is also a
positive contraction on LY. For feL' and ge L™ we use the notation {f, g

= (fgdm. If feL, and ge L}, we write {f, g5, = [ fgdu to exhibit the role
X X

of u.

Let {Q,},.v be a sequence of Markov operators. Assume that there is a
unique f,e D invariant under Q, for every n. The sequence {Q,} will be
called asymptotically stable if
(1.6) im [|Q, f—fll =0 for every feD.

n—rao

The sequence {Q,} will be called weakly asymptotically stable if

(1.7) lim <Q,f, 9> = {fu, 9>

for every feD and ge L™, g > 0. The sequence {Q,} will be called almost
weakly asymptotically stable if for every fe D there is a increasing sequence
of integers {n;} of density 1 such that

(1.8) lim <Q.. /. 9> = {fu, 9>

for every non-negative - ge L™.

Remark 1. An increasing sequence of integers {n;} is of density 1 if
lim n/i = 1. :

A non-tegative function he L' will be called a lower function for a
sequence of Markov operators {Q,},. if ||#]| > 0 and
(19 lim inf<Q, f, g> = <h, g)

for every feD and geL®™, g > 0.

Remark 2. Our definition of a lower function is weaker than that of
Lasota—Yorke. Thus, our lower functions should be rather called weak lower
Sunctions. We shall omit, however, the word weak, since no other lower
function will be considered in the paper.

2. Stability conditions. Let P be a Markov operator on L'. We define a
sequence of Markov operators {S,} on L' by

S,,f=1(f+Pf+...+P"“f), n=1,2,....
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THeEOREM 1. The sequence S,},. is asymptotically stable iff it has a
lower function.
In order to prove this theorem we need the following lemma.

LemMa 2. Let P be a Markov operator on L'(m). Assume that f,eD is
invariant under P and supp f, = X,. Then for every non-negative feL' the
sequences a, = {(P"f, 1x > and b, = (S, [, 1x,> are increasing. Moreover, if

there is r > 0 such that

2.1 lim inf b, = r||f]|

n—aC
for every non-negative feL!, then

(2.2) lim b, = lim a, = ||f|| for every felL', {>0.

n=a n—x

Proof of Lemma 2. Set f, =1y P"f Using (1.3) we obtain

PP x> = CPfy Mg > = (fys Mygd = (Pf, 1y

and

1 )
Sweifilxg> = " Safi x>t Py 2 S ).

Thus the sequence {a,} is increasing and a, <||f||. It hence follows that
lim a, exists and

n—a

ao+ +a,,_1

lim b, = lim = lim a,.

n—ac n—x h n—ao

Set « = lim b,. For each ¢ > 0 there is an integer ny for which <S, f, 1x,>

> a—e. Define f, = 1y, S,,f and f3 = 1x_x,S,, f. We have || /3]l > a—¢& and
{3l = I fll—=«. By (2.1) we obtain

hm <S,,j, 1X0> = llm <Snsnofa 1X0> = llm <Snj2ﬂ 1X0>+ hm <Sn./3a 1X0>

= (x—e)+r(lf]l -2
for each ¢ > 0. On the other hand, lim (S, f, 1x,> =« and consequently «

= lfl-

Proof of Theorem 1. If {S,},.~ is asymptotically stable, then f, is a
lower function for {S,},.v. The proof of the converse implication will be
given in three steps.

Step 1. We construct a function invariant under P. This construction is
partially based on ideas taken from [4].

7 - Annales Polonici Math. XLVIIL!
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Observe that for every two lower functions h, and h, the function h
= max(h{, h,) is also a lower function. To see this, write
A= {xeX: hi(x) = hy(x).

From the definition of a lower function we have

(2.3) lim inf<S, f. gl> = <hy, gy,
(24) hm lnf <Sn.fv ng—A> = <hZa .quﬁA>

for evefy feD and ge L™, g 2 0. By (2.3) and (2.4) we obtain
lim inf (S, £, g> = <hy, g1ad+ <hy, glx- a0 = <h g).

n—a

Thus h is a lower function. Now write
r =sup (||h]|:.h is a lower function}.

It is evident that 0 < r < 1. Choose a sequence (h,] of lower functions such
that ||h,|| -» r. Replacing, il necessary, h, by max(h,. ..., h,). we may assume
that /) is an increasing sequence of lower functions. The limit function
h, =lim h, is also a lower function, because

hyr g5 < o g>+ Ny =il Nlgl]

and h, converge to h, in L'. The function h, is evidently the greatest lower
function. For any lower function h, the function Ph is also a lower function
because

L. . .. n . 1 ]
lim inl (S, f, g> = lim mf*:i (PS, [, g>+ Y TND

n—+x n—% n
— lim inf—— ¢S, f. gP*>
_"—01 n+1 n ?g
= Ch, gP*)> = (Ph, g>.

Thus Ph, < h, and, since P preserves the integral, we have Ph, = h,. Let
f. = hy/r. The lunction f, is invariant under P and

(2.5) lim inf<S,f, g>=2r{f,.g9>

for each feD and ge L™, g.= 0.

Step II. We consider the operator P, on L corresponding to f,.
Define a sequence of Markov operators on L, by

S0 = LRt AP =12,
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For feD, we have ff,e D. By Lemma 1 and by (2.5), for every ge L, g > 0
we have

(2.6) lim inf<S, /, gD, = <, 9D,
Indeed,
tim inf {S, f, g>, = lim inf (S, /) f,. ¢> = lim inf <S,(ff). g>

2y 9> =<1 g0

By Lemma 1 the function 1y is invariant under P,. We shall prove that 1y is
a unique density invariant under P,. Let foe D, and let f, be invariant
under P,. This implies that S, f, = f, and by (2.6) we have f, > r. Write
% = max |2 > 0: fp = «}. It is evident that r <oy < 1. Il 2y <1 we put f; =
(1 =20)" "(fo—x0). For f; we have fieD, and P, f, = f,. This implies that
fi = r. Consequently f;, = r(1 —agy)+ag, which contradicts the definition of .
Since fo =1 and f,eD,, we obtain f, = lx. The operator P, is a pdsitive
contraction on L,. Since P,1x =1y, the operator P, is also a positive
contraction on L and yu is a finite measure invariant under P,. From the
well-known ergodic properties of Markov operators ([1]) it follows that, (or
every feD,, the sequence S, f converges in L, norm to some feD, such
that P, f = /. But in our case 1y is a unique density invariant under P,; this
implies that §,f converges to 1y in L, norm.

Step III. We prove that, for every f e D, the sequence S, f converges to
f, in L' norm.

Set Xy =suppf,. If feD and suppf < X,, then there is fe D, such
that f = ff,. By Lemma 1, P"f =(P}f)/,. According to Step I, S, f
converges to 1y in L. norm. This implies that S, f converges to f, in L'
norm. In fact,

lim |[S, f=full = hm ||(S, f) fu —full = hm IS, f—1xll, = O.

n—ao n—a . n-—a

Now let felL', f > 0. Using (2.5) and substituting g = 1y, we obtain

im inf (S, £, 1x,> = rllf]l.

n—a

By Lemma 2, lim ¢S, /, 1x,> =||f|l. Fix feD. For any given ¢ > 0 there is

an integer n, such that (S, f 1y >>1—e Set fi =145, f Since
supp f; © Xo, the sequence S,f; converges to ||fillf, in L' norm. For
sufficiently large n we have

1S S =Sl S U1Sn f= S0 Sug S +1ISn Sug f=Su fill + [|Sa Sy = ILAN LM +

R FATRA|

<IIS. f—S, S, f1l+3e.

"0
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It is easy to see that lim [|S, /=S, S,, || = 0. Consequently S, f converges to

n—aC
J, in L' norm. Condition (1.6) implies that f, is a unique density invariant
under P. This completes the prool.

THEOREM 2. Let P be a Markov operator. Assume that there exists a
lower function for the sequence {P"},.n. Then {P"}, . is almost weaklv
asymptotically stable.

In order to prove Theorem 2 we need the [ollowing lemma which may
be of an independent interset. The equivalence between conditions (b) and (c)
below is proved in [6]. Z,ﬁ denotes the complex Lebesgue space.

Lemma 3. Let P, be a Markov operator on L}, where u is a probability
measure invariant under P, (P,1x = 1x). Then the conditions

(a) there is r > 0 such that
(2.7) lim inf (P} f, >, = ISl <y gD,

for every felL,, >0 and every gelL), g =0,
(b) if P,f =Aif for some jeL:f and some |A| = 1, then f is constant,
(c) for every ge L) there is a sequence \n| of density 1, such that all

. n
weak*-cluster points of (P*g) are constant,

(d) for every feD, there is a sequence \m,| of density 1, such that ‘P s
is weak-convergent to 1y,

satisfy the implications (a) = (b) = (c) = (d).

Proof(a) = (b). We prove (b) for every fe f.,“. Let P, f = Af for fe I:,‘,
and |A| = 1. Write [ = f, +if;, where f;eL} and f,eL!. We can select an

. . . n . .
increasing sequence of integers {n,) such that A*— 1. For this sequence,

P:"f converges to f in ]:,‘,. Also P:" /1 converges to f; and P:" J> converges
to f,. Every Markov operator is contractive and consequently the sequence

k — || P} fi]| is decreasing. On the other hand, ||P;* f,]| converges to f;. Thus
IP* fill = lfill for every k. Now, according to (1.1) we have (P}*f))*
=P f,* and (P,* f,)” = P,* f; . From the fact that P}* f; converges to f; it
follows that for any & > O there is an integer kq(e) such that

I'P:kfl+ il = ||(P:kf1)+ —fi'll <e

and .
WP ST =S =P f) —f Il <e

for k > ky(¢). Hence P:" fi" converges to f;* and P" I convcrges to fi .
We are going to prove that f," =||f,"||. Let ao = max{a >0: f;" >a}.
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Applying (2.7) to f = f;" —a, we obtain
fi7 2 ao+r{ILA7 11— o).

The last inequality implies that a, =||f;"|| and consequently f," is constant.
Analogously, the functions f,”, f> and f, are constant. This completes the
proof of (b). ‘

(c) = (d). Let ge L>n D, and {n,} be a sequence from (c). P, preserves

the integral and consequently a unique w*-cluster point of {P}*g} is 1 x. This
implies that {P:"g} is w*convergent to 1y. Consider a sequence {g,}men>
where g,e D, "Ly and g, converges to feD, in L, norm. According to (c),
there are sets of integers A, of density 1, such that

im {P}gn,, h), = {1, h),

n—w
ned,,

for every he L,. By Lemma 1 of [3], there is a set A = {q,} of density 1, such
that A\ A,, is finite for each m. Since L} < L;,. we have

lim (P gm, h), = <1, h),
k—~a

for every m and he L;. From .the inequality
KPS S, hyu— <1, b3l < ICPRE S, W= CP gy B+
+[<PXGm, hD,— <1, b
< Ilf—g,..HL; ”h”L::+|<PZkgm’ hy,— <1, h),f

it follows that Pf," f is w-convergent to 1y.
Proof of Theorem 2. By an argument similar to that in Theorem 1,

there exists a density f, invariant under P such that

(2.8) lim inf <P'f, g 2 r|lfll fu> 9O

n—a

for every feL!, geL™, f >0 and g > 0. The operator P, corresponding to
/. satisfies condition (a). Thus, according to.Lemma 3, for every fe D, there

is a sequence {n,} of density 1, such that P:" f is w-convergent to 1y. Set
Xo=suppf,. Let feD and let supp f = X,. Then, according to Lemma 1,
there is a sequence {n,} of density 1 such that P"f is w-convergent to f,.
Using (2.8) and substituting g = 1y, we obtain

lim inf (S, /, 1x,> > lim inf (P, 1y> > rlif|

n—aw n—* a0

for every feL' and f > 0. By Lemma 2, limv<P"f, Ix,> =Ifll. Fix feD

and define g, = (P*f, 1;,>. Set f, =a; '1x P*{. Since fieD and supp f;
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< X, there are sets of integers A4, of density 1 such that

w-lim P"f, = f,.
neAy
n—o

Let A, = (k+n: ne A,]. By Lemma 1 of [3], there is a set A= {m,) of

density 1, such that A\ A, are finite for each k. Now, the sequence P"7f is
w-convergent to f,. In fact, we have

KPS, 9> = oo 9 < lgll, o (0 ' = ad +1<P™* fo 95— Lo 9.
The first term on the right-hand side is small for large k (since a, converges

to 1). The second is small for large p and fixed k (since P""’_kﬁ w-converges
to f,). Condition (1.8) implies that f, is a unique density invariant under P.
This completes the proof. ,

Remark. The existence of a lower function for |P"},_n does not implies

the weak asymptotic stability of {P"!,_y. This problem is discussed in Sec-
tion 3.

3. Point transformations. Now we give an interpretation of our theorems
in terms of the ergodic theory of point transformations. Let T: X — X be a
transformation on a o-finite measure space (X, £, m). We shall assume that
T is measurable and nonsingular. The last condition means that m(T ' (A))
=0 if m(4)=0 and AeZXZ. For a given T we define the Frobenius—Perron
operator corresponding to T by

[Prfdm= [ fdm for AeZ and fel'.
A

T~ L)
1
P; is obviously a Markov operator and S,,=;(I+PT+...+P'}_‘) are

Markov operators. Let M be a set of all probability measures absolutely
continuous with respect to m. A measure ue M is called invariant under T if
(T~ (A)) = u(A) for each Ae . From the definition of Py it follows that yu is
invariant under T iff Py f, = f,. A measure p invariant under T is called
ergodic if for each AeX the condition A = T~ '(A) implies u(A)(1—p(A))
= 0. If ue M is a unique measure invariant under 7, then u is ergodic. From
Theorem 1 follows immediately

COROLLARY 1. Assume that {S,},.v has a lower function. Then there exists
a unique measure puc M invariant under 1. This measure is ergodic. Moreover,
for every measure ve M and AcX we have

fim +(0(4)+0(T~ () + ... +0(T"*1(4)) = ().

Now we are going to apply our results to so-called weakly mixing and
partially mixing dynamical systems.
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Let (X, X, ) be a measure space with probability measure u and let
T: X — X be a measure preserving transformation. The dynamical system
(X, Z, u, T) is called weakly mixing if for every AeZ and BeX
n—1
lim Y |u(A T *(B)—u(A)uB)| =
n—x k=0
The dynamical system (X, 2, u, T) is called partially mixing if there is r > 0
such that for every Ael, BeX

lim inf g(A AT "(B)) > ru(A) u(B).
The dynamical system (X, 2, u, T) is called mixing if for every AeX, BeX
we have
lim u(AN T (B) = p(A) u(B).
It is well known that mixing implies partially mixing, partially mixing implies
weakly mixing and weakly mixing implies ergodicity. The inverse implica-
tions do not hold. From Theorem 2 and inequalty (2.8) we obtain
COROLLARY 2. Assume that |P7},.x has a lower function. Then there exists
a unique measure pe M invariant under T. The dynamical system (X, X, u, T)
is weakly mixing and partially mixing. Moreover, for every measure ve M there
is a sequence \m) of density 1 such that
im o(T ™(A4)) = u(4) for AeX.
k—a
Remark. The existence of a lower function for |P"} does not imply
weak asymptotic stability. To see this, consider a dynamical system
(X, Z, u, T) which is partially mixing but not mixing. An example of such a

system is given in [2]. Then by the definition of partlal mixing there is r > 0
such that

lim inf (P} f, gD, = <\ 9D,

n—o

for every feD, and ge L], g > 0. Thus r is a lower function. On the other

hand, the sequence [P}} is not weakly asymptotically stable, since weak
asymptotical stability implies mixing.

References

[1] S. R. Foguel, The Ergodic Theory of Markor Processes, Van Nostrand Reinhold
Company, 1969.

[2] N. A. Friedman and D. S. Ornstein, On partially mixing transformations, J. Math.
Mech. 20 (1971), 767-775.



3]
(4]
(5]
(6]

R. Rudnicki

L. Jones, A Generalization of the Mean Ergodic Theorem in Banach Space, Z. Wahrschein-
lichkeitstheorie und verw. Gebiete 27 (1973), 105-107.

A. Lasota, Statistical Stability of Deterministic Systems, Springer Verlag Lecture Notes in
Mathematics 1017, 386-419.

— and J. Yorke, Exact dynamical system and the Frobenius—Perron operator, Trans. Amer.
Math. Soc. 273 (1982), 375-384.

M. Lin, On Weakily Mixing Markov Operators and Non-Singular Transformations,
Z. Wahrscheinlichkeitstheorie und verw. Gebiete 55 (1981), 231-236. ’

INSTITUTE OF MATHEMATICS
SILESIAN UNIVERSITY, KATOWICE

Regu par la Rédaction le 1985.10.28



