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ANTONI WIWEGER (WARSZAWA)

0. Introduction. Various generalizations of the notion of adjointness were
considered by many authors. A detailed discussion of these generalizations is
given by Borger and Tholen [2]. The main aim of this paper is to point out
that generalized adjunctions may serve as a convenient language for describ-
ing lambda-algebraic theories in the sense of Obtutowicz (cf. [7], [9]). How-
ever, the variants of the notion of generalized adjointness listed in [2] are not
suitable for this purpose, and our considerations will be based on the
concept of a “pre-adjunction” defined in Section 2. Each functor which is
pseudo-left-adjoint in the sense of [2] has a pre-adjunction but not con-
versely, because a functor having a pre-adjunction need not be weakly left
adjoint. It is shown in Section 3 that the Cartesian product of sets in the
category of sets and partial functions provides an example of a pre-
adjunction with no “weak universality” property. The main example of a pre-
adjunction which is not a weak adjunction is described in Section 4; in that
section the notion of an algebraic A-pre-adjunction of an endofunctor in an
algebraic theory is introduced, and the connection of this notion with the
categorical approach to the syntax of the type free lambda calculus is
discussed.

The author is obliged to Dr. Adam Obtulowicz and Professor Manfred
B. Wischnewsky for valuable comments.

1. Preliminaries.

1.1. We shall use the following notation:

2,7, 7, 7, are symbols of variables.

N is the set of all non-negative integers {0, 1, 2, ...}; by non-negative
integers we mean the finite numbers in the sense of von Neumann, i.e. 0 = Q,
n+1=.0,1,...,n}.

N7 is the set of all positive integers {1, 2, ...}.

If fis a function with the domain X and Y < X, then f|Y denotes the
restriction of f to Y. If S and A are sets, then by a family (a,:seS) of
elements of 4 we mean the function s+—a, from S into A.
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1.2. For all unexplained terms concerning category theory we refer the
reader to [6]. If X is a category, then Ob X denotes the class of all objects of
X. If X, YeODb X, then X(X, Y) is the set of all arrows of ¥ with domain X
and codomain Y. The composition of arrows f: X -Y and g: Y—>Z is
denoted by gof: X - Z. The opposite category of X is denoted by X°°,
and the canonical contravariant functor from X into X°® is denoted by
Op: X - X". By a functor we always mean a covariant functor if not
explicitly stated otherwise.

Set denotes the category of sets, and N denotes the full subcategory of
Set whose objects are all non-negative integers.

If (fi: X—>Y:ien) is a family of arrows in a category X and Y is
a product Yyx ... xY,_, with product projections pr': Y > Y, then
{Sfosfis ---s fa—1y Will denote the unique arrow f: X —» Y of X such that
prof = f; for all ien. If, in particular, (f;: X > Y,:ien) is a family of
arrows in Set, then {fy,fi,...,f,—1> denotes the function from X into
Yox ... xY,_, defined by

SorSis oo Ja-1D(X) = (fo(x),fl (x), ---sfn—l(x))
for all xeX.

2. Pre-adjunctions.
2.1. Let X and AU be categories and let F be a functor from X into A. By
a right pre-adjunction of F (shortly, a pre-adjunction of F) we mean any triple
(Go. ©. ¥), where G, is a function from Ob A to Ob X, and ¢, Y are
functions which assign to each pair of objects X eOb X, 4 Ob U functions
*X,4

A(FX, A) ——— X(X,GyA)
¥X.4

such that the following condition is satisfied:

(a0) ¥x 4 is natural in X, i.e. for each A€ Ob A the components Y , for
all X define a natural transformation of contravariant functors:

X(?, GoA) —=— UA(F(2), A).

If (Go. ¢, ¥) is a pre-adjunction of F, then we say that G, is a right pre-
adjoint (shortly, a pre-adjoint) of F. Note that a pre-adjoint of a functor is not
a functor but a function assigning objects to objects. Given a functor F, there
may exist many pre-adjoints of F. In Section 3.3 an example will be given
which shows that a functor may have at the same time a pre-adjoint defined
in a very natural way and an adjoint whose construction is more com-
plicated.

It follows from the Yoneda lemma that the condition (a,) is satisfied if
and only if there is a function ¢ which assigns to each AeOb A an arrow
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e4: FGoA— A of U such that

1) Yx.4(g) =e,0F(g) for any arrow g: X -Gy A of X.

The function ¢ is determined by y uniquely; in fact,

(2 €4 =V¥goa4(idg,s) for any AeOb U.

In other words, a pre-adjunction (G, ¢, ¥) may be identified with a triple
(Go, @, €), where ¢ and ¢ satisfy (1) and (2).

2.2. We shall consider pre-adjunctions (G,, ¢, ¥) of F satisfying some of
the following additional conditions:

(1) @x 4 is natural in X;

(@2) Yx 40@x 4 =idyrx.4 for all XeOb X, 4eOb U;

(a3) (px'AOlﬁx'A = idI(X,GoA) for all XeOb .{, AeOb U.

Let i, je{l, 2,3}. We say that (G,, @, ¥) is an a;-pre-adjunction if
(Go, @, ¥) is a pre-adjunction satisfying the condition (). We say that
(Go. . ¥) is an x;-pre-adjunction if (G,, @, Y) is both an a;-pre-adjunction
and an o;-pre-adjunction.

The condition (x,) means that for each arrow f: FX — 4 of U and each
arrow h: X' > X of X we have

Ox.4(f)oh =@y 4 (fOF(h))-

By (1) the condition (x,) means that for each arrow f: FX — A4 of U we
have

&) eaoF(ox.4(f) =1,
ie. the diagram

€4
FGoA— 4

Floy 4" s

FX

is commutative. Therefore, a functor F: X — U having a right a,-pre-adjoint
is the same as the weak left adjoint functor in the terminology of [2].
A functor F: X — U having a right a,,-pre-adjoint is the same as the pseudo-
left-adjoint functor in the sense of [2].

By (1) the condition (a3) asserts that for each arrow g: X -Gy A4 of X
we have

4) Px.4 (3,4 oF(g) =g.
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In other words, the condition (a;) means that if f: FX — A is an arrow of Y
and g: X - GyA is an arrow of X such that the diagram

€A

FGy A — A

(3) F@)

\

is commutative, then g = @y ,(f).

The condition («,) implies that for a given f: FX — A there is at least
one g: X — Gy A making the diagram (5) commutative, whereas the condition
(a3) asserts that there is at most one such g. Borger and Tholen [2] consider
only such generalizations of adjointness where the existence of g in (5) for
any f is ensured. However, this requirement is too restrictive in some cases.
Examples of pre-adjunctions which are not a,-pre-adjunctions will be given
in Sections 3 and 4. It follows from Theorem 4.6 below that in the
categorical approach to the syntax of the type free lambda calculus the
conditions (a,) and (a3) correspond to the well-known axioms of f-reduction
and n-reduction, respectively (cf. [1] and [9]).

If F: X > U, G: A — X are functors and (F, G, ¢) is an adjunction from
X to ¥, then the triple (G,, ¢, ¥), where G, is the object function of G and
Vx4 = ©x.4 is a pre-adjunction of F satisfying the conditions (x,)(a3). The
converse is also true in the following sense:

2.3. ProvosiTiON. If (G, @, ¥) is an a,4-pre-adjunction of F: X — U, then
there exists a unique functor G: W — X such that G, is the object function of

G and (F, G, ¢) is an adjunction from X to W. The functor G is defined by the
formula

(6) G(k) = 9gya,4(koe,) for any arrow k: A— A" of U

This proposition is a simple reformulation of Theorem 2 (iv) in [6],
p. 81. It follows from this proposition that every a,;-pre-adjunction is an
o, -pre-adjunction (one may easily check this fact straightforwardly).

It should be noted that equations (3) and (4) were used by Lambek [4]
to describe adjunctions.

Two successive pre-adjunctions can be composed in the following sense:

2.4. ProrosiTION. If p =(Gy, ¢, ¥) is a pre-adjunction of F: X - U and
p =(Go, @, ¥') is a pre-adjunction of F': WU >IN, then the triple
p" =(Go, @", ¥"), where

' " ’ ” e’
0 =G00Go, Px,m = Px.coMO PFx.M> XM =Vex.MOVx,com
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fJor all XeOb X, MeOb M, is a pre-adjunction of F'oF. If p and p’' are
a;-pre-adjunctions, then p” is an a;-pre-adjunction.

The proof is straightforward.

Using this composition we may form a category Pre-adj whose objects
are all (small) categories X, A, M, ... and whose arrows from X to U are all
quadruples (p, F, X, A), where p is a pre-adjunction of F: X — U. The
category Pre-adj has subcategories o;-Pre-adj and a;;-Pre-adj whose objects
are all objects of Pre-adj and whose arrows are all quadruples (p, F, ¥, )
such that p is an a;-pre-adjunction (an «;;-pre-adjunction, respectively) of
F: X - WU. The category a,;-Pre-adj may be identified with the category Adj of
adjunctions (cf. [6], p. 102).

25. In a similar way we may consider a left pre-adjunction (F,, ¢, ) of
a functor G: YU — X. Here F, is a function from Ob X into Ob A and ¢, ¥
are functions which assign to each pair of objects XeOb X, AecOb U
functions

?X,4

A(Fy X, A) X(X, GA)

Vx4

such that the following condition is satisfied:
(x0) ®x 4 is natural in A.

It is obvious that (F,, ¢, ) is a left pre-adjunction of G: U — X if and
only if (F,, ¥, @) is a right pre-adjunction of the functor

OpoGoOp: AP — X°°P,

We say that (Fo, @, ¥) is a left af-pre-adjunction (a left ai;-pre-adjunction)
of G if (Fo, ¥, @) is a right a;-pre-adjunction (a right o;;-pre-adjunction) of
OpoGoOp.

The condition (ap) is equivalent to the existence of a function n which
assigns to each XeOb X an arrow ny: X - GFy X of X such that

ox.4(f) =G(f)ony for any arrow f: Fo X — A of U.

The function 7 is defined by
Nx = (pX'FOX(idFOX) for any XeOb X.

Let us consider the following conditions:

(a}) ¥x 4 is natural in A4;

(@3) ©x40¥x.4 =idgx.ca for all XeOb X, 4eOb U;
(@3) ¥x,40@x,4 = idyryx,4) for all XeOb X, 4eO0b A.

It is easy to see that a left pre-adjunction (F,, ¢, ) of G is a left
a;-pre-adjunction of G if and only if (Fy, ¢, ¥) satisfies the condition (a;).
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The condition (x;) means that for each arrow g: X — GA of X and each
arrow k: A—- A" of A we have

koyyx 4(g) = Vx4 (G(k)og).
The condition (x5) means that for each arrow g: X — GA of X we have

G(¥x.4 @)onx =g.
The condition (a3) means that for each arrow f: Fo X — A of A we have

Vx.a (G (No 'Ix) =f.

3. Examples of pre-adjunctions.

3.1. Constant morphisms. Let X be a category and let 1 be the category
with the unique object 0 and the unique arrow id,. Consider the unique
functor J: X - 1. Any pre-adjunction (G, ¢, ¥) of J can be described as
follows: the function G, assigns to the unique object 0 of 1 an object
C =Gy (0) of X; the function @y o assigns to the unique arrow id, of 1 an
arrow yx: X — C of X; the function ¥ , assigns to each arrow g: X — C of
X the arrow id, of 1. In other words, each pre-adjunction (G, @, ¥) of J is
completely determined by a function y which assigns to each object X of X
an arrow @y o(0) = yx: X - C of X with a fixed codomain C = G4(0). For
any such function y the conditions (x,) and (x,) are automatically satisfied.
The pre-adjunction determined by y satisfies (a,;) if and only if

7 yxOh =7yx.  for any arrow h: X' - X of X.

The condition (7) implies that for each X = Ob X the arrow yx: X - C
is a constant morphism in the sense of Herrlich and Strecker [3]. (If, in
particular, X = Set and yx: X — C are functions satisfying (7), then there is
an element ¢ in C such that yx(X) = c for any set X and any element x in
X.) The pre-adjunction determined by 7 satisfies (a3) if and only if for each
object X of X there is exactly one arrow from X to C, ie. C is a terminal
object of X.

Dually, each left pre-adjunction (F,, ¢, ¥) of J is completely determined
by a function é which assigns to each object X of X an arrow ¥, x(0)
=0dyx: D> X of X with a fixed domain D = F,(0). The conditions (ap) and
(a3) are automatically satisfied. If the left pre-adjunction determined by &
satisfies (a}), then for each X in Ob X the arrow é5: D — X is a coconstant
morphism in the sense of [3]. If the left pre-adjunction determined by &
satisfies (x3), then D is an initial object in X.

3.2. Generalized products. Let X be a category and let 4: X > X x X be
the diagonal functor. A pre-adjunction (G,, @, ) of the functor 4 can be
described as follows: the function G, assigns to each pair of objects



YeOb X, ZeOb X an object
YOZ =Go(Y, 2)eOb X;
the function ¢y 2 assigns to each pair of arrows
vyixtz

of X an arrow [f, g] = @x .5 (f, 9): X > Y OZ of X; the function Yy iy 2
assigns to each arrow g: X - YO Z of X a pair of arrows

1 2
v (9) v (9)
Y « X,(Y,2) X X,(Y,Z) A

of X. Condition (x,) implies that there is a function ¢ which assigns to each
pair of objects YeOb X, ZeOb X a pair of arrows

1 2
Y—XZ yoz-XZ .7

such that Y% .z (9) = ¢&y.z0g for any arrow g: X >YOZ and i=1, 2.
By a generalized product in the category X we mean a collection of
the functions

@) 20%, &, & [,7]

defined as above by a pre-adjunction (G, @, ) of the diagonal functor
4: X > XxX. We say that (8) is an o-product (o;;-product) in X if the
pre-adjunction (Go, ¢, ¥) is an o;-pre-adjunction (o;;-pre-adjunction) of 4. It
is easy to see that the generalized product (8) is

(i) an a,-product if and only if, for each pair of arrows YL x5 Z with
the same domain X and each arrow X' 5 X,

[f.,gloh=[foh, goh],

(i) an a,-product if and only if, for each pair of arrows YL X% Z with
the same domain X,

erzolf,9l=f &iz0lf.g9]1=4g;
(iii) an az-product if and only if, for each arrow X 5 Y O Z,
[ey.zOk, e z0k] = k.

An a,;-product is a categorical product; in this case the arrows &} ; and
&3z are usual product projections, and [f, g] = {f, g), where (-, - is the
symbol defined in Section 1.2. |

Some applications of generalized products are given in [8].

3.3. Generalized products in the category of partial functions. Let Pfn be
the category whose objects are all sets X, Y, ... and whose arrows from X to
Y are all partial maps f: X —o» Y; by a partial map f: X -o- Y we mean
a triple (X, f, Y), where f is a function defined on a subset dom f of X with
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values in Y ; the composition of partial maps is defined as the composition of
relations.
Let Y xZ be the Cartesian product of sets and let

priz: YXZ =Y, priz; YXZ—-2Z
be the canonical projections. Given a pair of partial maps
Yy - x b5z
we define the partial map
[f.9]: X —o0—YxZ

in the following way:
dom [ f, g] = dom fndom g,

[f, 91(x) =(f(x), g(x)) for xedom [, g].

It is easy to verify that the functions

constitute an a,;-product in Pfn. This generalized product is not a product
in Pfn; moreover, it is not a weak product in the sense of Mac Lane [6],
p- 231. In fact, consider the diagram

1 2
Pry 7 Pryz

YxZ
+h
9
s

If f and ¢ are such that dom f # dom ¢, then there is no partial map h
making this diagram commutative; if dom f'= dom g, then such an h exists
and is unique.

It is well known that there are products in the category Pfn.
A categorical product YI1Z of two sets in Pfn may be described as follows:
Let YIIZ =(YxZ)+ Y +Z, where + denotes a disjoint union of sets and let

2. YIIZ —o—Y, 1, YIIZ —o—2Z

Y Z

be partial maps defined in the following way (to simplify the notation we
identify sets with their images in a disjoint union):

dom 1}, =(Y xZ)+Y,
T;.z (Y x2Z) = Pl')l'.z, T)l'.zl Y=id,,
dom t}, =(Y x2)+Z,

lef.z|(Y xZ) = Prﬁ.z, T)Z'.zlz =id,.
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: . : s ' :
Given a pair of partial - maps Y «o— X —<g>—>Z, we define the partial
map

[f, 9]i: X—o—YIIZ

in the following way:
dom [f, g], = dom f udom g,

(f(x), 9(x)) if xedomfndom g,
[/, 9]i(x) =< f(x) if xedom f\dom g,
g(x) if xedom g\dom f.

It is easy to verify that the functions

form an a,;-product (i.e. the usual product) in Pfn.

Using universes one may describe the category Pfn in an alternative
way. Let U be a fixed universe and let ¥ be a universe larger than U (ie.
such that U e V). The symbol Pfn, will denote the category whose objects are
elements of U and whose arrows are partial maps between elements of U. By
Set, we denote the category of all sets belonging to V. For any fixed element
* of V such that x¢ U let Set,(*) be the subcategory of Set, defined as
follows: the objects are sets of the form X™* = X U {x], where XeU; the
arrows from X™ to Y™ are maps g: X*® — Y™ such that g(*) = *. Let

?(*): anu - Setu (*)

be the functor with the object function X +— X* and with the arrow function
which assigns to each arrow f: X —o-» Y of Pfn the arrow f®: X® _ y®
in Sety(*) defined as

f(x) if xedomf,
* otherwise.

S*®(x) ={

It is well known that the functor ?** is an isomorphism of categories. The
a;3-product (9) in Pfn yields an «,;-product in Set, (), and the product (10)
in Pfn yields a product in Sety (*).

4. Algebraic /-pre-adjunctions.

4.1. Let I be a category. By a A-pre-adjunction of a functor F: T - I
we mean any pre-adjunction (Go, @, ¥) of F such that G, =idy,;. By
a Ao;-pre-adjunction (Ax;;-pre-adjunction) of F we mean a A-pre-adjunction of
F satisfying the condition (a;) (the conditions («;) and («;)) from Section 2.2.
It is obvious that the composition (in the sense of Proposition 2.4) of two
A-pre-adjunctions is a A-pre-adjunction. '

4.2. We consider some A-pre-adjunctions of functors defined in an
algebraic theory in the sense of Lawvere [S5].
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By an algebraic theory we mean a triple 7 = (3, I, P) such that
() ¥ is a category, I is a bijection from N onto Ob I, and
P=(p,:neN* ien) is a family of arrows of I;

(i) pheI(I(n), I1(1)) for all neN*, ien;

(iii) the object I(n) is a product of I(1) with itself n times for all ne N,
and (p):ien) is a family of product projections for all ne N™.

If (I, I, P) is an algebraic theory, then the function I may be extended
to the canonical functor I: N°®* > I. The arrow function of this functor
assigns to each arrow f: n—m of N°° (i.e. to each function f: m —n) an
arrow

A AR (R ()
of I (cf. Section 1.2).
43. Let (T, I, P) be an algebraic theory. By an algebraic A-pre-adjunc-

tion of a functor F: T — T we mean any A-pre-adjunction (idopz, @, ¥) of F
satisfying the following additional condition:

(»%,) the functions
Prmaem: T(F(1(M), 1(m) - T(I(n), I (m)),
Vientm: T (), 1(m) > T(F (I (n), I(m))

are natural in m, ie. for each ne N the components @y, ;m and ¥ ). 1m for
all m define natural transformations of functors from N°? into Set:

Prmier: T(F (L), 1) > (I (m), 1),
Vimaer: T, 1) > T(F(I(m), ().
It is easy to verify that the condition (x,) is equivalent to the following
one:
(%,) the functions @y, ;m and the arrows &;,: F(I(m))— I(m), where
€m is defined by (2), are natural in m.

The naturality of ¢, in m means that the components ¢, define
a natural transformation of functors ¢,: Fol > 1.

44. Let (T, I, P) be an algebraic theory and let (idg,:, @, ¥) be a A-pre-
adjunction of a functor F: T — T. Consider the following conditions:
(0,) for all m, ne N and all iem the diagram

@I(n), I(m)

T(F (I(n)), 1(m)) » T(I(n), I(m))

(Flem) s (im.p')

T(F(I(m), 1(1)) - I(I(n), 1(1))

P1(m, I(1)
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IS commutative;
(0;) for all m, ne N and all iem the diagram

T(I(n), I(m) —2 ", 3 (F (I (n)), I(m)
I(l(n).-p';") l I(F(l(n)).p';"')
(I, 1) —5——— T(F (1), 1(1))

is commutative;
(dy) for all me N and all iem the diagram

£1(m)

F(I(m)) > I (m)
F(I(1)) - 1(1)

f1(1)

is commutative (where ¢ is defined by (2)).

It is easy to prove that for any A-pre-adjunction (idg,:, @, ¥) of
F: T - T the following conditions are equivalent:

(@) (idopz, @, ¥) is algebraic;

(b) ¢ satisfies (6,) and ¥ satisfies (7,);

(c) ¢ satisfies (6,) and ¢ defined by (2) satisfies (o).

45. We shall now recall the following definitions due to Obtutowicz
(cf. [7], [9).

An algebraic theory with application and abstraction is an ordered triple
(7, &, ()*), where J is an algebraic theory, &: I(2) = I(1) is a distinguished
arrow of I, and (?)* is a function assigning to each arrow f: I(n+1) — I(1)
(neN) of T an arrow h: I(n)—> I(1) of I.

A lambda-algebraic theory is an algebraic theory with application and
abstraction satisfying the following condition:

@ (f)*og =(folgxid;y))* for all arrows feZ(I(n+1), I(1)), and
g€ X(I(m), I1(n)), meN, neN.

A Church algebraic theory is a lambda-algebraic theory satisfying the
following condition:

(B) eo((N)* xidyy,) =1 for all feX(I(n), I(1)), neN*.

An algebraic theory of type A— fn is an algebraic theory with application
and abstraction satisfying the condition (f) and the following condition:

(m (eo(hxidyy,))* = h for all he T(I(n), I(1)), neN.
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These definitions originated from analysis of the syntax of the type free
lambda calculus. The basic example of a lambda-algebraic theory is provided
by the category I [C] whose objects are natural numbers and whose arrows
are labelled A-terms; the composition of arrows is defined by the substitution
of labelled A-terms. Forming suitable quotient categories of T[C] one
obtains an example of a Church algebraic theory and an example of an
algebraic theory of type A— fn (for details see [9]).

In any algebraic theory (I, I, P) there are uniquely defined functors
?xI(n): T —-3I (neN). The following theorem describes relations between
algebraic A-pre-adjunctions of these functors and the Obtulowicz theories:

4.6. THEOREM. For any algebraic theory (I, I, P) the following conditions
are equivalent in the sense that the data in one of these conditions determine
uniquely the others:

(i) (X, I, P) is equipped with a structure of an algebraic theory with
application and abstraction (a structure of a lambda-algebraic theory, a struc-
ture of a Church theory, a structure of an algebraic theory of type A— fpn,
respectively);

(i) there is a specified algebraic A-pre-adjunction (Aa,-pre-adjunction,
Aa, ,-pre-adjunction, Aa,s-pre-adjunction, respectively) of the functor ? xI(1):
T-3;

(ii1) for each neN there is a specified algebraic A-pre-adjunction
(Aet,-pre-adjunction, Aa,,-pre-adjunction, Aa,s-pre-adjunction, respectively) of
the functor ?x1(n): T - 3.

The proof is straightforward by application of the results of Section 4.4
and Proposition 24.

In particular, it follows from Theorem 4.6 and Proposition 2.3 that an
algebraic theory of type A—fn is a Cartesian closed category with exponen-
tiation satisfying I(m)’'™ = I(m) for all m, neN (cf. [7)).
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