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The space N. of holomorphic functions
on bounded symmetric domains*

by MANFRED STOLL (Columbia, S.C.)

Abstract. Let D be a bounded symmetric domain in C® with Bergman-Silov
boundary B and Oe¢D, and let N4 denote the space of holomorphic functions on D
for which the family {log*|f,/: 0 < r < 1} is uniformly integrable on B. For f, geN,
let o(f,g) = ﬂflog(l+]f"‘—-g"[)dy, where f* and ¢g* denote the boundary values of

f and g, respectively. In the paper we prove that (N, g) is an F-algebra, that is, an
F-space with a continuous multiplication. We also prove that if ¥ is a continuous linear
functional on Ny, then there exists a holomorphic function g such that

y(f) = im [fre~")g(edu(t), 0<7<e<1.
r—
Some properties of outer functions and the invertible elements in NV are also included.

Let D be a bounded symmetric domain in C" with Bergman-Silov
boundary B and 0e D. Using the notation of [3], [14] we denote by N.
the space of holomorphic functions f on D for which the family {log™ |f,|:
0 < r <1} is uniformly integrable on B. As in [17], where this space
was considered for functions holomorphic in the unit disc, we define a transla-
tion invariant metric ¢ on N, and show that (N., ¢) is an F-algebra,
that is, an F-space with a continuous multiplication. This is the main
result of Section 2.

In Section 3 we extend the concept of an outer function, given for
the polydise in [12], to holomorphic functions on arbitrary bounded
symmetric domains in C", and in Section 4 we consider the invertible
elements in N,. There we prove that a function f in N, is invertible if
and only if f is outer and that inversion is a continuous operation in N,.
We conclude by giving a characterization of the continuous linear func-
tionals on N, in Section 5.

* AMS (MOS) 1970 subject classifications. Primary 32A10, 32E25, 31C10;
Secondary 32M16.

Key words and phrases. Bounded symmetric domains, boundary measure,
F-space and F-algebra, pluriharmonic and plurisubharmonic functions, outer function.
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The present paper was motivated by the results of Yanagihara [17]
and it extends some of his results to holomorphic functions on bounded
symmetric domains. However, the techniques used in proving the results in
general are different. Many of the results depend on properties of
plurisubharmonic functions on bounded symmetric domains established in
[14] and on properties of functions in N, proved in [3], [14].

‘We are indebted to J. W. Roberts for many interesting and useful
discussions of some of these topics.

f

1. Definitions and preliminary results. Let D be a bounded symmetric
domain in C™ with Bergman-Silov boundary B, and assume Oe D. B is
the minimal closed set < D on which functions holomorphic on D assume
their maximum [2], p. 215. By [10] D is circular and starlike with respect
to 0, i.e., tze D whenever ze¢ D, te C, |t| < 1.

Let G denote the connected component of the identity of the group
of holomorphic automorphisms of D and K the isotropy subgroup of G
at 0. The group ¢ is transitive on D and extends continuously to 0D,
the topological boundary of D. The Bergman-Silov boundary B is circular
and invariant under @. The group K acts transitively on B and B admits
a unique K-invariant normalized regular Borel measure which will be
denoted by x and is given by du(t) = V~'ds(t), V the euclidean volume
of B and ds(t) the euclidean volume element at e B. '

Let H(D) denote the class of holomorphic functions on D. As in
[3], [14] we define the spaces N (D) and N,.(D) of holomorphic functions
on D as follows:

N =N(D) = {feH(D): sup. [1og*|f,ldu < oo},
B

0<r<
where f,, 0 < r < 1, is given by f,(2) = f(r2), ze D, and

Ny = Nu(D) ={fe H(D): {log*|f,l: 0 <r <1}
is uniformly integrable on B}.
The Poisson kernel P on D x B is given by

_I8(z, B2
(1.1) P(Z,t) —m, (Z,t)EDXB,
where § is the Szegd kernel of D. By [7], p. 88, 8 is given by
o M
(1.2) 8(z,®) = Y D () g (w),
k=0 r=1

where {¢,,} is a complete orthonormal system of homogeneous poly-
nomials on D orthonormalized with respeet to the measure yx, and m;
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_[n+Ek-—1
_( :
of D x D, where D is the closure of D, and 8(z, w) is holomorphic in (z, @)
on D xD and continuous on D xD.

For a measure v on B, set

). The series (1.2) converges uniformly on compact subsets

(1.3) P,[dv] = fp(z, t)dv(t), zeD.
B

1If f is an integrable function on B, set P,[f] = P,[fdp).
The following result, which was proved in [14], Theorem 3, will
be needed.

LeMMA 1.

(i) Let fe N(D), f # 0, then there exists a minimal regular Borel meas-
ure v, on B such that

(1.4) log|f(2)l < P.[dv], zeD,

and dv, = log|f*|du+do,, where

(1.5) f*(t) =limf(rt) a.e. on B,
r—1

log {f*|e L*(B) and o, 18 singular (with respect to u) on B.
(ii) If fe Nu(D), then o, <0 and

(1.8) logif(2)| < P.[log|f*]], ze¢D.
Furthermore
(1.7) lim [log* |f,| —log* |f*||dx = 0.
r—>1 B

In the above, v, minimal means that if v is any other regular Borel
measure on B satisfying (1.4), then [gdv,< fgdv for all non-negative
continuous functions g on B.

For fe N(D), the minimal measure v, on B satisfying (1.4) will be
referred to as the boundary measure of log|f| and in addition to the above
it also satisfies
(1.8) [ dv, = lim f log|f,/du  [14].

B 1 g
Throughout the paper we will have several occasions in which we
need to use a generalization of Lebesgue’s dominated convergence theorem
given in [11], p. 232. For convenience we include the result as a lemma.

LEMMA 2. Let (X, 1) be a measure space and {f,} and {g,} be two se-
quences of measurable functions whioh converge a.e. to f and g, respectively.

7 — Annales Polonici Mathematici 32.1
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Suppose |f,| < g, a.e. for all n and that Lim fg,di = [gdd < eo. Then
(1.9) lim [ f,dA = [ faa.

2. The space N, as an F-algebra. As in [17], where the space N,
was considered for the case of the unit disec in C, we define a metric g
on N.(D) by

(2-1) o(f,9) = [log(L+If*(t)—g*®))du(t),

B *
where f* and g* are given by (1.5). By the inequalities
(2.2) log*z < log(1l+ ) <log+m+log2, x>0,
(2.3) log(1+ |z +y|) <log(l+z|)+1og(1 + lyl),

it is clear that po(f,g) is finite and satisfies the triangle inequality.
Suppose g(f,0) = 0. By (2.1) it follows that f* = 0 a.e. on B and
from (1.6) we obtain f(z) = 0 for all ze D. Hence p is a metric on N, (D).
We now proceed to show that N, with the metric p is not only an
F-space in the sense of Banach [1], p. 51, but also an F-algebra in the.
sense that multiplication is defined and is a continuous operation.
From the inequality

(2.4) logtzy < log*z+log*y, =,y>0,
it is clear that if f, ge N4, then fge N, and
(2.5) o(fg,0) < o(f, 0)+ e(yg, 0).

Inequality (2.56) follows from the inequality

(2.6) log(1+ |zyl) <log[(1+|z))(1+|y!)] = log(1+|x|)+log(1+lyl).

The following lemmas will be needed in the proof of Theorem 1.
LEMMA 3. Let fe Ny(D) and C a compact subset of D. Then there exvists

a constant a,, depending only on C, such that
(2.7) If(2)| < [exp(ace(f, 0) 1]
Jor all z¢C.

Proof. Since f is holomorphic in D, log(1 + |f(#)|?) is plurisubharmonic
in D. Furthermore by (2.2) and (2.6),

log(1 +If,i) < 2ln2+42log®|f,l, O<r<1.

Therefore, since fe N4, log(1+ |f,|*) is uniformly integrable on B
and hence by [14], Theorem 1, log(1+ |f(2)|?) < P,[log(1+If*|®)], ze D.
Since P(z,'t) is ¢continuous on D X B, given a compact subset C of D there
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exists a constant f,, depending only on C, such that log (L+ |f(2)2)
< ﬂﬁf log(1+|f**)du for all ze C. The result now follows by (2.6) with

a, = 2f..
LeEMMA 4. Let fe No(D). Then

(2.8) M(r) = [log(1+1£,(t)F)du(t)
B
18 @ non-decreasing function of r on [0, 1) and
(29)  Um flog(1+|f(t)F)du(t) = [log(L+ 15" (1) )du(®),
B B

where f* is given by (1.5).

Proof. (2.8) follows by [4], Lemma 2; [14], Lemma 2; and (2.9) follows
by the corollary to Theorem 1 in [14].

THEOREM 1. The space (N, o) 18 an F-algebra, that is, N, and o satisfy
the following:

(i) of, 9) = e(f—g,0).
(i) Suppose f, f.e Nu and o(f,, f})—>0, then for each aeC

(2.10) o(af,, af)—0.

(iii) Suppose a, a, ¢ C and a,->a, then for each fe N,
(2.11) o(a.f, af)—>0.

(iv) Suppose f, g, fuy gne Na and o(fu, £)->0, (gn, 9)—>0, then
(2.12) e(fugns f9)—>0.

(v) Na 28 complete with respect to the metric o.

Proof. (i) is obvious and (ii) and (iii) are just special cases of (iv).
Suppose f., [, 9.5 §¢ N4 and that f, and g, converge to f and g respectively
in. the metric o. Since

(fa9n—1) = (fa=INgn—9) +(f9.— f9) +(9fu — 9f),
by the triangle inequality and (2.5)

e(fadn1 J9) < @(fnr )+ 0(gnys 9) + 0(f9n, f9) + 0(9fns 9f) -

Therefore it suffices to prove that if f, converges to f in N,

e(gfsy gf)—0 for all ge N,.
Fix ge N. and let a = limsup g(gf,, gf). Then there exists a subse-

n—00

. \
quence of {f,}, which without loss of generality we denote by {f,}, such
that o(gf,., gf)—a. From the inequality

(2.13) [ flog(1+ Ifa) —log(1+|f*Nldu< [log(1+Ifs—f*du = o(fas ),
B B
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it follows that there exists a subsequence { f,,k} of {f»} such that f} k—>f
a.e. on B. Therefore log(l+|g° f,,k— g f*)—>0 a.e. on B. Furthermore,
by (2.6)
0 <log(L+Ig°fn, —9°f")) <log(1+ Ifn, —f*) +log(1+1g°).
Since the terms in the right of the above inequality converge a.e.

to log (1 + Ig*|) and the integrals also converge to the integral of log(1 +Ig*|),
by Lemma 2,

a = lim o(gf,, ¢f) = lim [ log(1+ lg*fx,— ¢*f*I)du
fn—»00 k—»oop
= [Hm(1+Ig°fr, —g"f*)du = 0.
B koo
Consequently lim(gf,, gf) = 0, which proves (iv).

(v). Suppose {f,} is a Cauchy sequence in N,, i.e., o(f,,fn)—>0 a8
n, m—>oo. By (2.7) {f,(2)} converges uniformly on every compact subset
of D to a holomorphic function. Let f(2) = hmf,,(z), ze D.

We first show that fe N,. By the mequahty

" [ Nog(1+1£5) —log(1+ Ifml) d < @(fas fim) s

log(1+|f,1) is a Cauchy sequence in L'(B). Hence there exists g*¢ L'(B),
g" > 0 a.e., such that log(1+ |fa))—g¢* in L'(B). Therefore, by (1.6), (2.2),
and the above,

log* |f(2)] = limlog* |f,()| < LimP, [log* |f2I]
< limP,[log(1+ {f%))] = P,[g"].

Since g*e L'(B), by [3], Theorem 4, fe N,.

It still remains to be shown that o(f,,f)—0. Let ¢ > 0 be arbitrary
and choose an integer -I such that o(f,, f,) < £/2 for all n, m > I. Consider
the functions log(l + |f,(2) —f(2)[*} and log(l + |f,(2) —fm(2)I?) which are
plurisubharmonic on D. Since f,,—f uniformly on compact subsets of D,
for all r, 0<r<1,

f log(L+ [fu(rt) —f(r)*)dp = lim [log(L+|fu(rt) —fm(rt)l%)du.

MP—DNB

By Lemma 4 and (2.6),
f 10g(L + | fu(rt) — fm (1) *)dp < f log(1+ | fn —fal')dp < 20(fns fim)-

Therefore for #»>1I and all re (0, 1), flog(1+|f,,(rt) —flrt)Y)du<e.
By Lemma 4, [(1+|fn—f"’)du < e. Hence lim flog(1+|f,,—f *)du = 0,
B

n—oo B
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and consequently one can choose a subsequence { f,,k} of {fr} such that
—>f a.e. on B. By Fatou’s lemma, for all » > I,

e(f,.,f) flog(1+lfn —f*dp < lim [log(1+4ifn—fu)dp < ¢/2.

—)QB

Since ¢ > 0 was arbitrary, lime(f,,f) = 0, which proves the result.

A—>»00

THEOREM 2. Let fe N (D). Then

(2.14) o(f,0) =lim [log(L+ |f,(t)|)du(t),
r—>1 B

and

(2.15) lime(f,,f) =0,

where f,(2) = f(r2), ze D.
Proof. By Lemma 1 (i), f,—f* a.e. on B and by (1.7) flog™|f,|du
B

-~ ﬁ[log*lf‘ldy as r—1. By (2.2), log(1+|f,l) <In2+In*|f,|. Thus by
Lemma 2,
o(f,0) = [log(1+|f*)du = lim [ log(1+If,))dp,
B -1 p

which proves (2.14). The samde - technique applied to log(1-1f,—f*I)
gives (2.16).

3. Outer functions im N,. As in [12], p. 72, a function feN. (D),
f # 0, is outer if

(3.1) log{f(0)|= [log|f*ldp,
B

where f* is given by (1.5).

THEOREM 3. Let fe No(D), f £ 0. Then f i8 an ouler funclion on. D if
and only if

(3.2) 1Oglf(z)| =P;[10g|f.|]’ ze D,

where P,[ ] is given by (1.3).

Proof. Assume fe N, f % 0. If f satisfies (3.2) it is clear that f is
outer.

Suppose f is outer. Set H(z) = log|f(2)| —P,[logif*]]). By (1.6) H(z)
< 0 for all ze D and by (3.1) H(0) = 0. The function H is ‘‘strongly”
subharmonic in the sense that

(3.3) H(g-0)< [ H(gkq 0)dk
K
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for all g, ¢« @, where dk denotes the normalized Haar measure on the
compact group K. Here g-0 denotes the action of G on D. Inequality
(3.3) follows since log|f(=)| satisfies (3.3) [9] and, for every integrable
function ¢* on B, equality in (3.3) holds for P,[¢*] [8]. It is well known
that every uppersemicontinuous function on D satisfying (3.3) satisfies
the maximum principle on D. Therefore H(z) = 0 for all z¢ D, which
proves (3.2).

THEOREM 4. If fe N,(D) 8 outer, then
(3.4) lim [ llog £,1—log f*lldu = 0.
r->l p

Conversely, if fe Ne(D), f(2) # 0 for all ze D, satisfies (3.4), then f
18 ouler.

Proof. Suppose fe N, is outer. Then, since log|f*|e L'(B), by (3.2)
f(2) # 0 for all ze D. Let dv, = log|f*|du+ do,, 0;< 0, be the boundary
measure of log|f| given by Lemma 1. By (1.4) and (3.1) it follows that
o, = 0. By the corollary to Theorem 1 in [14], for fe N,, f # 0, -

(3.5) limsup [ [log|f,| —logIf*I|du < [ dlo,.

(3.4) now follows from (3.5):
. Conversely, suppose feN,, f(z) #0 for all ze D, satisfies (3.4).
Since D is simply connected and f(z) # 0 for all ze D, log|f(2)| is pluri-
harmonic on D. By [15], Theorem 2 (iii), log|f(2)] = P,[log|f*|]. There-
fore f is outer. ' ‘

Let U = {ze C: |2| < 1}. For a function f defined on D and te B,
set

(3.8) filz) =f(at), =2¢U.

If f is holomorphic (plurisubharmonie) in D, f, is holomorphic (sub-
harmonic) in U. For a plurisubharmonic function f defined on D and
te B let

2n
(3.7 M(f;t,7) =§1;ff,(re“)d0, 0<r<1.
0

Since fi 18 subharmonic in U, M(f;t,r) is a non-decreasing function
of r on (0,1). Let

(3.8) M(f;t) =UmM(f;¢,r).

THEOREM 5. If fe N(D) (Nu(D)), then fie N(U) (N.(U)), for almost
allte B,
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Proof. Suppose fe N(D), f # 0. Consider M (log*|f];t,r). Since
du(t') = du(?) under the change of variable ¢’ = t6*, by Fubini’s theorem

(3.9)

1 2r
[ Haog*ifis,auty = [ [ 1og* iftre*n1d0au(t) = [log* if.iau,
B B 0 B

and by the Monotone convergence theorem,

(3.10) [ M(log* |f1; t)du(t) = lim [log* |f,ldu < co.
B r~l g

Consequently M (log*|f|;?) < oo for almost all t« B and therefore
fie N(Uy for almost all te B.
Suppose fe N.(D). By (1.7) and (3.10)

. Al * 49
(3.11) J M(log* |fl; t)dp(t) = Bf = f log* |* (¢t)| d0au (1)

However, since f;e N(U) for almost all te B, by Fatou’s lemma,

2rc

2r .
(3.12) 1 f log™* |f‘(e""t)1do<1im—1— log™ |f,(re®)|d6 = M (log™ |f|;1).
2r ; 2r s

r—1

Combining (3.11) and (3.12),

r—1

n 2
1 . 1
(3.13) lim — f log* [f,(ré®)|d6 = —— f log* |f¥ (¢) d6
27 ; 2w g

for almost all te B. Therefore by [18], Theorem 7.5.3, fie Nu(U) (N’ in
the notation of [18]) for almost all ¢ B, which proves the assertion.

THEOREM 6. Let fe No(D), f # 0, and let v, be the boundary measure
of log|fl. Then the following are equivalent:

(i) dv, =log|f*|dy, i.e., o =0.

(ii) For almost all te B, the least harmonic majorant U[f,] of log|f!|
in U is given by

1 in
(19 UIE) = [ Pz, @)oglfi(e1as, e T,
1—J22

where here P(z,¢6") = is the Poisson kernel for the wunit disc.

le® — 2|2
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Proof. Suppose dv, =log|f*|du. Hence by (1.8), limbfloglf,ld,u
r—1
= J10 If*|du. As in (3.9)—(3.11),

(315) lim [ M(ogifist, Ndut) = | % [ 108152 (e a0du).
B 0 -

1
Tl

Since f;e No(U) almost all te B, by (1.6)

log (4)| < 5 [ P(z, ¢*)log|fi(6*)db, ze U.
27 ;

Therefore,

r—l

2r
1 .
lim M (log f]; £, 1) < o f log|ff(¢)|d0 for almost all te B.
[

Hence by (3.15),
1 2n 1 2n
(3.16)  lim—— f log |fy(re®)|d6 = — f log|f’(e")|d6 a.e.
r—1 27: F 21': s

Consequently if {e B is such that (3.16) is satisfied, then by Lemma 1
(ii) and (1.8), the singular part of the boundary measure v, of log lfel is
zero. For the unit disc the harmonic function

1 .
L)) = 5= [ Playe)dny(e®), 2 U
0

is the least harmonic majorant of log|f;(2)| [12], which proves (ii).
Conversely, if (ii) holds, then

2n
1
lim M (log fi5 £, 7) = 5= f log|ff (¢®)[d6 for almost all ie B.
r—l1 S

By (3.9) and (3.10), with log™ replaced by log,

lim [log|f,idu = f log |f*|du.

r—1 g

By (1.8) it now follows that o, = 0, proving (i).

COROLLARY. Let fe No(D). Then f i8 outer if and only if f, 18 outer
for almost all te B, where f, i3 given by (3.6).

Remark. For the special case of the polydisc, many of the results
of this section were proved by W. Rudin in [12].
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4. Invertible elements in N,. In this section we apply the results
of the previous section to the invertible elements in N,.

1
Let I, = I.(D) denote the functions fe N,(D) such that ?eN,..(D).

1
Clearly, in order that 7: N.(D), the function f(2) has to be non-zero

for all ze¢ D.
THEOREM 7. For fe Ny(D), fe L.(D) if and only if fis an outer function.

Proof. Suppose fe N, is invertible. Since f(z) 0 for all ze¢ D,
log|f(2)| is pluriharmonic on D. Let dv, = log|f*|du—+do;, 0, <0 be
the boundary measure of log|f|. Since feN,, it is easily shown that
sup [ Jlog |f,||dx < oco. Therefore, by [15], Theorem 2(ii),
<r<l B

(4.1) log|f(2)] = P,[log|f*|1+P;(do;], zeD.
However, since ie N, and sup f log i du < oo, by Lemma 1
f 0<r<1 B fr
and [15], Theorem 2 (ii), we also have ,
(4.2) —log|f(2)| = — \.[loglf'I]+P,[d01/;], ze D,

where o, is the singular part of v, the boundary measure of log|1/f|.
Therefore, by (4.1) and (4.2), —P,[do,,] = P,[do,] for all ze D, from
which it follows that o, = —o;,. But o, <0 and o0,,<0 implies
o, = 0. Therefore, by (4.1) f satisfies (3.2) and hence is outer.

1
Conversely, if fe N, is outer, by (3.2) it is clear that 7e Ne.

THEOREM 8. Suppose f,, fe I and o(f,,f)—0 as n—oo. Then

‘11
4.3 limp{—,—] = 0.
(#5) tme (7,7
Consequently, the mapping v: I,—~I,. given by
(4.4) (f) = 1/f

18 continuous and I, is a topological group under multiplication.
1 1
Proof. We first show that g(f—, 0)—,>g(?,0). For any felI., by

n

Theorem 7 and (3.1)
1
(4.5) e(? 0) = o(f, 0) —log|f(0)[.

Since ¢(f,,f)—>0, by the inequality [o(f, 0)—e(fs, 0)l < o(fnsf)s
o(fas 0)—>0(f,0), and by Lemma 3, f,(2)—>f(z) for all ze D. Therefore,
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by (4.5)
. 1 1
(4.6) lim (— 0)= (- 0).
Mw? fn’ 9 j’
Let a = hme( 7 %—) Since we can choose a subsequence {f, }

such that g ( —a a8 k—> oo, we will assume without loss of generality

77

1
that ¢ (—f—, }) —>a.
Since lim Jlo\g(1+ Ifa—f*)du = 0, there oxists a subsequence {fn}

n—0oo

of {f,} such that f,,k—>f a.e. Therefore, since
1 1 1 1

L3 fgfoe] 2 2]

Q(fnk’f) J ST TN

! [log (1 + |

£ emfes ]

| =o.

by (4.6) and Lemma 2,

S

1 1
hm ( ) limlo (1 +

1 1
Therefore a = 0 and limg ( 7 f)
n

n—»00
TEHEOREM 9. Suppose f,el., n =1,2,... and that f,—>fe N,. If
f # 0, then f(2) # O for all ze D. Furthermore, fe I, if and only if

(4.7) [ logif*|du < limint [log|faida,
B n—+w g

where fr, f* are given by (1.5).

Proof. Suppose f,—f, foe L., fe No, and f is not identically zero.
By Lemma 3, f,—f uniformly on compact subsets of D. Since f,(¢) #= 0
for all z¢ .D and all » and f is not identically zero, by [2], p. 274, f(z) # 0
for all ze D. '
Clearly, if fe I., by (3.1) and Theorem 7,_3[10g If*|du = lim _lf?log [fnldu,
n—o0

which proves (4.7).
Conversely, suppose (4.7) is valid. Then by (1.6),

log|f(0)] < [log|*|d < limint [log|y|dp.

n—-oo
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However, since f,e I* for all n, f, is outer and by (3.1),

limint [log|fsldu = limlog|f,(0)| = log|f(0)|.
B

n—c0 n—00

Therefore, f satisfies (3.1) and hence by Theorem 7 is invertible.
Remark. Theorem 9 also shows that the closure of I, in N,, I,,
is given by )
I, = {fe Nu|f(2) # 0 for all ze D}u{0}.

Since if f,e I., f,—~>fe¢ Nu, then by Theorem 9, f =0 or f(z) #0
for all ze D. Conversely, if f(z) # 0 for all z¢ D and fe N,, then for
each r, 0 < r < 1, f,e I, and by (2.15), f,—f in N,.

5. Representation of continuous linear functionals 01 N,. Let y be
a continuous linear functional on N,, i.e., y¢ (N,)*. Since N, is metrizable,
y is continuous if and only if y is bounded, i.e., y(E) is bounded for every
bounded subset E of N, [13], Theorem 1.32.

As in Section 1, let @ = {p,(2)}, £ =1,2,...,v=1,2,...,m,
be the complete orthonormal system of homogeneous polynomials. Using
the inequality, log(l1+ ) < @, # > 0, and the orthonormality of &, one
can easily show that for any scalar ae C, .

(5.1) olap, 0) < |a], @e@,

from which it follows by [13], Theorem 1.30, that & is a bounded subset
of N,. Since the result is not needed, we omit the details.
For f holomorphic on D, 0 < r <1, set

(6.2) (Frr ) = [Fr(O) @D dn(t).
B

We state the following .result, proved in [5], as a lemma.
LEMMA 5. Any holomorphic function f on D has a Fourier series expan-

sion
oo Mg

(8.3) &) = 3 Y au(New®),  ap(f) =lm(f,, o),
k=0 v=1 r—l1

which converges uniformly on compact subsets of D.

THEOREM 10. Let y be a continuous linear functional on N.(D). Then
there exists a unique holomorphic function g on D such that

(6.4) y(f) =lim [firg"Og(eidu(t), O0<r<e<l,

r—. B
for all fe N,. Conversely, given any g holomorphic on D for which
lim 3!. f(ro~'t)g(ot)du(t) exists for all fe N*, then (5.4) defines a continuous
r—1

linear functional on N,.
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Proof. Given ye (N4)*, let by, = ¥(¢w), Pre D. {bs} I8 a bounded
subset of C since @ is bounded. Let fe N, be arbitrary and for each positive
integer n set

n ™M
(5.5) F*2) = ) D o (N)ow(2),
k=0 yv=1

where a,,(f) is given by (5.3). Then F"(2)—f(2) for all ze D and for 0 < r
< 1, F*(z)—f.(¢) uniformly on 5 Consequently,

(5.8) lim ¢(¥?, f,) =lm [ log(l—}—lF"(rt) —f(rt)|)du(t) = o.
n—»00 n—>00 p

Therefore, by the continuity of y and (5.6)

(5:7) p(f) = limy(F7) = lim ZZak,(f)b,,,r" ZZak,(f)bk,

f2® e v=1 k=0 r=1

In (5.7 ) we used the homogeneity of ¢,, to obtain ¢, (r2) = 1"q:,,,(z)f
By (2.15), o(f,, f)—0 as r—1. Therefore

oo Mg
(5.8) P(f) =limp(fy) =lim 3’ 3 an(f)bwr*.
i Qi Ty g |
For each positive integer =, let
n M
(5.9) 85(2) = 8™z, ®) = ' Y 1(2) g1 (0)
k=0 r=1
and
n mk_
(5'10) gn(z) = Zzbﬁ:rq’kv(z)'
k=0 v=1
By (1.2),
(5.11) Lm8™(z, w) = 8(z, W) = 8,(2),

n—>o0

where the convergence is uniform on compact subsets of D xD. Conse-
quently, for fixed we D, S, (given by (5.11)) is holomorphic in D and
continuous on D, hence in N,. Furthermore, given any compact subset
C of D and 8 > 0, there exists an integer I = I(4, C) such that

(5.12) (85 8o) = [log(14+185(1) 8, (1)) du(t) < &

for all » > I and all we C. (5 12) follows since 8*(z, w)—8(2, w) uniformly
for (z, w)e D xC.

Let ¢> 0 be arbitrary and let C be an arbitrary compact subset
of D. By continuity of y, there exists a é > 0 such that |y(f)| < é for all
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fe N, with o(f,0) < 8. By (5.12), there exists an integer I such that
(8%, S,) < & for all we C and all » > I. Therefore

(6.13) 7(85) —#(8u)| < &

for all » > I and all we C. However, by (5.9) and (5.10), #(8%) = ¢,.(w).
Therefore g, converges uniformly on compact subsets to a holomorphic
function ¢ on D. Let

oo Mg

(5.14) 9(z) = limg, (2) = 2 D bupin(2), zeD.

=0 »=1

Consider [f(ro~'t)g(et)du(t), 0 <r < ¢ < 1. A routine computation,
B

using the orthonormality of {¢,,} and the uniform convergence of the
series expansions of f and g ((5.3) and (5.14) reSpectlvely) on compact
subsets of D, gives

o M
(5.15) f fireg(etydu(t) = D' ¥ a,(f)bur*.

k=0 v=1

Combining (5.7) with (5.15) gives (5.4). Equation (5.15) also shows
that (5.4) is independent of o, 0 < r < p < 1. Since

fy(et) Pw(re't)du(t) =b,, forall k =0,1,2,..., v=1,...,m,,
B

¢ is unique.
Conversely, suppose there exists a holomorphic function ¢ on D
such that

(5.16) lim [f(ro™'t)g(et)du(t), O<r<e<1,
1 p
exists for all fe N,. For 0 <r < e <1, set

(5.17) v(f) = [flre " g(et)du(2).
B

For each r¢(0,1) and ¢, r < o0 < 1, 9, is continuous. Since, if f,—f
in N,, f,—f uniformly on compact subsets of D and hence y,(f,)—>v.(f)
By (5.16), limy,(f) exists for every fe N., and by [13], Theorem 2.8,

r—1
r(f) = lfi_{lfllyr(f)

defines a continuous linear functional on N,, which completes the proof.
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