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Abstract. The main object of this paper is to study the continuity with respect to both 4 and
t of solutions of the problem

d
{0+ A0u0 =f (), ul0) = uf,

Introduction. In this paper, we consider the parabolic problem
d
*) TO+AOuO =f (0, teO.T], heQ,

u(0) = uy. It is well known (see e.g. [8]) that in some cases the solution is given
by the formula

t
(*%) uy(t) = Uy(t, O)ud + [ U, (¢, 9)f (h, 5)ds,

0
where U, is the fundamental solution of equation (*). Since the sufficient
conditions for u,(t) (given by (**)) to be the solution to problem (*) are well
known in the literature, we do not discuss them here. We shall only study the
continuity of the mapping

) u: Q@x[0, T]13(h, t) > u, (e X

with u,(t) given by (**), without specifying assumptions which guarantee that u,
is the solution of (*). Our assumptions enable us to repeat the construction of
U, presented in [8], Chapter 5, and to prove that u,(t) is continuous with
respect to both h and t.

Theorems on the class of regularity of u,(t) with respect to h and ¢ will be
published elsewhere.

Similar problems are considered in [1], [6], [9], [10] for differential
equations with coefficients independent of ¢.
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2, Notation and definitions. Let X be a Banach space and let Q be
a locally compact subset of R".

We denote by B(X, Y) the space of bounded linear operators from X to Y.
If X =Y, then B(X, X) is denoted by B(X). The space of closed linear
operators from X to X will be denoted ¥(X). For a given operator A e % (X)
the resolvent set of 4 will be denoted by P(A).

We shall consider a family (A4,(¢))n.nen = fo.1) Of closed linear operators from
X to X defined for each heQ on a dense linear subspace D(A,(t)) = D of X.

AssuMPTION Z,. There exists a Banach space Z and a bijective mapping
T: Z - D such that Te B(Z, X) and the mapping

(1) Qx[0, T]a(t,r)— A,(nTeB(Z, X)
1s continuous.

ASSUMPTION Z,. There exist a Banach space Z, a continuous linear
bijective mapping T: Z — D and a€(0, 1] such that the mapping

(2) [0, T]2t - A, ()TeB(Z, X) for t1eQ
is Holder continuous, i.e. there exists L > 0 such that
|A,(6)T— A ()TNl < Lit—s|*  for 1eQ,

0<s<Tand 0Kt<T

We easily see that Assumptions Z,, Z, are independent of the choice of
Z, T).

ASSUMPTION Z,. A,(t)e G(C,) for (h, )e 2 x [0, T], where
(B)  G(Co) = {Ae%(X): D(A) = X, [0, +0) = P(—A), [(A+E) ¥ < Coé™*

for €>0, k=1,2,... and |Aexp(—tA)| < Cot™! for ¢t > 0}.

Remark 1. It follows from Assumption Z; that if, for (h, £)e @ x [0, T],
A,(t) is invertible (1-1 and onto), then

(4) Ap(AR,' (5) = Ay (D Aiy (5)  as h— by,

uniformly on 4, = {(t, s): 0 < s <t < T}. Hence, if K is a bounded subset of
X, then

(5) (Ay()— A () A ()x -0 as h—h,
uniformly on 4, x K.

Lemma 1. If for every (h, t)e Q x [0, T] the operator A,(t) is invertible and
Assumptions Z,, Z, are satisfied, then for every compact subset K of Q there
exists L> 0 such that

(6) 14.()Ax H(r)— A (s)Ay " (NI < Lit—s|®
for h,teK and t, s, re[0, T].
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Proof. Let K be a compact subset of . Since the mapping
Qx[0, T1a(h, r) > (A,(nT) ' =T 4, '(nNeB(X, Z)
is continuous, there exists € > 0 such that
(A4, T) Y| <C for (h, eK x[0, T].
Hence
14,0 A )= A() A7 ()] < CIAMT — Ays) TN < CLIt—s|" = Lit—sf*.

LeMMa 2. Let U be a compact space, let ®(h, z)e B(X) for (h, 2)eQx U,
let D be a dense subset of X and let hye Q2. Suppose that there exists a constant
C, > 0 such that

(7) ®(h, 2)l < C, for (h,z)eQxU.
If. for any xe€D,
&(h, z)x >0 as h—h,,
uniformly in U, then
(i) for any xe X, ®(h, z)x -0 as h — hy, uniformly in U,
(1) for any compact subset K of X, ®(h, z)x — 0 as h — hy, uniformly in
UxK.

Proof. (i) is obvious. To prove (ii), let us observe that the family (®(h, z))
is equicontinuous. Therefore, for every x,eX and &> 0, there exists
0 = &(x,) > 0 such that

®@(h, z)(B(x,. 0)) = B(®(h, z)x,, 1¢)

where B(x,, J) 1s the ball of radius ¢ centered at x,. Since K is a compact
subset of X, there exist points x;eK, j=1, ..., 1, such that

!
K < Y B(x;, 6(x)).
i=1
Therefore, by (i), there exists x4 > 0 such that
I®(h, 2)x;ll <3¢ for j=1,2,...,1,

provided |h—h,| < u and ze U. Thus &(h, z)(K) < B(0, ¢) and this ends the
proof.

We shall consider the following parabolic problem:
d
®) O+ A,0u0) <[00, 0<t<T.

9) u(0) = uf

with the parameter heQ, given ujeX and a continuous function
[ @x[0, T]->X.
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DEerFINITION 1. We say that a function
u: 2x[0, T]a(h, t) > u,(t) =u(h, )e X

is a solution of problem (8)+9) if u,e C([0, T]; X) N C*((0, T1; X), u,(0) = uj
and u, satisfies (9) in (0, T] for heQ.

For convenience we now recall the construction of the fundamental
solution U,(t,s) of (8) (for details see [8], Chapter 5), for he Q. Some
inequalities needed in the sequel will also be recalled:

(10) Ri(t, 5): = —(4,(t) — A,(s))exp(—(t—5)4,(5)),

where exp(—tA,(s)) is the strongly continuous semigroup with the infinitesimal
generator A,(s) for heQ, se[0, T].

(11) RE(t, s) fR"(t )R _(t,s)dt  for m=2,3,...,
(12) R, s) = Z RA(t, 3),

(13) Wh(t, s) = jexp(—(t—t)Ah(r))R"(t, s)dr,

(14) U,(t, s) = exp(—(t—s) A,(s)) + W', s),

(15) IR%(t,5)| < LCy(t—sf~! for heQ, s<t<T,

(16) IRE(E, S)| S M(t—s)™"!  for heQ, s<t< T,
where ’

M= (LCOF (a))"'/l" (ma),
(17) IR, )| < Ct—s)*~ ! for s<t,

where

= X (LCoI )T BT (me)) ™",
(18) W, s < C(t—s)",
(19) 1U(, 9l < C
3. Preparatory lernmas. In this section we consider the case of a one-point
set Q = {h,}. For simplicity we omit the parameter h,.

LemMMA 3. If Assumptions Z,, Z,, Z, are fulfilled, then the mapping
@: [0, T]x[0,T]x X—> D < X given by

(20) ®(z, s, x) = exp(—1A(s))x

IS continuous.



Parabolic equations 329

Proof. This is a simple consequence of Proposition 1 from [9].

LEMMA 4. If Assumptions Z,, Z,, Z, are fulfilled, then for any xeD the
mapping

A73(t, s) > Ry(t, s)xe X
Is continuous.
Proof. For xeD we have (see [3])
A(s)exp(—(t—s) A(s))x = exp(—(t—5)A(s)) A(s)x,
R (r, s)x = (A()— A(s)) A~ H(s)exp(—(t—5) A(s)) A(s) x.

Thus, by assumptions and Lemma 3, R,(t, s)x is a continuous function of
(t, s, x).

Remark 2. Combining Lemma 4 and Lemma 2, we have:
(a) for every xe X the mapping

A‘T). = {(t, s)ed;: t > s}a(t, s) = R, (¢, s)x

1S continuous;
(b) for any compact subset K of X and any (t,, s,)€ 4% the convergence

Ry(t, s)x = R (ty, s9)x  when (¢, s) = (£o, So)
is uniform on K.

LEMMA 5. If Assumptions Z,, Z,, Z, are fulfilled, then:
(a) the mappings

(21) AYx X3(t, s, x) >R, (t,s)xeX, m=12,...

are CONtinuous;
(b) for any xe D the mappings

(22) Ara(t,s)=> R, (t,9)x, m=1,2,...
are continuous.

Proof (induction on m). We start with m=1. Let (¢, s)eA4?,
x,eX,v=1,2,..., and let (t,,s,) > (ty, So)€4}, X, > Xx,. We have, by
Remark 2(b),

IRy (t,, s,)x,— Ry (tg, so)xoll
< Ry (2, 8,)x,— Ry (g, so) %[l + R (tg, s)(x,—Xo)| =0  as v—oo.

Now suppose that (a) is true for k=1,..., m—1 and fix (¢,, sy} € 4%,
xo€X, £>0and 0 <& < 4(t,—s,). For (¢, s, x)€ 4% x X such that |s—s,| < &,
lt—tol < O,|x]l < |lxoll+1 we have
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t {io
If R (¢, DYRm—1(z, s)xdT— R (tg, DR (7. 50)Xod1||

sot+d t
=|| § Ry(t, DRm-1(z, s)xdr||+] [ R (1, DR, (z. s)xd1|
s : tn— 94
so+ o t(‘)
+]| | Ryltes DRm— (1, so)xodt||+|| | Rylto, DR (T, so)xod1|
50 to- 0
06
+]| | (Ry(t, DR (x, )X =R (ty, TRy~ 111, $o)Xo)d1||.
so+o
Thus, by inequalities (15), (16),
so+ad soto

| | Rt DRm= (7, s)xdt|| < | CoLit—1)* "M(z—s)" V* " Yix|de

s kd
< (Ixoll + DCoLM(3(to— s ™" { (r—s)"~ 1= dr

= M1(50+6~S)‘M71)1

and so, for small enough §,

so+d

| § Ry(t, DRm-1(z, )xde|| < ke  for se(so—8, so+0) 1€(ty—0, ly+9).

Similarly,
| § Ryt ORw (5, s)xde]| < b,
s
I [ Ry(tg, DR 1(t, so)xode]| < ke
and 0

to
| | Ri(to, DRm- (1, s)xodt|| < §e  for se(so—8, so+9), telia—0, 14 +39).
-4

fo

To finish the proof of (a), it is enough to prove that there exists
0 <8, <16 such that

to— 94

| § (Ry(t, DRm- (7, )x— R (ty, DRH- (1, so)xo)d1|| < e,

so+d
whenever |t—t,| < 8,, Is—s0l < &;, Ix—x,ll < 6,.
Setting
Y(t, 1, s)x = R/(t, T)R,p— (1, 8)x,
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we have

I¥(t, T, s)x—P(to T, Solxo | < 1P, T, Hx—x )+ [(P (L, T, 5)— P (tq, T, 5¢))Xo|
and, by (15) and (16),

LC M@Gor 1Eo)™m 121 if (m—1)a—1 <0,
LC,M@SP Tt jf (m—1a—12>0,

when |t—1,] <36, |s—s,| < 30, 1€[55+9, to—48].
Since ¥ is continuous on the compact set K x {x,}, where

1P, 7, 9l < {

K=t 1,8) [t—t,] <36, |s—sol <16, te[so+9, 1,—41],
there exists 0 < §, <38 such that
NP, T, S)xg— Pty T, So)xoll < /4T
and
NP (¢, T, )l iIx —xoll < &4T

for ft—ty| < &,, Is—sol <9,, Ix—x,ll <, and t€[s¢+9, t,—3].

To prove assertion (b) it is enough to show that the mapping (22) is
continuous at any point (¢,, $,) wWith ¢, = s,. By Lemma 4 this is true for m = 1.
Suppose that (22) is continuous for k=1, ..., m—1. Since R,(t,, t;) =0,

14
Rm(la S)X—Rm(fo, tO)x = IRl(t’ t)Rm—l(T: S)Xd'[.
By the inductive assumption there exists M > 0 such that |R,_(7, s)x|| < M.
Thus,
IR, (t, s)x| < const-(t—s)* >0 as t—s—0.

ProposITION 1. If Assumptions Z,, Z,, Z, are fulfilled, then
(a) the mapping
A% x X 3(t, s, x) = R(t, s)x

is confinuous,
(b) for every xe D the mapping

Apa(t, s)— R(t, s)x
is continuous.
Proof. Let xeD, my, =[1/a]+1 and let
@(m) = (LCoI (0))"/T (ma).
By (16)
IRA(t, )l < @(m)(t—s)™ 1.
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Since (cf. [4]).

(23) I(x) =/2nx*"2e™*(1 +r(x))
with Jr(x)] < e''?2*—1, we have
lim ™/®(m) = 0.
Since
(24) IR, (¢, s)I < P(m)et—sy™ "' < @(m)T™ !

an
for m = my, (t, s)e Ay, the series Y. R,(t, s) is uniformly convergent on 4.
m=1
Hence and by Lemma 5, Proposition 1 follows.

4. Continuity with respect to parameters. In this section we study the
continuity of the function u,(t) given by the formula

(25) ] u,(t) = U,(t, O)ud +j U,(t, s)f (h, s)ds

with respect to both h and ¢, where U, is given by (14).

Since conditions (14) for U, to be the fundamental solution of (8) are well
known in the literature (see e.g. [8], Chapter 5), we do not discuss them here.
We shall only inspect the continuity of the mapping

u: Qx[0, T1a(h, t) > u,()e X

with u,(t) given by (25), without specifying assumptions which would guarantee
that u,(¢) is the solution of problem (8)+9). The continuity of u will be proved
here under Assumptions Z,, Z,, Z,, which are weaker than the conditions
given in [8], sufficient for the function (25) to be the solution of problem (8)«9).

Remark 3. Suppose that Assumptions Z,, Z,, Z, are fulfilled; then
(following [9], Proposition 1) the function
[0, TIx2x[0, T}x X3(r, h, T, x) > exp(—rA,(1))x
is continuous. This fact will be used in the sequel.

LEMMA 6. If Assumptions Z,, Z,, Z, are fulfilled, then
(@) for any xeD and hyeQ
lim R (¢, s)x = R%(¢, s)x
h=2ho
uniformly on Ag;
(b) for any compact sets K, = A%, K, < X
lim R (t, s)x = Ri(t, s)x
h—ho

uniformly on K, xK,.
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Proof. To prove (a) let us fix xeD and h,e€Q. Then
IR (¢, s)x —R%(t, s)x|| < |[(Ax(0)— A,(s))exp(—(t—35)A,(s))x
—(A4,, @) — A,,o(s))exp( —(t—9)A4,,(9))x||
< (A4 — Ay (O)exp(— (e — )4, (5)x]
+ {|(A4(s) = Ay () exp( — (t — 5) Ay ()|
+ |[(Apy (1) — A, () [exp (— (1 — 5) A, (5) —exp(— (t — ) A, (5))]x]| -
Setting exp(—(t—s)A4,(s)) = T(h, t, s) we have
IT(h, t,s)| < C for (h,t,s)eRx 4,
with a positive constant C. Thus
(A(©)— A, )T (B, t, 5)x|| < [[(A4(6) — A, (1) Ao  (5)A,, (5) T (1, £, 5)x||.
By (4),
lim [|(4,(6)— A, (1)) Ar ()] = 0

h—ho
uniformly on 4,. Next, we have
A T(h, t, $)x = A4, () Ay () Ap(s) T(h, ¢, 9)x.
But
Any(8) A5 1 (5) = (4,(8) 45" () !
By (4) applied to t =5, se[0, T], we have
(26) lim [|(4,(s)— A, (s))An (s)]| = O

h—'ho

uniformly on [0, T].
Obsérve that the mappings

(B, 5) = A, (0) A1, (5), (1, 8) > A,(5)44, (5),
(h, 5) = Ay (5)Ay 1(s),  (h, 5) > A, (s)x
and
@: (h, 5)= Ay(5)Any" (5) Ap(s)x
are continuous in Qx [0, T] and
A ($)T(h, t, s)x = T(h, t, s)A,(s)x = T(h, t, s)A,(s) An,  (5)A,(5)x.

Let V < Q be a compact neighbourhood of k. Since ¢ is continuous, there
exists K > 0 such that

(27) 14,(5)T(h, t,5)| <K for (h, s)eV x [0, T.



334 T. Winiarska

Now, 1t is clear that
(28) (A4, —A, () T(h, ¢, s)x]|
< (440 = Ay, (0)Ai G| 144, () A ") 1 4,()T(h, 1, $)x[ >0
as h — h,. uniformly on 4.
Similarly,

(29) lim (A,(s)— A, (5)T(h, t,s)x =0
h—=hqy
uniformly on 4.
We [inally prove that

lim |[(4,,(0)— A, ()T (h, t, 5)—T(hy, t, s))x|| =0

h—ho

uniformly on 4. Since by Lemma 1,
we have to prove that

limHA,,O(s)(T(h, t,s)— Tth,, t, s))x” =0

h-=ho

(A, () — A, (5)As, ' (9))|] is bounded in 4.,

uniformly on 4,. Now,
|44, (AT (B, t,8)— T(hy, t, s))x||
< N Apo () Ak H(8) = Ay, ()i T (. ¢, 5) A, (5)x]]
+ I T(h, t, 5)A,(s)x—T(hy, t, $) A, (9)x]|.

By (4) and (27) we see that the first term of the right-hand side of this inequality
tends to 0 as h— h,. Since

| T(h, t, s)A(s)x — T (hg, t, s)A, (s)x]l
<||T(h, t, sN(A,(s)x— Ay ()X)||+]|T(h, £, )= T(hg, t, ) A, (x|},
we see, by our assumptions and Remark 3, that

lim || T(h, t, s)A,(s)x—T(hy, t, )4, (s)x]| =0
h—’ho
uniformly in 4.
To prove (b) it is enough to use inequality (15) and Lemma 2.
PROPOSITION 2. If Assumptions Z,,Z,, Z, are fulfilled and xeD, then
lim R (¢, s)x = Rie(¢, s)x, m=1,2,...,
h—ho
uniformly on Ag.

Proof. Fix xeD, hyeQ. If m=1, then the statement is true, by
Lemma 6.
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Suppose that the claim is true for k=1, ..., m—1. Then
(30)  i|RA(t, s)x—R"°(t, s)x||

||(R"(t I)—RP(t, 1) R 1 (7, s)x|{dr

+ j IRY (e, D(RE - ((z. s)x— Rl (z. $)x)|jdr.

Let us fix £ > 0. Selting
p(h) = sup {|i{Rh (1. s)x —R¥_ (. s)x{: (z, s)e Ay}

we have, by the inductive assumption
lim u(h) =

h-+ho
Next, we see that

I IRY (e, RS- 1 (z, $)x — Rl (z, 5))x||dz

< ,u('h)j LCy(t—1)*"'dr = LCou(h)(t — s)*/x < L—f—o uhT*  for (t, s)ed,.
Hence, there exists 6, > 0 such that
(31) i“R’{(t, T RE - (t, s)x—Rho_, (z, s))x||dT < {e
for (¢, s)e d, whenever [h—hgl < 9.

To prove that the first term of the right-hand side of (30) tends uniformly
to 0, let us observe that there exists u > 0 such that

FO<ce<d<T,d—c<p. d<t<T,0<s<c and hel, then
d
(32) FIRE (@, 0= Rt D) R (x, )x||dr < 4e.

Indeed, this follows from (15) and Lemma 5b).

We now write

(33) Ar = K" U (4:\K"),
where
(34) K* = {(t,s)ed;: t—s > pu}.

Then, by (32), if (t, s)e A;\K* then
[I(RY (2, = Rho(e, D)) R, (1, s)x||dt < 4e

for all heQ.
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If (¢, s)e K*, then

TIRY(, 11— Rz, )R- .z, x| e

s+u/d

= § IRy, )= R )R- (5, s)x|de

t—u/4
+ | |(RE(, )= R'e(e, D) RI- 1 (7, 8)x||dt

stu/d

b ] R 0= RYG, )R, s)x||d=

t—u/d4

and, by Lemma 5(b) and (32), there exists §, > 0 such that
t
FI(RA (2, )~ Rie(e, )R, (z, 9)x||dr < 3e
S

whenever |h—h,| < &,. Thus
|RE(t, s)x—Ro(t, s)x|| <& for (¢, s)ed,,
whenever |h—hy| <6 = min(é,, J,).
PROPOSITION 3. If Assumptions Z,, Z,, Z, are fulfilled and xeD, then

lim R"(t, s)x = R"(t, s)x
h—ho
uniformly on Ar.
Proof. Fix xe D\{0}, h,eQ and ¢ > 0. Since (see the proof of Proposi-
tion 1) the series is uniformly convergent on Q x 4, there exists v, such that

(35) IR*(, )— Z Ri(t, s)| < e/Allx)  for (h, t, s)eQx Ay
Thus
(36) |R* (¢, s)x— Z RL(t, s)x|| < 4e for (h, t,5)eQx d;.

Moreover, in view of Proposition 2, there exist 6, >0, j =1, 2, ..., such that
(37) IRk, s)x —R¥(¢, s)x| < e/2vy for (t, s)e A,
and |h—hy| < 6;. Hence and from (36) and (37) we get

IR*(t, s)x—R"(¢, s)x|| < ||R*(t, s)x— Y, RA(t, s)x||
m=1
vo vo Yo
+||R™ (@, s)x— Y, Rie(t, s)x|[+|| X Rule, s)x— 3 Ri2(¢, s)x|| < ¢
m=1 m=1 m=1

for (z, s)e 4y, |h—hy| < 6 = min(6,, ..., J,,).
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ProrosiTioON 4. If Asumptions Z,, Z,, Z, are fulfilled and xe D, then
lim W*(t, s)x = Who(t, 5)x

h—=ho

uniformly on A;.
Proof. Fix xeD and hyeQ. We have
(38)  IWh(t, s)x—W™(t, s)x|

< [If [exp (—(t = 7) A4(2)) — exp(—(t —2) 4y, (0) ] R*(, s)xdi|

t
+||f exp(—(t— ) A, (X)[R"(z, s)x — R™(z, s)x]d1|.
Let us write, for § > 0,

u(d) = sup{ ||(exp(—rA,,(r))—exp(—rA,,o(‘t)))R""(p, s)x” :
re(0, T1, lh—hol < 8, 1€[0, T1, (p, s)€ 4,
and
1,(8) = sup{||R*(z, s)x— R™(z, s)x|: (t, s)e 4}.
Since, by (38),
IW(e, s)x— Wz, s)x|| < T(u(d)+ Cu,(5))
and limpu(d) = limpy, (6) = 0, we get

60 6—0

lim Wh(t, s)x = Wh(¢, s)x

h—=hg

uniformly on 4;.

PROPOSITION 5. If Assumptions Z,, Z,, Z, are fulfilled, then the mapping

QxArxXa(h,t,s, x)>U,l, s)x

is continuous.

Proof. Let h, > hy, t, > ty, S, — S5, X, = Xo. Then

U (£ 5%, ~ Upo(tos So%, = Upgltys 5%, = Ut 5%,
+ (U (ty5 8,) = Upy(tos So))%, + Upy(tos SoHx, —Xo)-
If xeD then, by Proposition 4 and Remark 4,

lim U,(t,s)x = U, (¢, s)x
h—=ho

22 — Annales Polonici Mathematici LI
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uniformly on 4;. Hence;, by (19) and Lemma 2, for any compact K < X

lim U,(t,s)x = U, (¢, s)x
h—ho

uniformly on 4, x K. Thus,

lim U, (t,, s,)x, = Uy, (to, So)Xo

vy—a

ends the proof.

As a simple consequence of Proposition 5 we obtain the main result of this
paper.

THEOREM 1. If Assumptions Z,, Z,, Z, are fulfilled and the mappings

(39) Qsh-uleX
and
(40) Qx[0, T]a(h, t)>f(h,t)

are continuous, then the mapping
Qx[0, T]a(h, ) > u,(t)e X
with u,(t) given by (25) is continuous.
P.roof. By (25) and Proposition 5, we only have to prove that the
mapping
(41) Qx{0, T)>(h, t)—> j{ U,(¢, s)f (h, s)ds
0

is continuous. If h,e and t,e[0, T] are fixed, then

gU,,(t, $)f(h, s)ds— go U, (to, 8)f (hg, s)ds

T
= I[X[o.:](s) U,(t, 5)f (h, $)— X10.101(5) Uio(tos 8) S (ho, 5)]ds,

where .., denotes the characteristic function of [a, b]. Thus, by Lebesgue’s
theorem, the mapping (41) is continuous.
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