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A IDZIK (Warszawa)

CHARACTERIZATIONS OF m-CONNECTED GRAPHS

. Abstract. A generalization of Frank’s conjecture [2] as well as its short proof are given
W this Paper. A counterexample to Gy&ri’s conjecture formulated in his paper [4] on p. 272
8 also presented.

L. Introduction. The Menger theorem (see [1], p. 167) is one of the most
Well-known characterizations of m-connected graphs. A few years ago, Gydri
31, [5] and Lovisz [6] independently solved Frank’s conjecture [2] (its
Weaker version was formulated also by Maurer [7]) and gave a very
lntglj_esting characterization of m-connectivity. Some conditions for a graph to
v m-connected have been found by Gyéri in [4], where he formulated a
Telated conjecture. In the last section of our paper, we give a counterexample
' his conjecture,

2. A generalization of Frank’s conjecture. By a graph we mean a finite
Undirected graph without loops and multiple edges. If G is a graph, then
V(G) and E(G) denote the vertex-set and the edge-set of G, respectively. For
W < ¥(G), G(W) denotes the subgraph of G induced by W, A graph G is m-
“Onnected if |V(G) >m =1 and, for every W < V(G), 1 <|W]<m—1, the
8raph G(V\W) is connected (G is 1-connected if it is connected).

Equivalently, a graph G is m-connected (m > 1) if and only if from every
quset of vertices W < V such that |[V'\ W| > m there exist in G edges leading

at least m vertices of V\W.
We can prove the following theorem:

i THEOREM 1. A graph G with n vertices is m-connected if and only if for k
(11 rent vertices v,eV(G) (i=1,...,k; k<m), m positive integers n,
Sm<n—k+1; i=1,...,m) such that

Y mzn+m—k
i=1

;"dfor vyef{vy, ...,u} =V (j=k+1,..., m) there exist subsets V; < V(G)
=1, m) such that

UV=V@G), uveV,|Vl=mn,uv#y

i=1
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imply
L ¢ V:j’
- and the graph G(V)) is connected for i,j=1,...,m
Remark 1. It is sufficient to prove Theorem 1 for the case

2 m=n+m—k

only, because any subset of V(G) containing only one vertex from the set ¥o
and inducing a connected subgraph can be extended to a subset of V(0)
which contains only this vertex from the set ¥, and induces a connected
subgraph with an arbitrary number of vertices less than n—k+2. Also, W¢
may restrict ourselves to the case k = m. This follows from the fact that from
every vertex v,e V, there are edges leading to at least m different elements of
V(G\{v;}, i = , k. For V, and j =k+1, ..., m we may choose, step by
step, m diﬂ'erent vertices

% = {vla cees Upy v£+15 LR U:,,}
in a way such that for je {k+1, ..., m} if v; = v; for some ie {1, ..., k}, then
(v;, v) €E(G). We apply Theorem 1to Vg and {"1, ey My Myt q —1 n,,,-—l}
(assummg n;>1 for jelk+1,...,m}) and join chosen vertlces by edges
(v, v, reSpectlvely, to receive the connected graphs induced by the sets
V, (j=k+1,...,m).

For the case k = m Theorem 1 becomes Corollary 2.

DeriniTiON 1. Let v, (i =1, ..., m) be m different vertices of a graph G
with [V(G)=n>m, and n; (i=1, ..., m) be positive integers with

Y m=n.
i=1

We recall (see [4]) that G satisfies the partition condition
P.(G; vy, ..., Up; Ny, ..., 1)

if there is a partition {V,, ..., ¥,} of V(G) such that v,e ¥, |V = n;, and the
graph G(¥) is connected for i =1,
A graph G is said to satisfy the partition condition
P,(G;ny, ..., 0

if G satisfies the partition condition P, (G; vy, ..., U 0y, ..., 1) for every
choice of {v, ..., v,} = V(G).
Let us observe that _
ProPosITION 1. A graph G, |V(G)| = n, is m-connected if and only if &
satisfies the partition condition
P,(G;n—m+1,1,...,1).

 N—— ———
-m—1
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To prove Theorem 1 it is sufficient to show that, for n, > 1,i=1, ..., m,

and .;l n’i = n,
P,(G;n—m+1,1,...,1) implies P,(G;n,,...,n,)
Tme1

Or, more generally, we have

Tueorem 2. Let G =(V, E) be an m-connected graph, {v,, ..., v,} <V,
M ..., Va} be a partition of V(G), v;eV,, and G(V)) be connected for i
=1, ..., m. If|V}| > 1, then there exists a partition {V{, ...., V2} of V(G) such
that [Vi| = |Vyl~1, (W[ =V for i=2,...,m—1, Vo<V, 0V}, and the
graph G(V)) is connected for i=1, ..., m.

Proof. Without loss of generality we may assume that (v;, v;)e E(G) for
ij and i,j=1,...,m For every ic{l,..., m—1}, we choose any ce ¥,
Such that there exists d;e ¥, (¢;, d)c E(G), and the number of vertices in
G(K\{c,-}) which do not belong to the component containing v; (we denote

these vertices by W) is minimal. It may happen that ¢; = v; or W, = Q. Let us
put

m—1

W = W

. i=1
and assume |W| = k. For W = (3, Theorem 2 is obvious. Let us assume that
Our theorem is true for all m'-connected graphs with |W| <k and m’ < m.

Case 1. First, we consider the case ¢, # v;. If W, = (@, then we join c,
o W, and we have done. If W, # @, then we put

v =c, V,—=W{u{c,-} fori=1,...,m—1,

S|

w= e Fa= Va0 U 00 o))

f—

And apply the induction hypothesis to graphs G(Pfori=1,...m (WcW
and {¢,, ..., ¢c,_;} do not disconnect G, thus |W| <|W|=k.) There exist

ve W, jell,..., m—1},  wie \(W;u ‘{Cj})
Such that (v, w,)e E(G), and a partition {¥;, ..., ¥} of the set

{Y motaph o)

Such that |7j] = |W,), |V;] = Wi +1for i =2,...,m~1, e ¥/, and the graph
t) is connected for i =1, ..., m—1. The new graphs G(¥), where
AU IO ACRUAYUACEIR)} N A 7
Vi=Vu {K\(W,Tu{c,-})} fori=1,...,m—1 and i #j,
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are connected for i=1,...,m If j=1, then V| =V for i=1,...,m—1,
and if j # 1, then (V| = V|1, [V =IWji+1, [V =W for i=2,...,m—1
and i j. Furthermore, |W|<|W|—1 and we can apply the induction
hypothesis once more to {7, ..., 7,} and the partition {V;, ..., ¥}, where
El =vj’ 171,‘_‘17;3 ﬁ)':vl, i;:'i’=i;i, 5,-=U,-, 2’2 f/; for i=1:"'?m and
1 #1i+#j, to complete the proof.

Case 2. If ¢; = vy, then ¥, = {vy, ..., v} does not disconnect G and
there is a sequence of different integers r, 1<r,<m, ry=1, r,=m
ke{3,...,m), and vertices {a,; b, } eV, \{v,} (not necessarily different),
b.cV,, such that

(a,, b
We begin with

JeE(G(V(G)\V,) fori=1,..., k—1.

Fi+1

k
Vm= UV,
i=2

and apply Case 1 to transfer, in a finite number of steps (less than k), 2
vertex from ¥, to ¥, to fulfil our assertion. L

Theorem 2 implies :

CoroLLArY 1 (Gy®&ri’s theorem [3], [5]). Let G be an m-connected grap
and {vy, ..., v,} be different vertices of G. Suppose that we have a partition
M ..., Vs 8} of V(G) such that S # @, v;eV, and G(V) is connected for b
=1, ..., m. Then there is another partition {V;, ..., V.., §'} of V(G) such that
vie V', G(V)) is connected for i = L,...,m and |V,| = V,)+1, |V}| = |V for 2
=1,...,m—1,

Proof. If there are edges leading from S to ¥, then we can join tl}"
corresponding vertex from S to the set ¥, and we have done. If not, we joiD
the vertices of connected components of S to the vertices V; for some
jeil,...,m—1}, and obtain a partition {7, ..., ¥,} of V(G) such that
VVeVifori=1,..,m—1,V, ="V, |V >|V]| for some je{l, ..., m—1}, an
the graphs G(¥) (i = 1, ..., m) are connected. Then we apply Theorem 2t0
transfer a vertex from ¥, to ¥,. By Theorem 2 we have a partitioB
{Vi, ..., Va} of ¥(G) with the properties: |V]| = |V —1, |F}] = |V, (V) = Pl
+1=|V,|+1, y,e ¥/, and G(¥}) is connected for i =1, ..., m. Having thi$
we can easily construct the desired partition of V(G). _

Theorem 1 for k = m (see Remark 1) follows now from Theorem 2
(as well as from Corollary 1). ,

CoroLrary 2 (Frank’s conjecture [2], Gyori [3], [5], Lovasz [6))- Let
G be an m-connected graph, v, ...,v,} be different vertices of G. and
{ny, ..., n,} be positive integers such that

m = |V (G).
=1

Then there is a partition V-,,I..., Vu} of V(G) such that v;e V;, |Vi = M and
G (V) is connected for i=1, ..., m. '



m-connected graphs 447

Proof. We apply Theorem 2 starting from the partition
Vi=V\{vg, ..., vm}, Vi={y} fori=2,...,m.

An example presented in the last section of the paper shows that
Theorem 2 is not true for connected graphs which are not m-connected. This
nables us to formulate the following proposition (its proof follows from
Proposition 1):

ProrosiTionN 2. Let G be a connected graph and |V (G)| > m. If for every
choice {01, ..., 0w} € V(G) of different vertices and every partition
", v+vs V) of V(G) such that v;e V; and G(V)) is connected for 1, —., m the
assertion of Theorem 2 is fulfilled, then the graph G is m-connected.

Thus, Theorem 2 characterizes m-connected graphs.

. 3. A counterexample to Gyori’s conjecture. Now, we give an example to
Show that the following conjecture is not true.

Consecture 1 (Gyori (4], p. 272). Let G be a graph and |V(G) > m.
Furthermore, let {n,, ..., n,s and {ny, ..., n,} be nondecreasing sequences of
Positive integers such that ny < nl for i=1,...,m—1 and

m

o=

i=1 i

Ifg satisfies the partition condition P, (G; ny, ..., n,), then it also satisfies the
bartition condition P, (G; n}, ..., ny).
ExampLe 1. Let a graph G have vertices

V(G) = {x;, y;» zil i, ke{l, ..., 5}, je{l, 2}}

™M=

n =1V (G).

1

and edges

E(G) = {(xb yj)3 (Z,-, yj)? (xi’ xk): (zia zk)l i # k9 i, ke {1’ ] 5},j€ {1’ 2} }

This means that yij=1,2) 1s adjécent to each vertex of the complete
graphs induced by vertices |x,, ..., x5} and {zy, ..., z5}, respectively (see Fig.
1, where some edges of G are drawn).

X3 Z;

X1 2

7N
/|

Z5

/ NN
5\ /5

X5

Xy, Z,

Fig. 1
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The graph G is 2-connected. It satisfies the partition condition
P3(G;3,4,5) but does not satisfy the partition condition
PB(G; X1, X2, X3, 4a 45 4)'
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