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1. Introduction. The Laplace transform of two variables of a func-
tion f(z,y) is given ([1], p. 657) by the equation

O0=00

(1.1)  F(p,q) = [ [ euf(z,y)dedy, Rip,q)>0();

00
denote it symbolically as
F(p, )= f(@,9)-

We define the generalized Stieltjes transform of order =, and n, of
a function f(xz,y) by the integral equation

(1.2) S {f(@, 9): B, 4} = f f ” +£ (f,’(glq) dody ,

where |argp| < =, |argg| < m, R(ny, n) > 0 and R(p, q) > 0.
If n,=n,=1 in (1.2), we obtain

(1.3) Sulf(®,9): P, ¢} = fj w+md ay

where |argp| < =, |argg| < = and E(p, q) > 0.

We shall call (1.3) an ordinary Stieltjes transform of two variables
of f(z,9) and denote it symbolically as S{f(x, y): p, q}.

The object of this note is to obtain a relation between Laplace and
Stieltjes transforms of two variables. The main result is stated in the
form of a theorem and is then illustrated by an example.

() For the sake of brevity the symbol E(p, ¢) > 0 has been used to denote F(p) > 0
and R(q) > 0, throughout this paper.
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2. THIOREM. If

(2.1) 9(p, Q) =f(=,y)
and
(2.2) F(p, q) =am-lym-lg(z,y),
then
1
(2'3) 'r(nl)r(nz)la(p’ q) = 6n1.na{f(m7 ?/): p’ q} ’

provided a Laplace transform of |f(z,y)| and |[x™m~'y™-1g(x,y)| and a Stieltjes
transform of |f(x,y)| exist, |largp| <=, |argql <=, R(p,q)>0 and
R(ny, ny) > 0.

Proof. We have

(2.4) g(p,9) = [ [ e-r=-uf(w, y)dady
00
and
(2.5) F(p,q) = [ [ e-re-wgm-sym-ig(z, y)dedy .
00

Substituting the value of g(z, y) from (2.4) in (2.5), we obtain

(2.6) F(p.q) = ]] e“l’x""lm’"*H;"P‘[ff e~ Ts-ulf(g, t)dsdt]dmdy
00

00

[ e e] 00 00

—= ff f(s, t)[ff e_:c(p-:s)-—w(qﬂ'-!)mnl--1?/n2—1dmd,y] dsdt .
00 00

The change in the order of integration is justified under the conditions
stated in the theorem. Evaluating the inner double integral with the
use of a known result [3], we obtain

I'(ny) I'(n,)
(p+8)"I(g+1)™
where E(p+s,q+t) >0 and R(n,,n,) > 0.
The result (2.3) follows.

COROLLARY. Taking n, = n, = 1 in the theorem, we obtain the following
result:

I

= gt lyn. -vle—sz—tu ,

9(p, @) =f(=,9),
and

F(p,q)=9(x,9), .

F(p,q) = &{f(z,¥): p,q},

then



~
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provided Laplace transforms of |f(x, y)|, |g(x, y)| and a Stieltjes transform
of |f(x,y)| exist, R(p, q)> 0, largp| < n and |argq| < m.
3. Application. Let
a“ seey ay

(3.1) @, y) = wm’y""Gz"k(wy/ ) ’
bl’ eeey br

where (I+7) < 2(h+k) and |arg(ay)| < (h+k— 31— 17)=.
On using [2], p. 419, (5), we get

) _ 1 nire[ 1 /—ml, — Mgy Gyy enny a;)
6-2) 922 9) = prigmeri Grber (pq/ by, ..., by :

where
largp| < w/2, jargq|<mw/2, R(mi+b;)>-—-1, R(p,q)>0
(¢ = 1,2 .7 =1,2, .., h)i

and

(3.3) F(p,q

/ )

_ pm1—n1+1qma—nz+lG{1+22.k+2( /_ Myy — Mgy Uyy ooy QU

= +2,74-2 ’
My —my—1, n,—m,—1, by, ..., b,

provided ER(ny,n;) > 0, |argp| < n/2, |argq| < =/2, R(n;—m;—a;) > 0,
R(p,¢)>0 (t=1,2;41=1,2,..,kj=1,2).
Hence on using (3.1) and (3.3) in (2.3), we obtain

(3.4) pml—mﬂqmn—nﬁlG{'f;’,.’f:’f » — Mgy — Mgy Qpy eeey U )
I'(ny)I(ny) ’ Ny —my—1, ng—my—1, by, ..., b,

- my mg Lk Apy veny O\,
- 6,;,,71,{50 y Gl,r (a’y/ bu ceey br). Py q}
valid under the conditions given in (3.1) to (3.3).

The author is indebted to Dr. R. K. Saxena for his help during the
preparation of this note.
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