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Abstract. Explicit formulas are given for an invariant fundamental solution

m n
for arbitrary operators which preserve the form Y z?— Y 42, m,n> 1, m,n not
i=1 i=1
simultaneously even. The solution is given in the form of a series of distributions.

Introduction. In this paper we present a method for establishing
formulas for an invariant fundamental solution of the operator P([J),

m n
where [ = > &*/0x}— > & /0y; and P an arbitrary polynomial. The
i=1 jeel
method applied here is gmn extension of that used in [1] for homogeneous
operators. In computing the fundamental solution we make use of the
Lorentz invariance of the operator P without ever mentioning Fourier
transformation. For the sake of the uniformity of the method we decided
to restrict ourselves to the case where m, n are not simultancously even
(since then the operator []? has an invariant homogeneous fundamental
solution).

1. Notation and definitions. R* will denote the k-dimensional Eucli-
dean space. N, stands for the set of non-negative integers. By N¥ we denote
the set of all multiindices a = (@, ..., @), o; €N, ({ =1,..., k). Let
&= (%, Ty) eR™, y = (y,...,9,) € R" and

m n
s(@,9) = laf—lyF =) 2i— D 9.
i=1 i=1
We apply the notation commonly used in the theory of distributions and
of differential operators. In particular C¥(Q) stands for the set of compactly
supported C* (0 < k < oo) functions with supports in an open set 2 < R*,
The value of a distribution % on a test function ¢ € C3°(£2) will be written
as u[¢]. By 6 we denote the Dirac measure at zero and Y is the Heaviside
function.

24 — Annales Polonicl Mathematlel XLI1



370 Z, Szmydt, B. Ziemian

By 8, we denote the set S, = {(z;, ..., x.): #}+ ... +2; =1}, o, is
the Lebesgue measure on this surface and
18 = [ deo..
Sk

Ik =1weset 8, = {+1, —1}, w, = ,+ 6_, and consequently |5, = 2.
We consider the operator

m n
Dnn =2 62/3‘/”2LZ 82/8?/?
i=1 =S

and form an operator with constant coefficients a,
q

Py= Y a(0n) (On) =14 in 2R, a,=1.

q
y=0
The operator [J,,, and consequently P, preserve the form s: the formula
Omaf(s(, 9)) = (Zf){s(=, ) for fe O°(RY)
determines the operator
L = 2(n+m)i +4s£
ds ds?
whose transpose equals
Lt =2(4—n—m)—d— +4s£. ’
ds ds?
We shall denote

q
L,=)ael’, L'=11 in2'(R)
=0
and observe that

P,(fos) = L,fos.
DEFINITION (a convention). Let g € C2¢(R!\{0}). By L*g we shall
denote the function given by

d a:
@0)(s) = 2(4—n—m) D 4 IO gor s N 0}
and its continuous extension to the whole of R! if such an extension_

exists.

2. Description of the method of finding a seolution of P, E = d. In
[1] we computed explicitly fundamental solutions of the homogeneous

m n
operators invariant with respect to the form > 27— > 4% (p, ¢ arbitrary
i=1 ji=1

even positive integcrs) and thus in particular invariant with respect to
the form s. We shall apply the results of [1] to determine a fundamental
solution of the non-homogencous operator P,. We shall make use of both
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the theorems proved in [1] and the constants computed there. We begin
by characterizing the method employed in [1]. By means of abp operation
K of averaging (which played a fundamental role in [1]) the study of an
invariant (m 4 n)-dimensional operator P was reduced to the study of
the one-dimensional operator L. It turned out that there exists a sequence
of functions {y;} such that every function K¢ with @ e O (R™™) can
be represented modulo a function of an arbitrarily prescribed order of
smoothness, as a linear combination of a finite number of the functions
{7} The operator L* acts inside the set K(Cy) (cf. Theorem 1 in Part 2
in [1] and Theorem 1 below). Finding a fundamental solition of the in-
variant operator P reduces to computing the value of L on the functions Vi
and on functions which are sufficiently smooth. Below we quote Lemma 1
from [1] concerning the existence and uniqueness of the operation K
and then the definition of the functions y,; together with Lemma 2 con-
cerning the decomposition of the function Kg.

LEMMA 1. There exists a unique linear operation K, CP(R™™™)3 ¢
> Ko € C° (R {0}), supp K¢ being bounded, satisfying

° K: CP(R™"™\{0}) — CY(R') is a surjection,
2° for every fumction fe C'(R') and ¢ € C3(R™™)

(fos)[e] = fKel,

3° if ¢, e CP(R™™), v =1,2,..., have commonly bounded supports,
then so have the functions Ko, (v = 1 2,...).

Before giving the definition of the functlons Vi We mtroduce the nota-
tion
ap = 3(m—2), bo=13(n—-2), p=a,+b+1=13(m+n-2),
a;, = ay+%i, b =b+3j, p;=a-+b+1 (i,j=1,2,..).
Let
v (8) = Al(a;, b;) Y (s)s"i if b; € Ny,
= B(a; b;) Y(—s)ls*d if a,eN,, b;¢N,,
= (A(a;, b)In|s|+C(a;, b)) ¥ (s))s*s  if a;, b; ¢ N,,
where the constants A (a;, b;), B(a;, b;), C(a;, b;) are defined in Lemma 3,

Part I of [1]; in all cases 4 (a;, b)), B(a,, b;) are different from zero.

We denote by y a function in CY(R') equal to one in a neighbourhood
of zero.

LEMMA 2(1). Let ¢ € C¥(R™ ™). For every number N € N, there exisis

(1) See [1], Part 1, Corollary 1.
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a number k € N, and a function h,(@; ) such that
(Kg)(s) = 2(8) D Ay(@)vy(s)+hulp; 5) for se R,

0<i+Hi<k
ﬂijSN

A(p) = £ 2 Z'_ﬂ' (D3 D}9)(0)Cop,
lal=4 [Bl=j
where the constants C,p = [ [EnPdw,do, are different from zero if and

only if each of the numbers ?11, ceey @y Piy ooey By 18 either even or zero.
In particular A;{p) = 0 if one of the numbers i, j is odd and A,y = B,g(0),
where

By = 118,118,

The function by, (¢; ) € CY and hy(g,; *) . 0in 2 (RY)if ¢, =, 0in 2(R™™).
THEOREM 1. Let P, T be operators related by the imvariance relation
P(fos) = Tfos for fe C*R').
Then for every fumction ¢ € CF (R™*™) we have
(1) K (P"¢)(s) = T™(Kg)(s) for s #0.

Proof. Applying the definition of K we have for every function
f e CP (R {0}) the relations

f f(E (P g)(s)ds = [ (fos)P"p(x,y)d(z,y)
RM+1
= [ P(fos)p(z,y)d(z,y),
RM+N
2)
[78)T*(He)(s) = [ (Tf)(s)(Eg)(s)ds = [ (Tfos)g(@,y)d(x,y).
Rr! R! R+

Using the invariance relation we deduce from (2) our assertion.
THEOREM 2. Suppose 0 # E € 2'(R") and the formal definition

(3) ulp]l = E[Kg] for ¢ € C7(R™")
defines a distribution on R™*", If
(4) L,E[Kg] = Ap(0) for ¢ € CF(R™™");

then w satisfies the identity P,u = Ad and therefore is a mon-zero solution
1
of the equation Pyu = 0 if A = 0 and i is a fundamental solution of P,

otherwise.
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Proof. By (3), (4), (1) and Theorem 1 for every function ¢ € O3 (R™*")
we have the relations:

Pulp] = ul(P,)"p] = BLE(P)"¢] = B[(L)"Ep] = LE[Ep] = A9 (0).

3. Determining non-zero solutions of the equation L,E = 0. Looking
for a non-zero solution of the equation

(5) L,E=0 in 2R

we distinguish two cases: I where p is an integer and NI where u is not.
In every of these cases we select two subcases: [¢] < g and [u] > ¢. So we
obtain four cases which we symbolise in the form: I,_,, I,.qy NIj, <o
NI, 5o Later in Section 4 we will have to consider separately the
case where n is even and the case where n is odd. We shall denote this
writting e or o as a superscript in the previous symbols. For instance
the case I,_, splits into two subcases I}, and I;_,.

For convenience let us note the following distributional formulas

Lé® = 4(u—1—p)o?*Y  for p = 0,1,2, ...,

(6) LY = 4ué,
(s” Y) gP¥l .
L|— =4(u+p)———Y forp=1,2,...
Case I, ,. We seck a solution of (5) in the form

°° st
(7) E=ch—(rj)!- Y, Wheret=q—,u—120, 00=1-
j=0

Let us substitute formally series (7) to () and arrange it with respect to
the orders of the distributions 6 and the powers of s*Y. By equating to
zero the expressions thus obtained we arrive(?) at the following system of
equations for the unknown ¢,, ¢, ...

min(kw,q) st+k—f
(8) J—%’ aq_jck_qu—j(m Y) = O, k= 1, 2, “en

Applying (6) we observe that system (8) is satisfied by the solution of
the system
min (k,q)
a, ;¢ ;4N k+qg—j—1)!=0, k=1,2,..
i=0

" st
(?) Observe that L¢ (T y) =0
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which after a change of indices can be written as
k

(9) Y e adt (g1 =o.
i=max (k—g,0) '
Let us form the infinite matrix A = (A,n)k 12,
i=0,1, 2
Og_r 4 F g +i—1)! 0K g—kt+i<
(10) Aki — g—k+1 (q ) q— ,
0 otherwise.

System (9) can be written as
(11)  A4e=0, ie, D Aug=0, k=1,2,..,¢=1.
;=0

The possibility of determining ¢, from the kth equation of system (11)
(knowing ¢,, ¢,, ..., ¢;_,) results from the fact that Ay = a,4%(q+k—1)!
# 0 (since by assumptmn a, = 1).

Next we shall prove that series (7) with coefficients ¢, satisfying
system (11) is absolutely uniformly convergent on every finite interval.
To this end we shall estimate the growth of ¢;. First we denote

M = max |a,], B = max [¢].
0<<k<q 0<j<q
Then M > 1, B> 1. We shall establish by induction that

iB )
(12) ]cq+jl<—§j__1 1=0,1,2,...
For j = 0: || < B so (12) holds. Assuming that (11) is true for a fixed
J, we compute ¢+j+1 from the ¢-+j+1-th equation in (11):
1 g+j

C, = - Z a;_; 4777 g+i—1)!e;.

q+i+1 4Q(2g+])! & t—7-1 : )
Therefore

" < M q MB<M+IB
a+i+1ITS T, (2¢+7) gf T gitl

It follows from (12) that starting from the ¢gth term series (7) can
be dominated by

gHite Bs“"" > Mis! Bst+e
(13) Vlo,+q| == eMe
j=0

t+J+q)' (t+q)! ! (t+9!

=0

Case I,.,. We seek a solution to (5) in the form of the series

(14) E = 20 a(ﬂ—k-q)+2 i) T =1

k=0 j=0
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Proceeding as in the previous case we obtain by (6) the same infinite system

of equations (11) for the unknowns ¢, ¢,, ... with the coefficients 4,;

given by (10). If ¢ > 2, then by neglecting the first ¢ —1 terms in the
s]

senesz Cu—qijil =y T Y we estimate

j=0
].S'|j |8|k+2q—u-1
Z - 4+J+1' 2 Cetal (k+2q—p—1)!

j=q- k=p—q

and prove its convergence as in (13).

Case NI, ,.Let ¢, = 1,1 = ¢—u—1. We construct first ' a solution
to (5) outside the origin in the form(?)

0o

. —~ si+¢
(15) B*(s) = Z ST for s> 0,
lsl}+f “.
— —- J' y
% o~V gy Tor 9 <0,
The formulae
sh gh—1
L(h—!)=4(ﬂ+h)m for 8> 0,
(16) ho=t,t41, ...,
Py L WP ' rs<o
ar) = AR G ’

lead as before to the samg system (11) for the coefficients ¢, ¢;, ... with
A,; given by (10). So by (12) series (15) is convergent. Thus E* given
by (15) is a solution to L,E(s) = 0 for s 0. Define

- sts!
@an B(s) = Z 5T G
- 3 Islts’
(18) E(s) =; T (=9) At

We shall prove that L,E = 0; the proof that Lqi’ = 0 is analogous. We
know that L E[e] = 0 for a e OF(R'\{0}), so
M
LE = ) 1o®,

k=0

(3) In this case y and ¢ = ¢— u—1 are not integers. We shall use the notation:
Rt =h(h—=1)...(h—[R)) if h¢ N, h>0 and Ah! =11f ~1<h<O.
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where M is some integer and 2, some complex numbers. We shall prove
that all A, are zero. For thus purpose we write

LE = )v,

k=0
where

1 [o =]
vola] == f IslH(L¥) 2 a(s)ds,
‘o

min(k,q) 1 oo
_ - ¢ Jk—F (T tr\a—]
olal = D) ooy | e @ a0,
j=0 0
E=1,2,... for aeCP(RY). _
We observe that v, is homogeneous of order k¥ —uz—1 which is not
an integer number. Thus we have

o) M
2 'Dk == 2 /1,‘ 6(")
k=0 k=0

and since 6* is homogeneous of order —1 —% we prove easily that all
A, = 0. Therefore

L,E=) =0 in 2R
k=0
and since every v, has a different order of homogeneity we conclude that
(19) o [a] =0 for ae CP(RY), k =0,1,2...

Case NIj,.,. Inthiscase p> 3,1 =q—p—1< —2, hence 1< —2.
As in the case NIy, , we seek first a solution to (5) outside the origin,
but now in the form

—2—[£i oo

t4+s
- _ T _ 1y e 8—_
B*(s) = ; (—t—1—2)!(—1)¢,s +,=§,-1 Ry
(20) for >0, ¢, =1,
—2-[¢] oo lsl!+v
* _ I {4+ —_1Y
E*(s) = Z (—t—1—2)lc,|s""+ 2 & G

=0 v=—[t]-1
for s<0, ¢, =1.
Formulae (16) lead as before to the same system (11) for the coefficients

€1y Cyy ... With A, given by (10) and we conclude that E* given by (20)
is a solution to L, " = 0 outside the origin.
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Denote m = [u]—¢g+1,

(—=t—1—»)!(—-1)¢, for»=20,1,..., —2—[t],.
(21) b, =1 ¢

for v = —[t]-1, [—t]1, ...

(t+»)!
and define
(22) x(s) = D' b,¢,
(23) Ela] = fs“”D;"(a(s)x(s))ds for a e O™(RY),
0
(24) Elal = [ Is|72D" (a(s) x(s))ds.

Note that L,E[a] = 0 for a e CP(R'™\{0}) and write L F in the form
L,E = ) v, where

k=0

v,[a] = (1 —q)! f 8712 D™ ((L*)a (s)) ds,

min(k,q)
vlal= D ap ;b f s~ D s+~ (L) a(s)) ds,
j=o0
k=1,2,...
We observe that v, is homogeneous of order k¥ — u —1. This leads as before
to the conclusion (19). Similarly

(25) LE =
2"

with

min (k,q) 0 . .

?,[a] = 2 @g_iby_; f 8|12 D™ (857 (L")~ a(s)) ds,
i=0 —o0
E=1,2,...

homogeneous of order ¥ —u —1. We conclude that
(26) ?,[a] =0 for aeCP(R'), k =0,1,2,...

We shall summarize the results of this part in the following
THEOREM 3. The distribution E given by

1° (7) in case I,_,,

2° (14) in case I,

and the distributions E and B given by
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3° (17) and (18) in case NI, _,,

4° (23) and (24) with x(-) defined by (22) and (21) in case NI, ..,
are non-zero solutions of equation (5). In all the cases the coefficients ¢; are
computed from system (11) with the matriz A,; defined by (10).

4. Determining fundamental solutions of the operator P, and certain
non-zero solutions of the homogeneous equation P, = 0. We shall prove

that the distributions E, E constructed in Theorem 3 satisfy the formula
(27) L,S[Kp] = Ap(0) for ¢ e CP(R™*™)

with adequate constants A. Then by Theorem 2 the distribution (3) satisfies
P, u = AJ with the same constant A. Again we consider separately cases
I and NI. We begin with

Case NI, ,. Define

Byla]= [ s D"%a(s)ds  for a e C(RY),
o

0

E,[a] = [ |s|D™a(s)ds for a e CP(RY).

—00

Instead of proving formula (27) we shall show that
(28) L,E[Kg] = (p—q)! L7E,[Kg] {or ¢ e C7*(R™")

and then apply the results of [1] for the homogeneous onerator L? and the
distributions £, E to establish (27).
We mtroduce a one-dimensional operator

min(#,q)
(29) Ty = D ag b 8(I")%7  for k=0,1,2,...

=0

which is homogeneous of order 4 = g—F%, and an m+4 n-dimensional
operator

min(k,q)
Pr= D ay by (@ =9V (O

j=0

Applying condition 2° of the definition of the operator K from Lemma 1
it is not difficult to show that

K(PTp)(s) = T (Kg)(s) for s 0.
Hence by (2) (with P,, T, instead of P, T) we get

P,(fos8) = T, fos.
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In terms of the operator TV the distributions v,, ¥, assume the form

v,[a] = fm T D™ (T a)(s)ds = H,[Tia],"
’ k=0,1,2,...
tla] = [ |s|7D™(THa)(s)ds = E,[T¥ a).

To compute L,E[Kg], LqE’[an] it is enough to find v,[K¢], v, [K¢]
(k=0,1,2,...). To this end we apply as we did in [1](*) the decomposition
of K¢ given in Lemma 2 and use integration by parts to show that in
view of (19) and (26)

(30) v,[91, 9,[g] = 0 for ge Ct™(RY).

Next we compute v, on the functions y; entering into the asymptotic
expansion of the function Kg.
In particular for the functions

(31) 01(8) = 2(8) X (8)8", 0a(s) = x(8) X (—s)8" (seR’)

we obtain v,[0,] = 0,

2q o0 - <]
(32) v.[q,] =Z‘cpf s DM (4P gTP-Ryds — c‘l"f §TA-m=12  (8) ds
p=0 0 0

if r—A—m—1=r+k—p—1> —1, ie. if r>pu—~k. )

The distributions v,[e,] being independent of the choice of the fune-
tion y we conclude as in [1] that ¢f = 0. Analogous considerations in
the case of the function
(33) o5 = Injs|s"x(s)
lead to the expression

(34) v, (03] = c;f s'“‘"“lx(s)ds-i-é;f sTHE—#=1Ing y(s)ds
0 0

for r > u—k which again gives ¢; = ¢; = 0. Similarly we prove that
% [6,1=0, k=0,1,2,...,
(35) v, [0,] =0 if r>pu—k,
Vo] =0 if r>pu—k.
(4) It is useful to note here that the proof presented in [1] (formulae (m;)—(7,)

and (12)-(20) in Part 1 can be simplified by showing (7;)—(s,) for all ¢+ > x4 without
considering separately the sum (12).



380 Z. Szmydt, B. Ziemian

From Lemma 2 and (30)-(34) we obtain (28). In fact

L,E[Eg] = }) v.[Ep] = v,[Kg] = E,[Ty Ky]
k=0
= (¢ — ) E,[(LY)" K9] = (u—g)! I*E,[Kg},
LB Eg] = ) %.[Ky] = %, [Kp] = E, [T Ky]

k=0
= (p— ' B, [(I)" Eg] = (u—q)! [°E,[Kg].
To prove (27) we apply 1.1° in Part 2 in [1] taking L = (u—¢)! L%
A=4q, M = 2¢q, E = E,. Then we get in
Case NIj, .:
(36) (u—q)!L'E,[Kp] = Agp(0) ..+

with the constant A defined in [1] by formulae (21) in Part 2,
(37) IE,[Kg] = 0.
Case NIp 4t
L’E,[Kg] = 0,
(n—a)! I°E,[Eg] = 4g(0)
with the constant A defined in [1] by formulae (29) in Part 2.

Case NI, _,. In this case we follow the method presented above
for [u]> g—1. Lect

E, = Y(s)¢, ﬁq = Y(—s)s'.
To show (27) we prove that

L, E[Kg} = ; LE,[Ky],

—p—1
(g—n—1) » € 0= (R,
i ——— __ I'E,[K
L, E[Kg] =Y [ Kol
and then apply 1.1° in Part 2 in [1] putting
1
L=—«-—1—-1% A=4q, M =2.
(@—p—D)! " ! :

We consider the subcases
Case NIj, .. By formula (24) in Part 2 in [1] we then get
1
(q—pn—1)!
the constant A being defined in [1] by formulae (27).

1°E,[K¢] = Ap(0), L°E,[Kg] =0, ¢eC(R™")
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Case NIj, .,- We apply assertions 1° and 4° in Theorem 3 in [1] and
obtain

ISE,[Kg¢] = Ap(0), L'E,[Kp]=0, ¢eCO(R™™),

(g—p—1)!
where the constant A is defined in [1] by (29) with

M
¢(w) = D) G(w)(—1P(p—1)!, ¢ given by (31) in [1].
pe=1
Case I, ,. We consider distribution (7) with ¢; satisfying (11). As
in the case NI we write

(38) LE =D v,
: k=0
where this time
v.[a] = By O ; f (I ia(s)ds,
~ ;g (E+k=j!

k=0,1,2,... for ac02(R"), and consider functions (25), (27). It is
not difficult to show that there exist constants ¢;,, €y, €3, Such that

[=~4

veloy] = oy, [ 8T y(s)ds,
0

v,[0;] = czk,fas';q+'+"x(s)ds+c3k, fms"q““‘lns x(8)ds

0 0

if r—q+t+k =r—pu—1+%k> 0. Obviously
v, [0,] = 0.
Since v,[a] =0 for aeC¥(R!) (k =0,1,2,...) it follows that
(39) Cirr = Copy = Cagrp = 0, Hr—pu—14+k=>0.
Hence by (38) and Lemma 2 we conclude that
L,E[K¢] = v,[Kg] for ¢ e CF(R™™).
To prove relation (4) we observe first that
L"(s%) = 0, (L%)*+(s*Ins) = 0

which easily implies the existence of the constants ¢,, ¢,, ¢; such that
0 K

va[2(8)s"Inlsl] = e; [ y'(s)ds+es [ Insy'(s)ds

0
= —01+02f Ins ¥’ (s)ds,
0

Do[2(8)8" ¥ (8)] = vo[2(s)8“] = 0,
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v, being zero on smooth functions we conclude that ¢; = 0. Hence

v [Kop] = Ag(0),
where
A = —1I8,118,1A(ag, byye, if a ¢ N,, b, ¢ N,,
.A.=0 ) ifao,boeNon
Case I,.,. The distribution E given by (14) is now a candidate for
a solution of (27). A standard procedure requires that we ‘write (38) with
v, homogeneous but this time we put
U = Vg1 T Vpay
min (k,q)
(40) o, = 2 Cos®,
j=mex(0,k—(4—q)
'vkl = 0 if k > My
k—p+g~1

» gh—i—ns+a-1 .
Dy = %‘ sty I T ¥ B h > —a 14,

(4) v, =0 if k< pu—q-1.

_J,Lq—f S(-k+i+u—q) it k< pu,

Next we prove that(®)
(42) o,y [s"2(8) Y (8)] = v [z (s)n|s]] =0 Er>u—Fk
k=0,1,2,...

and we observe that v, [s"x(8) Y (s)], v, [s"x(s)In|s|] are independent of
¥ and by (41) also v, (k = 0,1,2,...) possess this property.

It follows from the form of 9., and from the considerations conducted
in case I, , that

. [Kp]l =0 for k=1,2,...
Hence from (38), (41) and (42) we deduce
L,E[Kg] = vy [Eg]l+0,,[Kg] = L?6%~9[Kg)
= S-O[(L")(Ky)]
= (—1)72 D™ YL")? (K@) (8)lgmo-
(°) In the proof of the second of these equalities we employ the following fact:

Let L be a one-dimensional differential operator, homogeneous of order A. Then
there exist constants ¢, (k), ¢;(k), cy(k) such that

¢, (k)s*—4In|s| 4 ¢, (k)s*—3 if k—1> 0,

Lt (s%1n |s|) =La(k)8k_3 if k1—41< 0,
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If a,, b, ¢ N,, then it follows from the proof of assertion 4° of Theorem 4
in Part 2 in [1] that(®)

DU L) (K) (8)]gmo = 9(0)A(u—g)!.

To obtain the value of the coefficient A one can apply Part 2 in [1] with

i =gq M =2q L* = (LY*. Then A is given by assertion 4° in Theorem
4 [1].

5. Computation of the constants A and A . We now pass to an explicit
computation of the constants 4 and A. The method will be essentially the
same in all cases considered previously. We shall outline it in the case N¥NI°
and give the final result in the remaining cases. We define distributions

oo ]

Bl = [ = DU tads it (> g,
0
q = 1,2’ ‘e
= f s™t"1q(s)ds if [ul<gqg.

0
In view of (28) we need only compute the constants 4, in
L'E [Ko] = A,p(0).
We shall prove that
LE, = 4(¢—1)E,_, it 2<g<[p]+,
LE, = 4(¢—1)(¢g—p—1)E,_; if ¢>[pu]l+1

as distributions on R!. In fact (43) is obvious outside zero and extends

‘to zero by a homogeneity argunment. The homogeneity argument applied to
the distribution

(43)

u,l¢] = E,[Kgl, ¢eCP(R™™")
shows that (43) is also valid for functions K¢. By (43) we get the identity

A, = 4(g-1)4A,_,, 2<g< [p] 1,
A, =4(q-1)(q—p—-1)4,,, ¢>[p]+1.

The value of A, is well known (it can also be computed from [1]) and
equals
16 2 Bw41
(45) A, — o P07
(p—1)! I'(p+1)

(44)

(°) Note that the operator L? is homogencous of order A = q.
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Thus by the recurrence formula (44) we get(’)
16 (2m)+!

6 A, =47 (g—1)! (g —p—1)! :
(46) ¢« =4 (-1l g—p )(ﬂ—l)! Tt

Case NI° Define

0

1

ﬁ — ___D[Il]—q+1 ds ]'_f > ,
<La] J Ve a(s) (1= q
qQ= 1: 2’ ’
0
then
LB, [Kp] = A4,9(0), ¢eCX(R™"),
where
16 2 n+1
(47) A, = (4t (g1) (g—p—1)1 22#_. (20)

(u—1)! T(p+1)"
Case I. We define distributions

Eq[a] = 6(”—Q)’ n=q,
= f TP lq(e)ds, u<gq.
0
Then LE, = A,E,_,, where

A = 4(g-1) if ¢<ptl,
= 4(¢—1)(¢—p—1) i g>p+1.

Since
16 (2x)”
A4, =———
' T(p1)
we get
_ 16 (27)*
48 A, =4 q-1)(g—pu-1)! ——.
(48) . (@g—#=1! T

6. Remarks concerning the case m = 1. It follows from the preceding
considerations that if n is even then if }(n —2) > ¢ we have

(49) L, E[Kg] = A,9(0), ¢eCP(R"™),

(") We put (=i)! =1if t> 0.
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where H is given by (23) and 4, by (46) and if }(n—2)< ¢ we have

¢ ._._—1_ 00 147y -
(50) LEKp] = =7 470, 9 O (R™)

with I given by (17), 4, given by (46).
If n is odd, then if }(n—1)< ¢ we have

(51) L,E[Ke] = mAth(O)y
where E is given by (7) and A, by (48), and if }(n —1) > q¢ we have
(52) L,E[Kg] = A,9(0),

where F is given by (14) and 4, by (46). We obscrve that the supports
of these fundamental solutions are contained in the set § = {(«,, ) e R**":

n
@3 — > yi>0]. It is possible, however, to improve them so that the sup-

vorts be contained in

8, =8n{@,y) eR*": 2,20} (8. = 8n{a,y) e R™*": 2,<0}).

n
The reason lies in the fact that the sets {(z,, y): o] — 3 4} = s,} split for
i=1

8= 0 into two components: the one contained in S, the other in S_.
Consequently the operation K defined in [1] splits into two operations
K, = K(Y(@)p(2,,9) and K_ = K(Y(—z)p(@,, ¥))(*). Since both K,
and K _ have identical properties as K, formulas (49)—(52) are valid for K
replaced by K or K_ with the constants divided by 2.

To underline the importance of having two fundamental solutions
with supports in S, and S_ we shall prove

Remark. Let #,, u_ be two fundamental solutions of an operator
P on R'"*" with supports in S, , S_ respectively. Then for every distribution
feZ (R'™") there exists a distribution g € 2'(R'*") such that

(63) Pg =f.

Proof. Let yx(#,) be a function in CP(R') such that y(x,) =1 for
x>0, g(z,) = 0 for z;, < —1. Put

fe =a(@)f, f.= (I—X(m'l))f

(%) Since the value of (Kg)(s,) for s, > 0 depends only on the values of ¢ on the
n
set { (@1, 9): 2} — D 4} = ).

i=l
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and observe that there exist the convolutions

gy =fexu, and g_=f su_.

Hence the distribution g = g, +¢g_ satisfies (53).
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